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0 Introduction.

The present study is set in the general framework of complex analytic spaces. The
first section is therefore devoted to defining differential forms, positive currents,
and plurisubharmonic functions on a possibly singular complex space X. Given a
local embedding of X into an open set Ω ⊂ CN , we define differential forms on
X as the restrictions to X of “ambient” forms on Ω; spaces of currents are then
obtained by duality, as in the smooth case.

Definition 0.1. – Let V : X → [−∞,+∞[ be a function.

(a) V is said to be plurisubharmonic (psh for short) on X if V is locally the
restriction to X of psh functions on the ambient space CN .

(b) V is said to be weakly psh if V is locally integrable and locally bounded above
on X, and if ddcV ⩾ 0.

Notation. Throughout, we set

dc = i(∂ − ∂), so that ddc = 2i ∂∂.

Every psh function is then weakly psh, but in general a weakly psh function need
not agree almost everywhere with a psh function. We nevertheless show that the
two notions coincide when the space X is locally irreducible. The proof of this
result uses two ingredients: on the one hand, the characterization of psh functions
due to Fornaess and Narasimhan [FN], and on the other, an extension theorem
for bounded psh functions across the singular locus of X (which uses resolution
of singularities). We also study the behavior of closed positive currents and psh
functions under proper direct image.

In §2, we essentially follow the method developed by Bedford and Taylor [BT2]
to give meaning to the positive current ddcφ1 ∧ . . . ∧ ddcφk when the φj are
locally bounded psh functions, and we generalize it to the case in which one of the
functions (say φi) is not locally bounded. The classical Chern-Levine-Nirenberg
inequalities can then be stated as follows:

Theorem 0.2. – For every open set ω ⋐ X and every compact set K ⊂ ω, there
are constants C1, C2 depending only on ω and K such that the following mass
estimates hold:

(a)
∫︂
K

∥ddcφ1 ∧ . . . ∧ ddcφk∥ ≤ C1∥φ1∥L1(ω)∥φ2∥L∞(ω) . . . ∥φk∥L∞(ω),

(b)
∫︂
K

∥φ1 dd
cφ2 ∧ . . . ∧ ddcφk∥ ≤ C2∥φ1∥L1(ω)∥φ2∥L∞(ω) . . . ∥φk∥L∞(ω).
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In this setting we finally establish the sequential continuity of the Monge-Ampère
operators

(φ1, . . . , φk) ↦−→ ddcφ1 ∧ . . . ∧ ddcφk and φ1 dd
cφ2 ∧ . . . ∧ ddcφk

for decreasing sequences φν1 , . . . , φνk of psh functions.

Now suppose that X is a Stein space equipped with a continuous psh exhaustion
function φ : X → [−∞, R[. We write

B(r) =
{︁
z ∈ X ; φ(z) < r

}︁
, S(r) =

{︁
z ∈ X ; φ(z) = r

}︁
, r ∈ [−∞, R[

for the “pseudoballs” and “pseudospheres” associated with φ. We show that these
data naturally determine a collection of positive measures µr, supported on the
spheres S(r), which we call the Monge-Ampère measures associated with φ. They
are simply defined by

µr(h) =
∫︂
S(r)

h (ddcφ)n−1 ∧ dcφ, n = dimX,

when φ is of class C2 and r is a regular value of φ. When φ is merely continuous,
we must use the Bedford-Taylor definition of (ddc)n and set

µr =
(︁
ddc max(φ, r)

)︁n − 1X∖B(r)(ddcφ)n.

There is then a general Jensen-Lelong-type formula whose proof is an immediate
consequence of Stokes’ and Fubini’s theorems (cf. §3).

Theorem 0.3. – Every psh function V on X is µr-integrable for every r < R,
and ∫︂ r

−∞
dt

∫︂
B(t)

ddcV ∧ (ddcφ)n−1 = µr(V ) −
∫︂
B(r)

V (ddcφ)n.

We also show that the measures µr depend continuously on φ with respect to
decreasing sequences. As in the C∞ case, this shows that (µr) is the weakly left-
continuous family of measures that disintegrates the positive current (ddcφ)n−1 ∧
dφ ∧ dcφ over the spheres S(r).

The measures µr constructed in this way have a number of natural properties
important in the study of the growth and convexity of psh functions.

Section 4 studies the “residual” measure µ−∞ = 1S(−∞)(ddcφ)n, supported on
the polar set S(−∞). By (0.3), the measure µ−∞ can also be defined as the weak
limit of µr as r tends to −∞. Following our earlier work [De4, De5], we show that
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µ−∞ essentially depends only on the asymptotic behavior of φ near S(−∞). This
result yields the classical inequality1

(0.4) (ddcφ)n ⩾ (2π)n
∑︂
x∈X

ν(φ, x)n δx,

where ν(φ, x) denotes the Lelong number of φ at a point x ∈ X, and δx is the
Dirac measure at x (at a singular point x, this measure must be counted with
multiplicity equal to the multiplicity of X at x).

In §5, we show that the measures µr satisfy the maximum principle with respect
to psh functions, namely that for every psh function V one has

(0.5) sup
B(r)

V = essential supremum of V with respect to µr.

The remarkable point is that this equality holds even though the support of µr
may be very sparse in S(r), as happens, for example, when the pseudoballs B(r)
are analytic polyhedra.

Section 6 generalizes to the present setting the classical convexity properties due to
P. Lelong concerning means of psh functions on balls, spheres, polydiscs, . . .. We
show that the natural geometric hypothesis underlying these convexity properties
is that φ be a solution of the homogeneous Monge-Ampère equation (ddcφ)n ≡ 0.
More precisely:

Theorem 0.6. – Suppose that (ddcφ)n ≡ 0 on the open set {φ > A}. Let V
be a psh function on X. Then the supremum of V on B(r), the means µr(V ),
and, more generally, the Lp-means r ↦→ [µr(V p

+)]1/p are increasing and convex
functions of r ∈ ]A,R[.2

This result follows from elementary second-derivative calculations involving
Jensen’s formula 0.3 and Stokes’ and Fubini’s theorems. More generally, we
prove a version of Theorem 0.6 “with parameters” for the measures µy,r on the
fibers π−1(y) of a holomorphic fibration π : X → Y . The psh function φ on X is
assumed to be exhaustive on the fibers and to satisfy (ddcφ)n ≡ 0 on the open set
{φ > A}, where n is the dimension of the fibers. Then the means µy,r(V ) and
the Lp-means are weakly psh functions of (y, z) on Y × C, where r = Re z. This
readily yields the following extension of Theorem 0.6 to product spaces.

Theorem 0.7. – Let X1, . . . , Xk be Stein spaces, equipped with continuous psh
exhaustion functions φj : Xj → [−∞, Rj [ such that (ddcφj)nj ≡ 0 on the open set

1[P] The published version includes both ddcφ and the factor (2π)n in (0.4). The factor also
agrees with Corollary 4.8.

2[P] The published version gives the interval ]A,R[, as do Theorems 6.3 and 6.4.
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{φj > Aj}, nj = dimXj. If V is psh on X1 × · · · ×Xk, then the Lp-mean

Mp
V (r1, . . . , rk) =

[︂
µr1 ⊗ · · · ⊗ µrk

(V p
+)
]︂1/p

is jointly convex in the variables (r1, . . . , rk) ∈
∏︁

1⩽j⩽k ]Aj , Rj [.

In Sections 7 and 8, we make the additional assumption that the volume of X
has moderate growth at infinity (here the “radius” R is assumed to equal +∞).
More precisely, we assume that

(0.8) lim
r→+∞

1
r

∥µr∥ = 0.

Under this hypothesis, Jensen’s formula 0.3 implies the following fundamental
inequality:

(0.9)
∫︂
X
ddcV ∧ (ddcφ)n−1 ⩽ lim inf

r→+∞

1
r
µr(V+),

which yields a number of results concerning the growth of psh functions or the
value distribution of holomorphic functions (as suggested by the paper
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of N. Sibony and P.-M. Wong [SW]). In particular, every bounded psh or holo-
morphic function on X is constant.

Given a holomorphic function f on X, we also define the “degree” of f relative
to φ by

(0.10) δφ(f) = lim sup
r→+∞

1
r
µr(log+ |f |),

and say that f is φ-polynomial if δφ(f) is finite. Inequality (0.9) then implies
that the order of vanishing of f at a regular point a ∈ X satisfies the estimate

orda(f) ⩽ C(a) δφ(f).

An elementary linear-algebra argument due to Siegel consequently gives the
following algebraicity theorem (we assume X irreducible).

Theorem 0.11. – Let Kφ(X) be the field of meromorphic functions of the form
f/g, where f and g are φ-polynomial. Then:

(a) 0 ⩽ deg trCKφ(X) ⩽ dimCX;

(b) If deg trCKφ(X) = dimCX, then the field Kφ(X) is finitely generated.

As a special case of this theorem, we recover W. Stoll’s result [St1] characterizing
algebraic varieties in CN by the property that their area has minimal growth.

Part B of this work is devoted to characterizing affine algebraic varieties by an
“intrinsic” geometric criterion involving finiteness of the Monge-Ampère volume
and a lower bound on the Ricci curvature. More precisely, we prove the following
result:

Theorem 0.12. – Let X be a smooth, connected complex analytic variety of
dimension n. Then X is analytically isomorphic to an affine algebraic variety
Xalg if and only if X satisfies condition (c) below and possesses a strictly psh
exhaustion function φ of class C∞ such that:

(a) Vol(X) =
∫︂
X

(ddcφ)n < +∞;

(b) The Ricci curvature of the metric β = ddc(eφ) has a lower bound of the form

Ricci(β) ⩾ −1
2dd

cψ,

with ψ ∈ C∞(X,R), where ψ ⩽ Aφ+B and A, B are constants ⩾ 0;

(c) The even-degree cohomology spaces H2q(X,R) are finite-dimensional.
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The ring of regular functions of the algebraic structure Xalg is then given by the
intersection Kφ(X) ∩ O(X).

Following W. Stoll’s work on strictly parabolic varieties (cf. [St2] and [Bu]),
D. Burns posed the problem of characterizing affine algebraic varieties in terms
of exhaustion functions having special properties, for example satisfying the
homogeneity condition (ddcφ)n ≡ 0 outside a compact set. Theorem 0.12 gives a
partial answer to this problem. It also belongs to the line of sufficient conditions
obtained by Mok, Siu, and Yau [SY], [MSY], [Mok1,2,3], although our hypotheses
differ substantially from those in the works just cited. The broad outline of our
argument is in fact analogous to the approach followed in [Mok1,2,3].
Section 10 proves the necessity of conditions 0.12 (a,b,c) for every algebraic set
X ⊂ CN . The function φ is then given by φ(z) = log(1 + |z|2), so that the
metric ddcφ coincides with the Fubini-Study metric on projective space PN . By
an explicit computation of the Ricci curvature, we verify that the curvature
inequality (b) holds with ψ = log

∑︁
K,L |JK,L|2, where the JK,L are the Jacobian

determinants associated with a system of polynomial equations for X. We also
show by a counterexample that curvature condition (b) is indeed indispensable.
The proof that conditions (a,b,c) are sufficient occupies §11,12,13. Its general
outline is as follows. Using the Hörmander-Nakano-Skoda L2 estimates for the
∂ operator and hypothesis (b), we construct a system F = (f1, . . . , fN ) of φ-
polynomial holomorphic functions which, outside an analytic set S ⊂ X, defines an
embedding of X∖S into CN . Under the finite-volume hypothesis (a), algebraicity
theorem 0.11 implies that the transcendence degree of f1, . . . , fN is n = dimX.
Thus the morphism F maps X into an algebraic variety M ⊂ CN of dimension n.
The principal remaining difficulty is to prove that the embedding is quasi-surjective,
that is, that the open set Ω = F (X ∖ S) is a Zariski-open subset of M . We
obtain this result by first showing that the (1, 1)-form F∗(ddcφ) extends to a
closed positive current T of finite mass on M , with T = 0 on M ∖ Ω. In view
of the mass estimates arising from the construction, this is done essentially by
the integration-by-parts method developed by H. Skoda [Sk5] and H. El Mir
[EM]. To indicate the rest of the argument, consider the already significant case
N = n, i.e. M = Cn. There is then a psh function V on Cn of minimal growth,
i.e. V (z) ⩽ C1 log+ |z| + C0, such that ddcV = T . By construction, the function
τ = V − φ ◦ F−1 is pluriharmonic on Ω and τ tends to −∞ at every point of ∂Ω.
It follows that the closed set M ∖ Ω is pluripolar. To show that M ∖ Ω is in fact
algebraic, our method is to verify, using algebraicity theorem 0.11 once again,
that the holomorphic 1-form h = ∂τ extends to a rational meromorphic form on
M = Cn.
When M is an arbitrary affine algebraic variety, the link that exists in Cn between
closed positive (1, 1)-currents T of finite projective mass and psh functions of
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minimal growth no longer applies. Nevertheless, one can show (see the appendix,
§15) that the differential inequality ddcV ⩾ T can always be solved on M by a
psh solution V such that the current ddcV − T is of class C∞ and has polynomial
growth. The end of the proof is then almost identical. Hypothesis (c), for its part,
is used to show that the “Zariski topology” on X is quasi-compact, and hence
that X can be covered by finitely many open sets of the form X ∖S (cf. §13). We
do not in fact know whether hypothesis (c) is truly indispensable.

Finally, Theorem 0.12 extends to complex spaces with isolated singularities (cf.
§9), but the extension to the general case raises difficulties that will be studied in
§14.
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A. Monge-Ampère measures and growth of
plurisubharmonic functions

1 Currents and plurisubharmonic functions
on complex spaces.

The purpose of this section is to define currents and psh functions on a possibly
singular complex analytic space. Readers wishing to consider only the smooth
case in what follows may proceed directly to §2.

Let X be a reduced complex space of pure dimension n, and let Xreg (resp. Xsing)
be the set of its regular (resp. singular) points. Since the definitions we shall
consider are local, we may, without restriction, assume that X is identified with
a closed analytic subset of an open set Ω ⊂ CN by means of an embedding
j : X → Ω.

We then define the space Ckp,q(X) of (p, q)-forms of class Ck on X, k ∈ N ∪ {∞},
as the image of the restriction morphism

j∗ : Ckp,q(Ω) → Ckp,q(Xreg),

equipped with the quotient topology. If j1 : X → Ω1 ⊂ CN1 is another embedding,
there are (locally) holomorphic maps f : Ω → CN1 and g : Ω1 → CN such that
j1 = f ◦ j and j = g ◦ j1. The commutative diagram

X
j → f−1(Ω1) ⊂ Ω

j1

⏐⏐⏐↓ ⏐⏐⏐↓ Id ×f

Ω1 ⊃ g−1(Ω) →
g × Id

Ω × Ω1,

then shows that the morphisms j and j1 do indeed induce the same image space
Ckp,q(X), since Id ×f and g × Id are closed smooth embeddings.

Definition 1.1. – We denote by Dp,q(X) (resp. Dk
p,q(X)) the space of compactly

supported (p, q)-forms on X of class C∞ (resp. Ck), equipped with the inductive
limit topology. By definition, the dual space D′

p,q(X) is the space of currents of
bidimension (p, q) and bidegree (n − p, n − q) on X. Currents belonging to the
subspace [Dk

p,q(X)]′ are said to be currents of order k.
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If T ∈ [Dk
p,q(X)]′, the current j∗T ∈ [Dk

p,q(Ω)]′ defined by

⟨j∗T, v⟩ = ⟨T, j∗v⟩

for every form v ∈ Dk
p,q(Ω) is supported on j(X). Nevertheless, when k ⩾ 1, a

current θ ∈ [Dk
p,q(Ω)]′ supported on j(X)3 need not come from a current T defined

on X, even if X is smooth.

The usual differential operators d, ∂, ∂, and the operation of exterior multiplication
by a C∞ form are also extended to currents by duality, exactly as in the smooth
case. It would be particularly interesting to be able to compute in general the
local cohomology groups of the operators d and ∂; in fact, we do not even know
whether these groups always vanish for arbitrary singularities.

Definition 1.2. – A current T ∈ D′
p,p(X) is said to be (weakly) positive if the

current of bidegree (n, n)

T ∧ iα1 ∧ α1 ∧ . . . ∧ iαp ∧ αp

is a measure ⩾ 0 for every system of (1, 0)-forms (α1, . . . , αp) of class C∞ on X.

Equivalently, the current j∗T is ⩾ 0 on Ω; in particular, a current T ⩾ 0 on X is
necessarily of order 0.

Now let F : X → Y be a morphism of analytic spaces X, Y of dimensions n, m,
respectively. To ensure that the pullback morphism

F ∗ : Ckp,q(Y ) → Ckp,q(X)

is well defined, it suffices to verify the following lemma:

Lemma 1.3. – Let j : Y → Ω ⊂ CN be an embedding and α ∈ Ckp,q(Ω) a form
such that α|Yreg = 0. Then F ∗α|Xreg = 0.4

Proof. We may assume that X is smooth and connected. If F (X) ̸⊂ Ysing, then
F−1(Yreg) is dense in X, and the result follows by continuity. Thus the only
difficulty is the case F (X) ⊂ Ysing. Arguing by induction on the dimension of Y
and factoring F as

X
F−→Ysing ↪→ Y,

we see that it is enough to replace F by the inclusion morphism Ysing ↪→ Y .
Lemma 1.3 then follows from the continuity of α and the following lemma:

3[E] The support must be j(X). The expression j(Ω) in the web TeX cannot be correct
because j is defined on X, not on Ω.

4[P] Here the regular locus is Xreg. The lowercase xreg in the web TeX is a typo.
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Lemma 1.4. – Let a be a regular point of Ysing. Then there is a sequence of
points {aν} ⊂ Yreg converging to a such that, in the Grassmannian of m-planes
in CN , the tangent space TaνYreg converges to a plane containing TaYsing.

Proof. This is a consequence of the existence of Whitney stratifications of Y ; see
[Wh1] and [Wh2]. □

Suppose that the morphism F : X → Y is proper. We then define the direct-image
map

F∗ : [Dk
p,q(X)]′ −→ [Dk

p,q(Y )]′

by duality, setting, for every current T ∈ [Dk
p,q(X)]′ and every form α ∈ Dk

p,q(Y ),

⟨F∗T, α⟩ = ⟨T, F ∗α⟩.

If T is ⩾ 0, then clearly so is F∗T . Moreover, the direct-image morphism F∗
commutes with the operators d, dc, ∂, ∂. Thus, if T is closed and ⩾ 0, then F∗T
is also closed and ⩾ 0.

We now turn to the definition of psh functions.

Definition 1.5. – Let V : X → [−∞,+∞[ be a function that is not identically
−∞ on any open subset of X. We say that V is plurisubharmonic on X (psh for
short) if, for every local embedding j : X ↪→ Ω ⊂ CN , V is locally the restriction
of a psh function on Ω.

J.E. Fornaess and R. Narasimhan gave the following fundamental characterization
of psh functions on a complex space.

Theorem 1.6 ([FN], th. 5.3.1) – A function V : X → [−∞,+∞[ is psh on X
if and only if:

(a) V is upper semicontinuous;

(b) For every holomorphic map f : ∆ → X from the unit disc into X, V ◦ f is
subharmonic or identically equal to −∞ on ∆.

This result readily gives the following generalization of Brelot’s extension theorem
to complex spaces.

Theorem 1.7. – Let X be a locally irreducible complex space and Y ⊂ X an
analytic subset with empty interior in X. Let V be a psh function on X ∖ Y ,
locally bounded above near Y . Then there is a unique psh function V ∗5 on X

5[P] The published version denotes the extension by V ∗, in agreement with the rest of
Theorem 1.7.



Monge–Ampère measures and geometric characterization of affine algebraic varieties 11

extending V , given by

V ∗(y) = lim sup
x∈X∖Y, x→y

V (x), y ∈ Y.

Proof.

(a) Uniqueness of V ∗. Since V ∗ is upper semicontinuous, for every y ∈ Y we have

V ∗(y) = lim sup
x∈X∖Y, x→y

V ∗(x) ⩾ lim sup
x∈X∖Y, x→y

V (x).

Conversely, choose a holomorphic map f : ∆ → X such that f(0) = y and
f(∆) ̸⊂ Y . Then 0 is isolated in f−1(Y ), and since V ∗ ◦ f is psh on ∆, we obtain

V ∗(y) = V ∗(f(0)) = lim sup
t̸=0, t→0

V (f(t)) ⩽ lim sup
x∈X∖Y, x→y

V (x).

(b) Plurisubharmonicity of V ∗. The result is local on X. By Hironaka’s desingu-
larization theorem [Hi], there are a smooth space X ′ and a proper modification
σ : X ′ → X; by definition, σ is proper and induces, outside an analytic set Z ⊂ X,
an isomorphism

σ : X ′ ∖ σ−1(Z) ∼−→X ∖ Z.

For every x ∈ X, the fiber σ−1(x) is compact and connected. Indeed, if σ−1(x)
were disconnected, the point x would have an irreducible open neighborhood U
(X is assumed locally irreducible) such that σ−1(U) was disconnected; but then
U ∖ Z would be connected and σ−1(U) ∖ σ−1(Z) disconnected, a contradiction.
The function V ◦σ is psh on X ′ ∖ σ−1(Y ) and locally bounded above near σ−1(Y ).
By Brelot’s theorem in the smooth case, V ◦ σ extends to a psh function V ′

on X ′. The function V ′ is necessarily constant on the fibers σ−1(x), and therefore
descends to an upper semicontinuous function V ∗ on X. We now show that
V ∗ is psh on X by using Theorem 1.6.6 Given a germ of a holomorphic map
f : (∆, 0) → (X,x), there is in X ′ a germ of a curve (Γ′, x′) lying over the image
Γ = f(∆); hence there are an integer k ∈ N∗ and a germ f ′ : (∆, 0) → (X ′, x′)
such that f(tk) = σ(f ′(t)). Consequently V ∗(f(tk)) = V ′(f ′(t)) is psh on (∆, 0),
which implies that V ∗ ◦ f is also psh. □

Proposition 1.8. – Every psh function V on X is locally integrable with respect
to the area measure of X (relative to any embedding j : X → Ω ⊂ CN ).

Proof. Since V is locally bounded above by definition, we may assume V ⩽ 0. After
rotating the coordinates if necessary, at every point of X there is a local embedding
j : X ↪→ P into a polydisc P ⊂ CN such that the projections πI : X → P I onto

6[E] The correct reference is Theorem 1.6, whose characterization is used here. Both source
versions incorrectly refer back to Theorem 1.7.
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the coordinate n-planes with coordinates zj , j ∈ I, I ⊂ {1, . . . , N}, |I| = n, are
proper with finite fibers. Thus, for every I, there is an analytic set SI ⊂ P I

such that the restriction πI : X ∖ (πI)−1(SI) → P I ∖ SI is a finite covering. The
function πI∗V defined by7

πI∗V (y) =
∑︂

x∈(πI)−1(y)
V (x)

is psh ⩽ 0 on P I ∖ SI , and hence extends to a psh function VI on all of P I . Since
the area measure of X is given by

dσX =
∑︂

|I|=n
(πI)∗dλCn ,

where dλ is Lebesgue measure, the conclusion follows from the local integrability
of the VI on P I . □

Proposition 1.8 shows that every psh function on X can be regarded as a current
of bidegree (0, 0). By regularizing a local extension of V to CN and passing to
the decreasing limit, one readily checks that the (1, 1)-current ddcV = 2i∂∂V is
positive on X.

Definition 1.9. – A locally integrable function V on X is said to be weakly psh
if V is locally bounded above and ddcV ⩾ 0 in the sense of currents.

Unlike the smooth case, the assumption that V be locally bounded above is
essential. For example, consider the curve parametrized by (z1, z2) = (t2, t3) in
C2; the function V (t) = Re(1/t)8 is not locally bounded above at 0, yet one may
verify that ddcV = 0 in the sense of currents (cf. Definition 1.1). Observe also
that a weakly psh function need not agree almost everywhere with a psh function,
as shown by the function on the curve z1z2 = 0 in C2 defined by V (z1, 0) = 1,
V (0, z2) = 0 if z2 ̸= 0. We nevertheless have the following result:

Theorem 1.10. – Given a function V : X → [−∞,+∞[, the following properties
(a), (b), (c) are equivalent:

(a) V is weakly psh on X.

(b) V agrees almost everywhere with a psh function Vreg on Xreg, locally bounded
above near Xsing.

7[P] The direct-image function is πI
∗V . The corresponding expression in the web TeX is

garbled.
8[P] The published version has Re(1/t). The variable t was dropped from the web TeX.
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(c) There exists a psh function Ṽ 9 on the normalization X̃ of X such that Ṽ = V ◦π
almost everywhere, where π : X̃ → X is the natural morphism.

For V to be equal almost everywhere to a psh function on X, it is necessary and
sufficient that the following condition hold: for every a ∈ X, let V ∗(a) be the
essential upper limit of V (x) as x ∈ X tends to a, and let (Xj , a) be the irreducible
components of the germ (X, a); then

lim sup ess
x∈Xj ; x→a

V (x) = V ∗(a), ∀j.

Under this hypothesis V ∗ is psh on X and V = V ∗ almost everywhere.

Proof. (a) ⇒ (b). This implication follows immediately from Definition 1.9 and
the well-known smooth case.
(b) ⇒ (a). Let h1 = . . . = hm = 0 be local equations of Xsing in X. Then for
every ε > 0 the function

Vε =
{︄
Vreg + ε log

(︁
|h1|2 + · · · + |hm|2

)︁
on Xreg

−∞ on Xsing

is psh on X by Theorem 1.6. Thus ddcVε ⩾ 0. Since ddcVε converges weakly to
ddcV as ε tends to 0, it follows that ddcV ⩾ 0.

(b) ⇒ (c). The function Vreg ◦ π is psh on X̃ ∖ π−1(Xsing) = π−1(Xreg), locally
bounded above near π−1(Xsing), and X̃ is locally irreducible. Theorem 1.7 shows
that Vreg ◦ π extends to a psh function Ṽ on X̃.
(c) ⇒ (b) follows from the fact that π : X̃ ∖π−1(Xsing) → Xreg is an isomorphism.
As for the last assertion, the condition we have given for the plurisubharmonicity
of V ∗ is clearly necessary. To see that it is sufficient, observe that the set of
irreducible components (Xj , a) is in bijective correspondence with the set of points
aj of X̃ lying over a (this follows, for example, from Narasimhan [Nar], Prop. VI.2),
and that

Ṽ (aj) = lim sup ess
x∈Xj , x→a

V (x).

Thus, by hypothesis, V ∗ ◦ π = Ṽ at every point of X; since every holomorphic
map f : ∆ → X lifts to a map f̃ : ∆ → X̃, the plurisubharmonicity of Ṽ implies
that of V ∗. □

Corollary 1.11. – If X is locally irreducible and V is weakly psh on X, then
the function defined by

V ∗(a) = lim sup ess
x→a

V (x), a ∈ X,

9[P] The function on the normalization is ˜︁V . The web TeX omits the symbol V .
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is psh on X and V = V ∗ almost everywhere.

Corollary 1.12. – If V : X → [−∞,+∞[ is continuous and weakly psh, then V
is psh.

To conclude this section, we examine the behavior of psh functions under direct
image.

Proposition 1.13. – Let F : X → Y be a proper surjective morphism with finite
fibers.

(a) If V is a weakly psh function on X, the function F∗V defined by

F∗V (y) =
∑︂

x∈F−1(y)
V (x)

is weakly psh on Y , and moreover

ddc(F∗V ) = F∗(ddcV ).

(b) Suppose in addition that Y is locally irreducible.10 If V is psh and the sum
defining F∗V ,

∑︁
x∈F−1(y) V (x), is counted with multiplicities, then F∗V is psh

on Y .

Proof.

(a) We know that F is a branched covering, i.e. there is an analytic set Z ⊂ Y
such that

F : X ∖ F−1(Z) → Y ∖ Z

is a covering of smooth varieties. It follows that the definition of F∗V agrees with
the definition given for direct images of currents. It is clear that F∗V is locally
bounded above on Y , and the property ddc(F∗V ) = F∗dd

cV ⩾ 0 follows from the
fact that F∗ commutes with the operators d and dc.

(b) Under the hypothesis that Y is locally irreducible, the cardinality of the fiber
F−1(y), y ∈ Y ∖ Z, is locally constant near a point of Z. If, in addition, V is
continuous, F∗V extends continuously across Z to Y , and Corollary 1.12 shows
that F∗V is psh. In the general case, for every fiber F−1(y) = {x1, . . . , xm} there
are arbitrarily small neighborhoods Oj of xj , 1 ⩽ j ⩽ m, and a neighborhood U of

10[E] Local irreducibility is required for the target Y , not for X; this is exactly what the proof
uses to show that F∗V is psh on Y .
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y such that F−1(U) = O1 ∪ . . . ∪Om. Write V as a decreasing limit of continuous
psh functions Vk on such a neighborhood F−1(U).11 Then

F∗V = lim
k→+∞

F∗Vk on U,

and hence F∗V is psh. □

2 The operators (ddc )k and the Chern-Levine-Nirenberg
inequalities.

In this section, we recall the definition of the Monge-Ampère operators (ddc)k
introduced by Bedford and Taylor [BT1], [BT2]. This definition gives meaning to
the current ddcV1 ∧ . . . ∧ ddcVk when the Vj are bounded psh functions. Here we
shall need to consider the slightly more general case in which one of the functions
Vj need not be bounded, and in this setting we give a proof of the Chern-Levine-
Nirenberg inequalities [CLN]. Finally, as in [BT2], we study the continuity of the
operator (ddc)k with respect to decreasing limits of psh functions.

Let φ1, φ2, . . . , φk be locally bounded psh functions on X, and let V be an
arbitrary psh function. By Bedford-Taylor [BT2], the closed current ddcV ∧
ddcφ1 ∧ . . . ∧ ddcφk, which is ⩾ 0, can be defined recursively in k by setting

(2.1) ddcV ∧ ddcφ1 ∧ . . . ∧ ddcφk = ddc
(︁
φk dd

cV ∧ ddcφ1 ∧ . . . ∧ ddcφk−1
)︁
.

The positivity of the right-hand side is clear by the induction hypothesis if
φk ∈ C∞(X); the general case follows by regularizing φk and passing to the weak
limit in the space of currents.

Let Ω = {ρ < 0} be a relatively compact open subset of X, defined by a strictly
psh C∞ function ρ on a neighborhood Ω′ of Ω, with dρ ≠ 0 on ∂Ω. For every real
number a > 0 and every integer 0 ⩽ k ⩽ n, set

βk = |ρ|k+a(ddcρ)n−k + (k + a)|ρ|k−1+adρ ∧ dcρ ∧ (ddcρ)n−k−1

and denote by ∥v∥p the Lp norm of a function v on Ω with respect to the
measure β0, p ∈ [1,+∞]. The mass of the current (2.1) then satisfies the following
estimates (cf. [CLN]).

Theorem 2.2. Let V , V1, . . . , Vk be psh functions on X such that V ⩽ 0 and
Vj ⩾ 0, 1 ⩽ j ⩽ k, on Ω. Then there are constants Cj = Cj(k, a) ⩾ 0, j = 1, 2, 3,
such that

11[P] The neighborhood here is F−1(U). The expression F−1(V ) in the web TeX refers to no
defined set V .
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(a)
∫︂

Ω
βk+1 ∧ ddcV ∧ ddcφ1 ∧ . . . ∧ ddcφk ⩽ C1 ∥V ∥1 ∥φ1∥∞ · · · ∥φk∥∞.

(b)
∫︂

Ω
βk ∧ |V | ddcφ1 ∧ . . . ∧ ddcφk ⩽ C2 ∥V ∥1 ∥φ1∥∞ · · · ∥φk∥∞.

(c)
∫︂

Ω
βk ∧ ddcV1 ∧ . . . ∧ ddcVk ⩽ C3 ∥V1∥k ∥V2∥k · · · ∥Vk∥k.

Proof. By Lemma 2.4 below, we may assume that the Vj and φj are of class C∞.
A direct computation gives

dcβk = −2(k + a) |ρ|k−1+a dcρ ∧ (ddcρ)n−k,

ddcβk = 2(k + a)
[︂

− |ρ|k−1+a (ddcρ)n−k+1 + (k − 1 + a) dρ ∧ dcρ ∧ (ddcρ)n−k
]︂
,

and hence the inequality of forms

|ddcβk| ⩽ 2(k + a)βk−1.

Let Ik, Jk denote the integrals in (a), (b), respectively, and set ψk = ddcφ1 ∧ . . .∧
ddcφk. By the integration-by-parts formula of Lemma 2.5, and since

βk+1|∂Ω = dcβk+1|∂Ω = 0,

we obtain

Ik =
∫︂

Ω
ddcβk+1 ∧ φk dd

cV ∧ ψk−1

⩽ 2(k + 1 + a) ∥φk∥∞

∫︂
Ω
βk ∧ ddcV ∧ ψk−1 = 2(k + 1 + a) ∥φk∥∞Ik−1,

I0 =
∫︂

Ω
V ddcβ1

⩽ 2(1 + a)
∫︂

Ω
|V | |ρ|a(ddcρ)n ⩽ 2(1 + a) ∥V ∥1.

This proves (a) by induction with C1(k, a) = 2k+1(1 + a) . . . (k + 1 + a); the
inequality in fact remains valid even when a = 0. On the other hand, if k ⩾ 1, we
obtain

Jk =
∫︂

Ω
−φkddc(V βk) ∧ ψk−1

=
∫︂

Ω
−φk

(︁
V ddcβk + βk ∧ ddcV + 2 dV ∧ dcβk

)︁
∧ ψk−1

=
∫︂

Ω
φk
(︁
V ddcβk − βk ∧ ddcV

)︁
∧ ψk−1 + 2V dφk ∧ dcβk ∧ ψk−1

after integrating by parts the term −2φk dV ∧ dcβk ∧ψk−1 in the second line. We
now suppose φk > 0 and apply the Cauchy-Schwarz inequality to the component
of bidegree (n− k + 1, n− k + 1) of the current

2dφk ∧ dcβk = −4(k + a) |ρ|k−1+adφk ∧ dcρ ∧ (ddcρ)n−k,
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which gives the upper bound[︂
4(k + a)2φk|ρ|k−2+adρ ∧ dcρ+ |ρ|k+adφk ∧ dcφk

φk

]︂
∧ (ddcρ)n−k.

It follows that

Jk ⩽
∫︂

Ω
φk|V |

[︂
− ddcβk + 4(k + a)2|ρ|k−2+adρ ∧ dcρ ∧ (ddcρ)n−k

]︂
∧ ψk−1

+
∫︂

Ω
|V | |ρ|k+a(ddcρ)n−k ∧ dφk ∧ dcφk

φk
∧ ψk−1.

The form in brackets in the first integral equals

2(k+a)
[︂
|ρ|k−1+a(ddcρ)n−k+1 +(k+1+a)|ρ|k−2+adρ∧dcρ∧ (ddcρ)n−k

]︂
⩽ C4βk−1

with C4 = C4(k, a) = 2(k+a)(k+1+a)
k−1+a . We therefore finally obtain

Jk ⩽ C4∥φk∥∞Jk−1 +
∫︂

Ω
|V |βk ∧ ψk−1 ∧ dφk ∧ dcφk

φk
.

Let J ′
k denote the integral obtained by replacing φk by φ′

k = exp(Bφk) in Jk, and
set M = ∥φk∥∞. Then12

ddcφ′
k = eBφk

(︁
B ddcφk +B2 dφk ∧ dcφk

)︁
⩾ B e−BMddcφk + dφ′

k ∧ dcφ′
k

φ′
k

,

B e−BMJk ⩽ J ′
k −

∫︂
Ω

|V |βk ∧ ψk−1 ∧ dφ′
k ∧ dcφ′

k

φ′
k

⩽ C4(k, a) eBMJk−1.

Since infB>0
1
B e

2BM = 2eM = 2e ∥φk∥∞, this completes the proof of (b) by
induction on k, with constant

C2(k, a) = (4e)k k + a

a
(2 + a) · · · (k + 1 + a).

To prove (c), first suppose that V1 = V2 = . . . = Vk = v ⩾ 0. Since(︂
ddcv

k
k−1
)︂k−1

⩾ v
(︂ k

k − 1 dd
cv
)︂k−1

,

integration by parts gives∫︂
Ω
βk∧(ddcv)k =

∫︂
Ω
ddcβk∧v (ddcv)k−1 ≤ 2(k+a)

(︂k − 1
k

)︂k−1 ∫︂
Ω
βk−1∧

(︂
ddcv

k
k−1
)︂k−1

.

12[P] The published formula has ddcφ′
k. The subscript k was lost in the web TeX.
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By induction on k, this inequality in turn implies∫︂
Ω
βk ∧ (ddcv)k ⩽ 2k(1 + a)...(k + a)(k − 1)!

kk−1

∫︂
Ω
β0v

k.

Now replace v by
v = V1

∥V1∥k
+ · · · + Vk

∥Vk∥k
.

Then

k!
∥V1∥k · · · ∥Vk∥k

∫︂
Ω
βk ∧ ddcV1 ∧ . . . ∧ ddcVk ⩽ 2k(1 + a)...(k + a)(k − 1)!

kk−1

∫︂
Ω
β0v

k

while ∥v∥k ⩽ k. Inequality (c) follows with

C3(k, a) = 2k(1 + a) . . . (k + a). □

An immediate consequence of Theorem 2.2 (b) is that the current V ddcφ1 ∧ . . .∧
ddcφk has locally finite mass on X; in particular, we recover the following result
due to Bedford-Taylor [BT2].

Corollary 2.3. – The coefficient measures of ddcφ1 ∧ . . . ∧ ddcφk do not charge
the pluripolar sets {V = −∞}. □

Since the space X is Stein, by J.E. Fornaess and R. Narasimhan [FN] there are
decreasing sequences Vm, φj,m of C∞ psh functions on X such that

Vm → V, φj,m → φj for 1 ⩽ j ⩽ k.

Lemma 2.4. – There are strictly increasing sequences of integers m(ν), m1(ν),
. . ., mk(ν), ν ∈ N, such that, in the sense of weak convergence of measures, either
one of the following convergence properties may be obtained:

(a) ddcVm(ν) ∧ ddcφ1,m1(ν) ∧ . . . ∧ ddcφk,mk(ν) −→ ddcV ∧ ddcφ1 ∧ . . . ∧ ddcφk

(b) Vm(ν) dd
cφ1,m1(ν) ∧ . . . ∧ ddcφk,mk(ν) −→ V ddcφ1 ∧ . . . ∧ ddcφk.13

Proof. By Theorem 2.2, already proved for C∞ psh functions, the sequences (a),
(b) are locally bounded in mass, and bounded subsets of the space of currents of
order 0 are metrizable for the weak topology. In case (a), observe that

φk,mdd
cV ∧ ddcφ1 ∧ . . . ∧ ddcφk−1 −→ φkdd

cV ∧ ddcφ1 ∧ . . . ∧ ddcφk−1

13[P] Here Vm(ν) and V multiply the currents that follow them; there should be no wedge
sign immediately after either scalar factor.
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by monotone convergence of φk,m as m → +∞; applying ddc, we therefore have

ddcV ∧ddcφ1 ∧ . . .∧ddcφk−1 ∧ddcφk,m −→ ddcV ∧ddcφ1 ∧ . . .∧ddcφk−1 ∧ddcφk.

Since the topology is metrizable, we may successively choose mk(ν) = ν and then
mk−1(ν), . . ., m1(ν), m(ν) by induction on ν (resp. m(ν) = ν and then m1(ν),
. . ., mk(ν) in case (b)) to obtain the desired convergence.14 □

For later reference, we state here the integration-by-parts lemma used above.

Lemma 2.5. – If u and v are forms of class C2 of respective bidegrees (p, q) and
(n− p− 1, n− q − 1), with p+ q even, then15∫︂

Ω
u ∧ ddcv =

∫︂
Ω
ddcu ∧ v +

∫︂
∂Ω

(︁
u ∧ dcv − dcu ∧ v

)︁
.

Indeed, it suffices to apply Stokes’ theorem to the form

d
(︁
u ∧ dcv − dcu ∧ v

)︁
= u ∧ ddcv − ddcu ∧ v + du ∧ dcv + dcu ∧ dv

and observe that

du ∧ dcv = i(∂u ∧ ∂v − ∂u ∧ ∂v) = −dcu ∧ dv. □

Adapting the techniques of [BT2] to the present setting, we now prove the
continuity of the operator (ddc)k with respect to decreasing limits of psh functions.

Theorem 2.6. – Let {φνj }ν∈N ⊂ L∞
loc(X) and {V ν}ν∈N be decreasing sequences

of psh functions such that

φj = lim
ν→+∞

φνj ∈ L∞
loc(X), V = lim

ν→+∞
V ν ̸≡ −∞.

Then, in the sense of weak convergence of measures,

(a) ddcV ν ∧ ddcφν1 ∧ . . . ∧ ddcφνk −→ ddcV ∧ ddcφ1 ∧ . . . ∧ ddcφk,

(b) V ν ddcφν1 ∧ . . . ∧ ddcφνk −→ V ddcφ1 ∧ . . . ∧ ddcφk,

(c) φνkddcV ν ∧ ddcφν1 ∧ . . . ∧ ddcφνk−1 −→ φk dd
cV ∧ ddcφ1 ∧ . . . ∧ ddcφk−1.16

14[P] The last index in the diagonal sequence is mk(ν), as in the published proof. The indices
are shifted in the web TeX.

15[P] The published version contains the full three-term integration-by-parts identity. The
web TeX omits the interior term

∫︁
Ω dd

cu ∧ v.
16[P] The scalar factors V ν and φν

k are not followed by wedge signs. In part (c), the last
indexed function is φk−1.
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We shall prove Theorem 2.6 simultaneously with the following property, which is
a corollary of it.

Corollary 2.7. –

(a) ddc
(︁
V ddcφ1 ∧ . . . ∧ ddcφk

)︁
= ddcV ∧ ddcφ1 ∧ . . . ∧ ddcφk.17

(b) The currents V ddcφ1∧. . .∧ddcφk and ddcV ∧ddcφ1∧. . .∧ddcφk are symmetric
in φ1, . . . , φk.

Proof. Using Lemma 2.4 and the standard diagonal-sequence argument, we reduce
to the case in which V ν , φν1 , . . ., φνk are of class C∞. Since properties 2.6 (a,b,c)
are local, we may, without loss of generality, work in an open set Ω = {ρ < 0} ⋐ X.
We now reduce to the situation in which φj , φνj are of class C∞ near ∂Ω and
vanish on ∂Ω, so that Stokes’ formula can be applied without boundary terms.
Let R2 ∋ (u, v) ↦→ λ(u, v) be a C∞ function that is convex and increasing in u
and v, and agrees with max(u, v) for |u− v| > 1. Then φ̃νj = λ

(︁
φνj − 2

ε , ε
−2ρ

)︁
is

psh and C∞; moreover, for ε > 0 sufficiently small,⎧⎨⎩ φ̃
ν
j = φνj − 2

ε on Ω3ε = {ρ < −3ε},

φ̃νj = ε−2ρ on Ω ∖ Ωε = {−ε ⩽ ρ ⩽ 0}.

We may therefore ultimately assume that φνj = φj = ε−2ρ on the “annulus” Ω∖Ωε

(for all j, ν).

Proof of 2.6 (a). We argue by induction on k. By (2.1), it is enough to prove
that18

lim
ν→+∞

∫︂
Ω
φνk dd

cV ν ∧ ddcφν1 ∧ . . . ∧ ddcφνk−1 ∧ ddcψ

=
∫︂

Ω
φk dd

cV ∧ ddcφ1 ∧ . . . ∧ ddcφk−1 ∧ ddcψ(2.8)

for every form ψ ∈ C∞
n−k−1,n−k−1(Ω) such that ψ|∂Ω = 0 (note that by hypothesis

φνk|∂Ω = 0). By successively replacing ψ by ρ(ddcρ)n−k−1 and ψ+Aρ(ddcρ)n−k−1,

A ≫ 0, we may assume ddcψ ⩾ 0 on Ω. The inequality ⩽ in (2.8) then follows
directly from the induction hypothesis

ddcV ν ∧ ddcφν1 ∧ . . . ∧ ddcφνk−1 −→ ddcV ∧ ddcφ1 ∧ . . . ∧ ddcφk−1

17[P] Inside this current, V is a scalar factor and is therefore not joined to the following form
by a wedge sign.

18[P] Formula (2.8) follows the published version, which supplies the missing factors and
indices and gives the boundary term the correct sign.
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and the monotone convergence theorem. To prove the reverse inequality ⩾, we
perform successive integrations by parts using Lemma 2.5:∫︂

Ω
φk dd

cV ∧ ddcφ1 ∧ . . . ∧ ddcφk−1 ∧ ddcψ

⩽
∫︂

Ω
φνk dd

cV ∧ ddcφ1 ∧ . . . ∧ ddcφk−1 ∧ ddcψ

=
∫︂

Ω
φk−1 dd

cV ∧ ddcφ1 ∧ . . . ∧ ddcφk−2 ∧ ddcφνk ∧ ddcψ

⩽
∫︂

Ω
φνk−1 dd

cV ∧ ddcφ1 ∧ . . . ∧ ddcφk−2 ∧ ddcφνk ∧ ddcψ

= · · · ⩽
∫︂

Ω
φν1 dd

cV ∧ ddcφν2 ∧ . . . ∧ ddcφνk ∧ ddcψ

=
∫︂

Ω
V ddcφν1 ∧ ddcφν2 ∧ . . . ∧ ddcφνk ∧ ddcψ

−
∫︂
∂Ω
V dcφν1 ∧ ddcφν2 ∧ . . . ∧ ddcφνk ∧ ddcψ

⩽
∫︂

Ω
V ν ddcφν1 ∧ . . . ∧ ddcφνk ∧ ddcψ − ε−2k

∫︂
∂Ω
V dcρ ∧ (ddcρ)k−1 ∧ ddcψ

=
∫︂

Ω
φνk dd

cV ν ∧ ddcφν1 ∧ . . . ∧ ddcφνk−1 ∧ ddcψ

+ ε−2k
∫︂
∂Ω

(V ν − V ) dcρ ∧ (ddcρ)k−1 ∧ ddcψ.

The last integral tends to 0 by monotone convergence, which completes the proof
of 2.6 (a).

Proof of 2.7 (a). Immediate consequence of 2.4 (b) and 2.6 (a).

Proof of 2.6 (b). Inequality 2.2 (b) implies that the sequence V ν ddcφν1 ∧. . .∧ddcφνk
has locally uniformly bounded mass on X. Moreover, every cluster value T of this
sequence satisfies

T ⩽ V ddcφ1 ∧ . . . ∧ ddcφk,

with equality on Ω ∖ Ωε (where φνj = φj = ε−2ρ). On the other hand, by 2.6 (a)
and 2.7 (a),

ddcT = ddcV ∧ ddcφ1 ∧ . . . ∧ ddcφk = ddc
(︁
V ddcφ1 ∧ . . . ∧ ddcφk

)︁
.

We now distinguish two cases according to the value of the integer k.

If k ⩽ n− 1, Lemma 2.5 applied with v = ρ(ddcρ)n−k−1 implies that the positive
current

u = V ddcφ1 ∧ . . . ∧ ddcφk − T
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vanishes on Ω.

If k = n, we may regard V , φ1, . . ., φk as functions on X × C independent of
the last variable, and apply the already established result 2.6 (b) to X × C. The
proof of 2.6 (c) is identical. □

Remark 2.9. – If φj is ⩾ 0, we may write

dφj ∧ dcφj = 1
2dd

cφ2
j − φj dd

cφj ;

consequently, the weak convergence theorem 2.6 remains valid for any product
of V or ddcV by (1, 1)-forms of the type ddcφj , dφj ∧ dcφj , or, by polarization,
dφi ∧ dcφj + dφj ∧ dcφi.

Remark 2.10. – The reader will find an interesting discussion of the definition
and continuity of the Monge-Ampère operator in [Ki] and [Ce]. In particular,
some of the preceding results can be extended to the case in which the functions
φj are no longer necessarily bounded, provided one assumes that the poles of
the φj are contained in a compact set. We shall assume that there is a compact
set K ⊂ X such that φ1, . . . , φk are locally bounded on X ∖K. Then Definition
(2.1), Lemma 2.4 (a), and Theorem 2.6 (a) remain valid.

To see this, observe that the problem arises only near K. Let ρ be a strictly psh
C∞ function and ω an open set such that K ⊂ ω ⋐ Ω = {ρ < 0} ⋐ X. After
replacing φj by ⎧⎪⎪⎪⎨⎪⎪⎪⎩

φj − 2
ε on ω,

ε−2ρ on X ∖ Ω,

max
(︁
φj − 2

ε , ε
−2ρ

)︁
on Ω ∖ ω,

we may assume that φj = ε−2ρ near ∂Ω. We first prove by induction that
φk dd

cV ∧ ddcφ1 ∧ . . . ∧ ddcφk−1 (and hence also ddcV ∧ ddcφ1 ∧ . . . ∧ ddcφk) has
locally finite mass if k ⩽ n − 1. Indeed, for every a < 0, with the notation
φk,a = max(φk, a), we have:
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∫︂
Ω

|φk,a| ddcV ∧ ddcφ1 ∧ . . . ∧ ddcφk−1 ∧ (ddcρ)n−k

=
∫︂

Ω
|ρ| ddc

(︁
φk,add

cV ∧ ddcφ1 ∧ . . . ∧ ddcφk−1
)︁

∧ (ddcρ)n−k−1

≤ C

∫︂
Ω
ddc
(︁
φk,add

cV ∧ ddcφ1 ∧ . . . ∧ ddcφk−1
)︁

∧ (ddcρ)n−k−1

= Cε−2k
∫︂

Ω
ddcV ∧ (ddcρ)n−1 < +∞,

where the last equality follows from Stokes’ theorem. The proofs of 2.4 (a) and
2.6 (a) then go through without any change.

3 Monge-Ampère measures and Jensen’s formula.

To every continuous psh exhaustion function φ on a Stein space, we shall canon-
ically associate a family of positive measures supported on the level sets of φ.
These measures arise naturally when one seeks to extend Jensen’s formula to
several variables. The principal ideas of this section are based on the calculations
made by P. Lelong [Le1] to prove the existence of the Lelong numbers of a closed
positive current. We use essentially the notation of [De4], [De5] (see also the
paper of H. Skoda [Sk5]).19

Let X be a reduced Stein space of pure dimension n, equipped with a continuous
psh function φ : X → [−∞, R[ , where R ∈ ] − ∞,+∞]. For every r < R, denote
by

B(r) =
{︁
z ∈ X ; φ(z) < r

}︁
, B(r) =

{︁
z ∈ X ; φ(z) ⩽ r

}︁
the open and closed “pseudoballs” associated with φ (note that B(r) is not
necessarily the closure of B(r)!).20 We assume that φ is exhaustive, that is, that
the pseudoballs B(r), r < R, are compact. Finally, for every r ∈ [−∞, R[, set

S(r) =
{︁
z ∈ X ; φ(z) = r

}︁
= B(r) ∖B(r),

φr = max(φ, r), α = ddcφ = 2i ∂∂φ.

The current (ddcφr)n is well defined by (2.1) if r > −∞, and if r = −∞,
(ddcφr)n = (ddcφ)n exists by Remark 2.10.

19[P] The published paper cites [Sk5] here. The web TeX instead cites [Sk1], which is a
different paper.

20[P] The closed pseudoball is B(r) = {φ ⩽ r}, as in the published text. This notation is
used consistently below.
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Lemma 3.1. – The map r ↦→ (ddcφr)n is continuous from [−∞, R[ into the
space of measures on X equipped with the weak topology.

Proof. Right continuity follows from Theorem 2.6 (a), while left continuity is
obtained by writing

(ddcφr)n =
(︁
ddc max(φ− r, 0)

)︁n
. □

Since (ddcφr)n vanishes on B(r) and agrees with (ddcφ)n on X ∖ B(r), left
continuity implies

(ddcφr)n ⩾ 1X∖B(r)(ddcφ)n,

where 1A denotes the characteristic function of a subset A ⊂ X. The results
below follow immediately from these remarks and justify the following definition.

Theorem and Definition 3.2. – The families of positive measures (µr), (µr)
supported on S(r), r ∈ [−∞, R[ , defined by

µr = (ddcφr)n − 1X∖B(r)(ddcφ)n,
µr = (ddcφr)n − 1X∖B(r)(dd

cφ)n.

are called the Monge-Ampère measures associated with φ. The family µr (resp.
µr) is weakly left-continuous (resp. weakly right-continuous), and the following
relations hold:

µr = lim
ρ→r+0

µρ, µr = lim
ρ→r−0

µρ,

µr = 1S(r)(ddcφr)n = µr + 1S(r)(ddcφ)n.

Let Dφ ⊂ [−∞, R[ be the at most countable set of real numbers r such that S(r)
has positive measure21 with respect to (ddcφ)n on X. Then µr = µr for every
r /∈ Dφ, and the maps r ↦→ µr, r ↦→ µr are continuous at every point r /∈ Dφ. □

We are deeply grateful to E. Bedford for suggesting this definition, which simplifies
the one used in an earlier version of this work. At every point where φ is regular,
µr and µr can be described by a simple differential form on the hypersurface S(r).

Proposition 3.3. – Let x ∈ X be a regular point near which φ is of class C2 and
such that dφ(x) ̸= 0. Orient S(r) as the boundary of B(r). Then the measures µr
and µr are defined near x by the volume (2n− 1)-form (ddcφ)n−1 ∧ dcφ|S(r).22

21[E] The level set must have positive (ddcφ)n-measure. If its measure were zero, the jump
displayed immediately above could not occur.

22[P] The published formula includes the factor dcφ, which is necessary for the displayed
(2n− 1)-form.
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Proof. Let Ω be a neighborhood of x on which dφ ≠ 0, and let h be a C∞ function
with compact support in Ω. Write

max(r, t) = lim
ν→+∞

χν(t)

where χν is a sequence of convolution regularizations of t ↦→ max(r, t). We may
arrange that (χν) is a decreasing sequence of convex C∞ functions such that
0 ⩽ χ′

ν ⩽ 1, with limχ′
ν(t) equal to 0 for t < r and to 1 for t > r. Theorem 2.6 (a)

therefore gives∫︂
Ω
h (ddcφr)n = lim

ν→+∞

∫︂
Ω
h (ddcχν ◦ φ)n

= lim
ν→+∞

−
∫︂

Ω
dh ∧ (ddcχν ◦ φ)n−1 ∧ dc(χν ◦ φ)

= lim
ν→+∞

−
∫︂

Ω
χ′
ν(φ)n dh ∧ (ddcφ)n−1 ∧ dcφ

= −
∫︂

Ω∖B(r)
dh ∧ (ddcφ)n−1 ∧ dcφ

=
∫︂

Ω∩S(r)
h (ddcφ)n−1 ∧ dcφ+

∫︂
Ω∖B(r)

h (ddcφ)n

by Stokes’ formula. Thus, on Ω, we obtain the equality of measures

(ddcφr)n = (ddcφ)n−1 ∧ dcφ|S(r) + 1Ω∖B(r)(ddcφ)n. □

We can now prove the Jensen-Lelong formula announced above.

Theorem 3.4. – Let V be a psh function on X. Then V is µr-integrable for
every r ∈ ] − ∞, R[ . Moreover,∫︂ r

−∞
dt

∫︂
B(t)

ddcV ∧ αn−1 = µr(V ) −
∫︂
B(r)

V αn,

where α = ddcφ. Both sides are finite if infX φ > −∞ or if infB(r) V > −∞.

Proof. The integrability of V with respect to µr (and with respect to µr) follows
from the integrability of V with respect to (ddcφr)n by Theorem 2.2 (b). Also
note that the integrals

∫︁
B(t) dd

cV ∧ (ddcφ)n−1 ⩾ 0 and
∫︁
B(r) V (ddcφ)n are well

defined by Remark 2.10, the first always being convergent. The second converges
if infX φ > −∞ by 2.2 (b), or if infB(r) V > −∞ by 2.10. To prove formula 3.4,
first suppose

inf
X
φ > −∞ and inf

B(r)
V > −∞,
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and fix c > r. Fubini’s theorem implies23

(3.5)

∫︂ c

−∞
dt

∫︂
B(t)

ddcV ∧ (ddcφ)n−1 =
∫︂
B(c)

[︃ ∫︂
{φ<t<c}

dt

]︃
ddcV ∧ (ddcφ)n−1

=
∫︂
B(c)

(c− φ) ddcV ∧ (ddcφ)n−1.

By Stokes’ formula,∫︂
B(c)

d
[︂
(c− φ) dcV ∧ (ddcφ)n−1 + V (ddcφ)n−1 ∧ dcφ

]︂
=
∫︂
B(c)

d
[︂
(c− φr) dcV ∧ (ddcφr)n−1 + V (ddcφr)n−1 ∧ dcφ

]︂
since the currents being integrated agree on the annulus B(c) ∖B(r). Expanding
the first integral gives24∫︂
B(c)

(c−φ) ddcV ∧(ddcφ)n−1+V (ddcφ)n+
∫︂
B(c)

(dV ∧dcφ−dφ∧dcV )∧(ddcφ)n−1

and, since the (1, 1)-component of dV ∧ dcφ− dφ∧ dcV vanishes, the last integral
vanishes. Consequently,∫︂
B(c)

(c−φ) ddcV ∧(ddcφ)n−1+V (ddcφ)n =
∫︂
B(c)

(c−φr) ddcV ∧(ddcφr)n−1+V (ddcφr)n.

Now let c tend to r from the right. Since 0 ⩽ c− φr ⩽ c− r, the limit gives∫︂
B(r)

(r − φ) ddcV ∧ (ddcφ)n−1 + V (ddcφ)n =
∫︂
B(r)

V (ddcφr)n = µr(V ).

In view of (3.5) and the identity µr = µr + 1S(r)(ddcφ)n, this proves formula
3.4 under the restrictive hypothesis that φ and V are bounded below. In the
general case, write V = limν→+∞ Vν , where Vν is a decreasing sequence of C∞ psh
functions on X (cf. [FN]). Fix a < r. By the preceding argument, after replacing
φ by the locally bounded function φa, we obtain

µr(Vν) =
∫︂ r

a
dt

∫︂
B(t)

ddcVν ∧ (ddcφa)n−1 +
∫︂
B(r)

Vν (ddcφa)n.

Passing to the limit as ν tends to +∞ gives

µr(V ) =
∫︂ r

a
dt

∫︂
B(t)

ddcV ∧ (ddcφa)n−1 +
∫︂
B(r)

V (ddcφa)n;

23[P] This identity is numbered (3.5) in the published paper. The number is restored because
the proof refers to it later.

24[P] The expanded identity in the published proof includes the missing factor ddcV .
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indeed, the measure ddcVν ∧ (ddcφa)n−1 converges weakly to ddcV ∧ (ddcφa)n−1

by Theorem 2.6 (a), and this measure is evaluated on the continuous function
1B(r)(r − φa) by (3.5). Stokes’ theorem shows that the measure

ddcV ∧
[︁
(ddcφa)n−1 − (ddcφ)n−1]︁

has integral zero over B(t) for every t > a, and therefore∫︂ r

a
dt

∫︂
B(t)

ddcV ∧ (ddcφ)n−1 = µr(V ) −
∫︂
B(r)

V (ddcφa)n.

This formula implies that the continuous functions a ↦→
∫︁
B(r) Vν (ddcφa)n are

increasing on [−∞, r[ . Their decreasing limit a ↦→
∫︁
B(r) V (ddcφa)n is therefore

right continuous, which allows us to pass to the limit at a = −∞. □

Formula 3.4 immediately gives the analogous formula for the measures µr:

(3.6)
∫︂ r

−∞
dt

∫︂
B(t)

ddcV ∧ (ddcφ)n−1 = µr(V ) −
∫︂
B(r)

V (ddcφ)n.

In particular, taking V = 1 gives:

Corollary 3.7. – The total masses of µr and µr are given by

∥µr∥ =
∫︂
B(r)

(ddcφ)n =
∫︂
B(r)

αn, ∥µr∥ =
∫︂
B(r)

(ddcφ)n =
∫︂
B(r)

αn.

Throughout the remainder of the paper, we leave it to the reader to translate the
results obtained into the case of the measures µr. We now study the dependence
of the measures µr on the exhaustion φ.

Proposition 3.8. – Let (φν)ν∈N be a decreasing sequence of continuous psh
functions converging to φ on X, and let µνr be the Monge-Ampère measures
associated with φν . Then µνr converges weakly to µr for every r ∈ ] − ∞, R[∖Dφ.

Proof. It suffices to apply Definition 3.2, which gives

µνr = (ddcφνr )n − 1X∖Bν(r)(ddcφν)n

with
φνr = max(φν , r), Bν(r) =

{︁
z ∈ X ; φν(z) < r

}︁
,

and to observe that B(r) =
⋃︁
Bν(r). Theorem 2.6 (a) then implies

(ddcφν)n → (ddcφ)n, (ddcφνr )n → (ddcφr)n. □
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The following proposition shows that the measures µr are essentially the dis-
integration measures of the current (ddcφ)n−1 ∧ dφ ∧ dcφ over the family of
pseudospheres S(r).

Proposition 3.9. – Let h be a bounded Borel function with compact support in
the open set X ∖ S(−∞). Then

(a)
∫︂ R

−∞
µr(h) dr =

∫︂
X
hαn−1 ∧ dφ ∧ dcφ.

(b) If, in addition, h is of class C1, then

µr(h) =
∫︂
B(r)

(︁
hαn + dh ∧ dcφ ∧ αn−1)︁.

Proof. (a) Both sides define positive measures acting on h. It is therefore enough
to prove the equality when h is continuous with compact support. By Proposition
3.3 and Fubini’s theorem, the formula holds when φ is of class C∞: indeed, Sard’s
theorem shows that the set of critical values of φ is negligible. The general case
follows by applying Proposition 3.8 to a sequence φν of regularizations of φ.

(b) By 3.3, the formula holds if φ is C∞ and r is not a critical value of φ. Proposition
3.8 extends the result to the case where φ is merely continuous, provided that
r /∈ Dφ. It remains only to observe that both sides are left-continuous functions
of r.

□

Let χ : ] − ∞, R[ → R be a nonconstant increasing convex function. The measures
µ∗
r associated with the exhaustion φ∗ = χ ◦ φ are related to the measures µr by

the following change-of-variables formula:

Proposition 3.10. – For every r ∈ ] − ∞, R[ , one has

µ∗
χ(r) = χ′

−(r)n µr, µ∗
χ(r) = χ′

+(r)n µr

where χ′
+, χ′

− are the right and left derivatives of χ, respectively.

Proof. The equalities follow from Proposition 3.3 when φ, χ are of class C∞ and r
is a regular value of φ. Proposition 3.8 gives the general case for r /∈ Dφ, after
passage to a decreasing limit in φ and χ. The result follows by continuity for
r ∈ Dφ. □
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4 Residual measure of (ddcφ)n on S (– ∞).

If V is a psh function ⩾ 0, Theorem 3.4 shows that the function r ↦→ µr(V ) is
increasing and ⩾ 0. Moreover, since the double integral∫︂ r

−∞
dt

∫︂
B(t)

ddcV ∧ αn−1 ≤ µr(V )

converges, we obtain

lim
r→−∞

µr(V ) = lim
r→−∞

∫︂
B(r)

V αn =
∫︂
S(−∞)

V αn.

Theorem and Definition 4.1. – The measure µ−∞ = 1S(−∞)α
n supported

on the compact set S(−∞) is called the residual measure associated with φ. For
every psh function V ⩾ 0 on X,

µ−∞(V ) = lim
r→−∞

µr(V ),

and µr converges weakly to µ−∞ as r → −∞.25

The last assertion follows from Theorem 3.2, or from the fact that every function
h of class C2 on the Stein space X can be written as h = h1 − h2, with h1, h2 ⩾ 0
psh and of class C2.

The purpose of this section is to state some general properties of the residual
measures µ−∞. To evaluate µ−∞ in concrete examples, we have the following
comparison theorem, inspired by the results of [De4], [De5] on Lelong numbers.

Theorem 4.2. – Let φj : X → [−∞, Rj [, j = 1, 2, be two continuous psh
exhaustion functions, and let µr,j be the respective associated measures on Sj(r) =
{φj = r}. Set

ℓ = lim inf
φ1(z)→−∞

φ2(z)
φ1(z) .

Then, for every psh function V ⩾ 0,

µ−∞,2(V ) ⩾ ℓn µ−∞,1(V ).

In particular, if φ2 ∼ φ1 as φ1(z) → −∞, then

µ−∞,2(V ) = ℓn µ−∞,1(V ).
25[E] The limiting variable is r, as in the statement and the limit that follows. Both source

versions switch to a different variable here.
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Proof. It suffices to show that µ−∞,2(V ) ⩾ ℓn µ−∞,1(V ) under the hypothesis
lim inf φ2/φ1 > 1. Fix r < R2 and set φ = max(φ1 − A,φ2), where A is chosen
sufficiently large that φ agrees with φ2 near S2(r). Let µr be the measures
associated with φ. The hypothesis lim inf φ2/φ1 > 1 implies that there is a t < r
such that φ agrees with φ1 −A on B1(t) = {φ1 < t}. Thus

µ−∞,1(V ) = lim
t→−∞

µt,1(V ) = lim
t→−∞

µt(V ) ⩽ µr(V ) = µr,2(V ),

and hence
µ−∞,1(V ) ⩽ lim

r→−∞
µr,2(V ) = µ−∞,2(V ). □

Under the preceding hypotheses, one may conjecture that the inequality of mea-
sures
µ−∞,2 ⩾ ℓn µ−∞,1 always holds, but Theorem 4.2 does not enable us to prove it.
We do, however, have the following special result:

Corollary 4.3. – With the notation of Theorem 4.2, let A ⊂ S1(−∞) be a
Borel set that is a union of connected components of S1(−∞), and let 1A be the
characteristic function of A. Then, for every psh function V ⩾ 0,

µ−∞,2(1AV ) ⩾ ℓn µ−∞,1(1AV ).

In particular, if S1(−∞) is totally disconnected, then µ−∞,2 ⩾ ℓn µ−∞,1.

Proof. There is an increasing sequence of compact sets Kν ⊂ A such that
µ−∞,j(A∖Kν) < 2−ν , j = 1, 2. The equivalence relation whose classes are the
connected components of S1(−∞) has a closed graph (since S1(−∞) is compact).
The saturation K̃ν of Kν is therefore a compact subset of A; moreover, K̃ν is the
intersection of a decreasing sequence of subsets that are both open and closed in
S1(−∞) (cf. Bourbaki [Bo], chap. II, §4, no. 4). We may therefore assume that
A is open and closed in S1(−∞). There is then an open set U ⋐ X such that
A = U ∩ S1(−∞) and ∂U ∩ S1(−∞) = ∅. Let r0 = inf∂U φ1 > −∞ and

Ω =
{︁
z ∈ U ; φ1(z) < r0

}︁
.

The open set Ω is a union of connected components of B1(r0), and hence Ω is
Stein; moreover, φ1 : Ω → [−∞, r0[ is exhaustive. Set

φν = max
(︁
φ2, ν(φ1 − r0 + 1)

)︁
.

For ν > supΩ φ2, the map φν : Ω → [−∞, ν[ is exhaustive, while for ν ⩾ ℓ we
have

lim inf
φ1(z)→−∞

φν(z)
φ1(z) = lim inf φ2

φ1
= ℓ.
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By Theorem 4.2 applied to φ1 and φν on Ω, we obtain

µ−∞,ν(1ΩV ) ⩾ ℓn µ−∞,1(1ΩV ).

If ℓ is > 0 (the only case of interest), then S2(−∞) ⊃ S1(−∞), and therefore
Sν(−∞) = S1(−∞) and Ω ∩ S1(−∞) = U ∩ S1(−∞) = A. Consequently,

(ddcφν)n(1AV ) = µ−∞,ν(1AV ) ⩾ ℓn µ−∞,1(1AV ).

Now observe that the sequence φν decreases to φ2 on the open set B1(r0 − 1) as
ν → +∞, so that (ddcφν)n converges weakly to (ddcφ2)n on B1(r0 − 1) by 2.6 (a)
and 2.10. Since A is compact, A ⊂ S1(−∞) ⊂ B1(r0 − 1), and 1AV is upper
semicontinuous, we conclude in the limit that

µ−∞,2(1AV ) = (ddcφ2)n(1AV ) ⩾ ℓn µ−∞,1(1AV ). □

In the classical computation that follows, we shall need to evaluate the mass
∥µ−∞∥ from the function φ∗ = eφ. For this purpose, Proposition 3.10 gives
µ∗
r = µlog r, and hence

(4.4) µ−∞(1) = lim
r→0

r−nµ∗
r(1) = lim

r→0
r−n

∫︂
{φ∗<r}

(ddcφ∗)n.

Proposition 4.5. – Let φ = logφ∗ be a continuous psh function on Cn, where
φ∗ is homogeneous of degree ℓ > 0 and (φ∗)−1(0) = {0}. Then 26

(ddcφ)n = (2πℓ)nδ0

where δ0 is the Dirac measure at 0.

Proof. The homogeneity of φ∗ implies (ddcφ)n = 0 on Cn ∖ {0}. In the special
case φ∗(z) = |z|2, one finds (ddcφ∗)n = 4n n! dλ (dλ = Lebesgue measure), and
hence µ−∞(1) = (4π)n and (ddcφ)n = µ−∞ = (4π)nδ0. The general case follows
from Theorem 4.2. □

Example 4.6. – To illustrate the preceding results, consider the case where
φ(z) = log max(|z1|, . . . , |zn|) on Cn. Since φ depends on only n − 1 variables
near every point in the complement of the “diagonal” ∆ = {|z1| = · · · = |zn|},
the homogeneity of eφ implies that (ddcφ)n−1 = 0 on Cn ∖ ∆. Proposition 3.327

then shows that the measure µr is supported on the distinguished boundary

Γ(r) =
{︁
|z1| = · · · = |zn| = er

}︁
= S(r) ∩ ∆

26[E] The zero set is {0}. The equality printed in the source versions is incorrect.
27[E] The result used here is Proposition 3.3. Both source versions cite a nonexistent Corollary

3.7.
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of the polydisc B(r). Since µr is invariant under the rotations preserving B(r), and
since ∥µr∥ = (2π)n by 4.5, it follows that µr = dθ1 ∧ . . . ∧ dθn, where zj = er+iθj ,
1 ⩽ j ⩽ n. We also obtain:

(ddcφ)n = (2π)nδ0 ,

(ddcφ)n−1 ∧ dφ ∧ dcφ = dr ∧ dθ1 ∧ . . . ∧ dθn on ∆ ∖ {0}. □

We now return to the general case. Let x ∈ X be any point and let w =
(w1, w2, . . . , wN ) be the N coordinate functions associated with an embedding of
a neighborhood U ⊂ X of x into CN , with w(x) = 0. There are a neighborhood
Ω ⋐ U of x and r0 < 0 such that the function φ1(z) = log |w(z)|2 : Ω → ] − ∞, r0[
is exhaustive. Formula 4.4 then gives (cf. [De5]):

µ−∞,1(1) = (4π)n ν([X], x)

where ν([X], x) is the Lelong number at x of the current of integration over X
in CN , equal, by P. Thie [Th], to the algebraic multiplicity m(X,x) of X at x.
We conclude that

(4.7) µ−∞,1 = (4π)nm(X,x) δx .

For an arbitrary function φ, we obtain the following result, which is well known
at least when X is smooth.

Corollary 4.8. – Denote by ν(φ, x) the Lelong number of φ at any point x ∈ X.
Then

(ddcφ)n ⩾ µ−∞ ⩾ (2π)n
∑︂
x∈X

m(X,x) ν(φ, x)n δx .

Proof. With the preceding notation, one of the equivalent definitions of the Lelong
number is

ν(φ, x) = lim inf
z→x

φ(z)
log |w(z)| .

Set φ1(z) = χ(z) log |w(z)|2 +Aψ(z), where χ is C∞ with compact support in Ω,
χ ≡ 1 near x, ψ is strictly psh of class C2 on X, and A > 0 is sufficiently large.
By Corollary 4.3 and formula (4.7), we have

lim inf
z→x

φ(z)
φ1(z) = 1

2ν(φ, x),

and hence

µ−∞ ⩾
(︂1

2ν(φ, x)
)︂n
µ−∞,1 ⩾ (2π)nm(X,x) ν(φ, x)n δx. □
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5 Maximum principle.

Let φ be a continuous psh exhaustion function on a complex space X. We shall
see that plurisubharmonic functions on X satisfy the maximum principle with
respect to the Monge-Ampère measures associated with φ.

Theorem 5.1. – If B(r) = {φ < r} ̸= ∅, then ∥µr∥ > 0, and for every psh
function V on X one has:28

sup
B(r)

V = essential supremum of V with respect to µr.

Example 4.6 shows that the plurisubharmonicity assumption on V in Theorem
5.1 is relevant.

Proof. There is no loss of generality in assuming that V ⩾ 0.29 We shall then
prove that supB(r) V = ∥V ∥L∞(µr) by applying Jensen’s formula to a suitably
chosen exhaustion function φ′.

Let ψ be a strictly psh function of class C2 on X, let z0 ∈ B(r) ∩Xreg be a regular
point, and let U ⋐ B(r) ∩ Xreg be a neighborhood of z0. For ε > 0 sufficiently
small, the function

φ′(z) = max
(︁
φ(z), φ(z0), r −

√
ε+ εψ(z)

)︁
is equal to εψ(z) + Const. on U and coincides with φ in a neighborhood of S(r).
The measure µr may therefore equally well be defined using φ′, which gives

µr(V ) =
∫︂ r

−∞
dt

∫︂
B(r)∩{φ′<t}

ddcV ∧ (ddcφ′)n−1 +
∫︂
B(r)

V (ddcφ′)n

⩾ εn
∫︂
U
V (ddcψ)n.

In particular, ∥µr∥ = µr(1) > 0. Now replace V by V p and let p tend to +∞. We
obtain:

V (z0) ⩽ lim
p→+∞

[︃ ∫︂
U
V p (ddcψ)n

]︃1/p
⩽ lim

p→+∞

[︂
ε−nµr(V p)

]︂1/p
= ∥V ∥L∞(µr).

Consequently, we obtain

sup
B(r)

V = sup
B(r)∩Xreg

V ⩽ ∥V ∥L∞(µr).

28[P] The published statement ends with supB(r) V , which is the quantity being characterized.
29[P] The proof begins by replacing V by a nonnegative function, so the correct assumption

is V ⩾ 0. The signs in the two source versions are inconsistent.
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In the other direction, the inequality

∥V ∥L∞(µr) ⩽ sup
S(r)

V

is obvious. Thus, if we prove the left-continuity of the function r ↦→ ∥V ∥L∞(µr),
we will have

∥V ∥L∞(µr) ⩽ lim
t<r, t→r

sup
S(t)

V ⩽ sup
B(r)

V.

Lemma 5.2. – For every psh function V ⩾ 0, the map r ↦→ ∥V ∥L∞(µr) is
increasing and left-continuous.

Proof. Formula 3.4 shows that the function r ↦→ µr(V ) is increasing and left-
continuous. On every interval ] − ∞, r0], r0 < R, the functions

r ↦→
[︁
∥µr0∥−1µr(V p)

]︁1/p
are therefore increasing and left-continuous, and form an increasing family with
respect to p by Hölder’s inequality (the measure ∥µr0∥−1µr has mass ⩽ 1). The
limit as p → +∞, namely r ↦→ ∥V ∥L∞(µr), is therefore increasing and left-
continuous on ] − ∞, r0]. □
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6 Convexity properties of psh functions.

A well-known result of P. Lelong (cf. [Le1]) states that the supremum, the mean,
and more generally the Lp mean of a psh function on the Euclidean sphere of
radius r in Cn are convex functions of log r. We propose to extend these properties
to a much more general setting.

Let X be a Stein space of pure dimension n, and let φ : X → [−∞, R[ be a
continuous psh exhaustion function. We assume that φ is homogeneous Monge-
Ampère, i.e. that there exists A ∈ ] − ∞, R[ such that

(6.1) (ddcφ)n = 0 on the open set {φ > A}.

For every psh function V on X and every r > A, Theorem 3.4 then shows that
the left derivative

(6.2) d

dr−
µr(V ) =

∫︂
B(r)

ddcV ∧ αn−1

is positive and increasing in r, whence the following

Theorem 6.3. – The mean-value function r ↦→ MV (r) = µr(V ) is increasing
and convex on ]A,R[ .

The classical case mentioned at the outset corresponds to the ball of radius eR in
Cn with φ(z) = log |z|, A = −∞. More generally, we have a convexity result for
the Lp means defined by

Mp
V (r) =

[︂
µr(V p

+)
]︂1/p

, p ∈ [1,+∞[ .

Theorem 6.4. – The function r ↦→ Mp
V (r) is increasing and convex on ]A,R[ .

Proof. By regularization, we reduce to the case where V is a psh function > 0 of
class C∞. Given ε > 0, consider the function30

hε(r) =
∫︂ r

r−ε
µt(V p) dt =

∫︂
B(r)∖B(r−ε)

V p αn−1 ∧ dφ ∧ dcφ, r ∈ ]A+ ε,R[

(the last equality follows from Proposition 3.9 (a)). Since µr(V p) = limε→0 ε
−1hε(r),31

it suffices to prove that h1/p
ε is convex for every ε > 0. We must therefore verify

30[P] The published formula includes the integration factor dt and the full annular form
αn−1 ∧ dφ ∧ dcφ.

31[P] The factor ε−1 is required when recovering µr(V p) from the integral over the interval
[r − ε, r].
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the inequality32

(6.5) hεh
′′
ε −

(︂
1 − 1

p

)︂
h′2
ε ⩾ 0

where the second derivative h′′
ε is, say, computed from the left. By Proposition

3.9 (b) and assumption (6.1), we obtain

h′
ε(r) = µr(V p) − µr−ε(V p)

=
∫︂
B(r)∖B(r−ε)

d
[︁
V p αn−1 ∧ dcφ

]︁
=
∫︂
B(r)∖B(r−ε)

p V p−1 dV ∧ αn−1 ∧ dcφ.

Formula (6.2) also implies

h′′
ε(r) =

∫︂
B(r)∖B(r−ε)

ddc(V p) ∧ αn−1.

By the Cauchy-Schwarz inequality, we obtain

h′
ε(r)2 ⩽

∫︂
B(r)∖B(r−ε)

V p αn−1 ∧ dφ∧ dcφ ·
∫︂
B(r)∖B(r−ε)

p2V p−2 dV ∧ dcV ∧αn−1,

and the desired relation (6.5) follows from the inequality33

ddc(V p) ⩾ p(p− 1)V p−2dV ∧ dcV. □

Corollary 6.6. – The functions defined by

(a) M exp
V (r) = logµr(eV ),

(b) M∞
V (r) = supB(r) V ,

are increasing and convex on ]A,R[.

Proof. Property (a) follows from Theorem 6.4 and the equality

logµr(eV ) = lim
p→+∞

p

{︃[︂
µr
(︂
1 + V

p

)︂p
+

]︂1/p
− 1

}︃
.

On the other hand, the maximum principle (Theorem 5.1) yields

sup
B(r)

V = lim
λ→+∞

1
λ

logµr(eλV )

32[P] The published paper numbers this convexity inequality as (6.5). The number is restored
because it is used later.

33[P] The coefficient in this Cauchy–Schwarz estimate follows the published calculation;
without it, the deduction of (6.5) is incorrect.
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hence (b) follows from (a). □

With a view toward applications to the study of fiber spaces, we now prove a
version of Theorem 6.4 with parameters. Let π : X → Y be a morphism of analytic
spaces of pure dimensions dimX = m+n, dimY = m, and let φ : X → [−∞,+∞[
be continuous psh, let R : Y → ] − ∞,+∞] be lower semicontinuous, and let
A : Y → [−∞,+∞[ be upper semicontinuous, satisfying the properties below.

Assumptions 6.7. –

(a) π is surjective, and the fibers π−1(y), y ∈ Y are of pure dimension n.

(b) π is a Stein morphism, i.e. Y has an open covering (Ωj)j∈J such that π−1(Ωj)
is Stein for every j ∈ J .

(c) φ(x) < R(π(x)) and A(y) < R(y) for all x ∈ X, y ∈ Y .

(d) For every y ∈ Y and every r < R(y),34 there exists a neighborhood U of y in
Y such that π−1(U) ∩B(r) ⋐ X.

(e) (ddcφ)n ≡ 0 on the open set {x ∈ X ; φ(x) > A(π(x))}.

We again write B(r) = {φ < r}, S(r) = {φ = r}, and α = ddcφ. Under
assumptions (c) and (d), §3 associates with each fiber π−1(y) a family of measures
µy,r supported on π−1(y) ∩ S(r) for r ∈ ] − ∞, R(y)[ . Given a psh function V on
X, we introduce the mean values

MV (y, r) = µy,r(V ),

Mp
V (y, r) =

[︁
µy,r(V p

+)
]︁1/p if p ∈ [1,+∞[,

M exp
V (y, r) = logµy,r(eV ),

M∞
V (y, r) = sup

π−1(y)∩B(r)
V.

Proposition 6.8. – For every fixed r, the maps y ↦→ µy,r(V ) and y ↦→ Mp
V (y, r)

are weakly psh in the sense of Definition 1.9 on the open set {y ∈ Y ; A(y) < r <
R(y)}.

Proof. Since the result is local on Y , assumption 6.7 (b) allows us to assume
that X and Y are Stein. Passing to a decreasing limit then reduces us to the
case where V is psh of class C∞; if p > 1, we may further assume that V > 0.

34[P] Assumption 6.7(d) concerns each radius r < R(y). The variable r is missing from the
web TeX.
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Let ε > 0 be arbitrary, and let χ : ]r − ε, r[ → R be a nonzero C∞ function with
compact support such that χ ⩾ 0. In analogy with Theorem 6.4, introduce the
auxiliary function35

h(y) =
∫︂ r

r−ε
µy,t(V p)χ(t) dt =

∫︂
π−1(y)

V p χ(φ)αn−1 ∧ dφ ∧ dcφ

defined on the open set

Uε =
{︁
y ∈ Y ; A(y) + ε < r < R(y)

}︁
.

To conclude, it suffices to show that h1/p is weakly psh on Uε. If p > 1, we must
therefore show that

h ddch−
(︂
1 − 1

p

)︂
dh ∧ dch ⩾ 0.

Let u, v, and w be real differential forms of class C∞ on Y , compactly supported
in Uε, of respective bidegrees (m,m), (m,m− 1) ⊕ (m− 1,m), and (m− 1,m− 1).
By Fubini’s theorem, which we first apply under the assumption that φ is of class
C∞, we obtain ∫︂

Y
hu =

∫︂
X
V p χ(φ)αn−1 ∧ dφ ∧ dcφ ∧ π∗u;

the case where φ is merely continuous follows by taking a decreasing limit (Theo-
rem 2.6). We now observe that the integrand is supported in

π−1(Suppu) ∩
(︁
B(r) ∖B(r − ε)

)︁
⋐ X

(assumption 6.7 (d)) and that the current χ(φ)αn−1 ∧ dφ ∧ dcφ is d-closed (as-
sumption 6.7 (e)). By an integration by parts on Y and another one in the reverse
direction on X, we successively obtain∫︂

Y
dh ∧ v =

∫︂
X
d(V p) ∧ χ(φ)αn−1 ∧ dφ ∧ dcφ ∧ π∗v,(6.9) ∫︂

Y
ddch ∧ w =

∫︂
X
ddc(V p) ∧ χ(φ)αn−1 ∧ dφ ∧ dcφ ∧ π∗w.(6.10)

Assume that the (m − 1,m − 1)-form w is ⩾ 0. Equality (6.10) already shows
that

∫︁
Y dd

ch ∧ w ⩾ 0, hence ddch ⩾ 0 on Uε, which settles the case p = 1. In the
general case p > 1, let γ be a real C∞ 1-form on Y , and set γc = i(γ0,1 − γ1,0).

35[P/E] In this definition of h, the scalar factors have been grouped correctly and the annular
measure includes the full wedge product.
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Equality (6.9), combined with the Cauchy-Schwarz inequality, yields36∫︂
Y
dh ∧ γc ∧ w =

∫︂
X
p V p−1dV ∧ π∗γc ∧ χ(φ)αn−1 ∧ dφ ∧ dcφ ∧ π∗w

⩽
1
2

∫︂
X

(︁
V p π∗(γ ∧ γc) + p2 V p−2dV ∧ dcV

)︁
∧ χ(φ)αn−1 ∧ dφ ∧ dcφ ∧ π∗w

⩽
1
2

∫︂
Y

(︂
h γ ∧ γc + p

p− 1dd
ch
)︂

∧ w,

since ddcV p ⩾ p(p− 1)V p−2dV ∧ dcV . Since this holds for every form w ⩾ 0, we
deduce the following inequality in the sense of currents:

dh ∧ γc + γ ∧ dch ⩽ h γ ∧ γc + p

p− 1 dd
ch.

Observe that h is everywhere > 0 on Uε by 4.1; letting γ tend to dh/h, we obtain
the desired inequality

1
h
dh ∧ dch ⩽

p

p− 1dd
ch.

To see that h is locally bounded above on Y , it suffices to consider the case where
V ≡ 1. Equality (6.9) then shows that dh = 0, so h is locally constant on Yreg.37

□

Proposition 6.8 in fact contains the following more general result, which was our
main objective.

Theorem 6.11. – The functions on Y × C defined by38

(y, z) ↦→ MV (y,Re z), Mp
V (y,Re z), M exp

V (y,Re z), M∞
V (y,Re z)

are weakly psh on the open set{︁
(y, z) ∈ Y × C ; A(y) < Re z < R(y)

}︁
.

Proof. Consider the morphism

π̃ = π × Id : X × C → Y × C

and equip X × C, Y × C with the functions

φ̃(x, z) = φ(x) − Re z, R̃(y, z) = R(y) − Re z, Ã(y, z) = A(y) − Re z,
36[P/E] The displayed estimate includes the factors and parentheses needed for the Cauchy–

Schwarz argument that follows.
37[E] Here the regular locus is Yreg. When V = 1, the identity dh = 0 shows that the resulting

function h is locally constant there.
38[E] All four mean-value functions depend on the same base variable y. The source versions

change this variable inconsistently.
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so that assumptions 6.7 (a-e) are satisfied with respect to these data. If Ṽ (x, z) =
V (x), then by construction

µ̃(y,z),0(Ṽ ) = µy,Re z(V ),

and Theorem 6.11 therefore follows from Proposition 6.8. □

Corollary 6.12. – Let (Xj)1⩽j⩽k be Stein spaces of pure dimension nj, and let
φj : Xj → [−∞, Rj [ be continuous psh exhaustion functions such that (ddcφj)nj ≡
0 on the open set {x ∈ Xj ; φj(x) > Aj}. If V is psh on X1 × · · · × Xk, the
functions

MV (r1, . . . , rk) = µ1,r1 ⊗ · · · ⊗ µk,rk
(V ),

Mp
V (r1, . . . , rk) = MV p

+
(r1, . . . , rk)1/p,

M exp
V (r1, . . . , rk) = logMeV (r1, . . . , rk),

M∞
V (r1, . . . , rk) = sup

B(r1)×···×B(rk)
V

are jointly convex in the variables (r1, . . . , rk) ∈
∏︁

1⩽j⩽k ]Aj , Rj [, and increasing
with respect to each rj.

More generally, if X0 is an analytic space of pure dimension n and if V is psh on
X0 ×X1 × · · · ×Xk, the function39

Mp
V (x0,Re z1, . . . ,Re zk) = Mp

V (x0,•)(Re z1, . . . ,Re zk)

(resp. p = ∅, exp, ∞) is psh on the open set

X0 ×
∏︂

1⩽j⩽k

{︁
Aj < Re zj < Rj

}︁
⊂ X0 × Ck.

Proof. It suffices to prove the last assertion. We argue by induction on k. For
k = 1, Theorem 6.11, applied to π : X = X0 ×X1 → X0 = Y and φ = φ1, shows
that the function

(x0, z1) ↦→ Mp
V (x0,Re z1)

is weakly psh. If, in addition, V is continuous, this function is separately continuous
in x0 and convex in Re z, hence continuous in (x0,Re z1). By Corollary 1.12,
Mp
V (x0,Re z) is therefore psh. The case of arbitrary V follows by writing V as a

decreasing limit of continuous psh functions.

For k > 1, the assertion for k follows from the cases 1 and k − 1 by setting

W (x0, x1, . . . , xk−1, zk) = Mp
V (x0,...,xk−1,•)(Re zk)

39[P] The parameter is x0, in agreement with the product X0 ×X1 × · · · ×Xk.
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and observing that

Mp
V (x0,Re z1, . . . ,Re zk) = Mp

W (x0,•,zk)(Re z1, . . . ,Re zk−1). □

We conclude this section by reconsidering, in light of the preceding results, P.
Lelong’s convexity inequality, which precisely measures the variations in the
growth of a psh function on a fiber space along the different fibers. This inequality
was used by H. Skoda [Sk2] to construct the first counterexample to the problem,
posed by J.-P. Serre in 1953, of determining whether a fiber space with Stein base
and Stein fiber is itself Stein; see also [De1], [De2] for other counterexamples and
[De3] for a simple and rapid construction.

Let Ω be an irreducible Stein space of dimension m, which will serve as the
base of the fiber space, and let X be a Stein space of pure dimension n, which
will be the fiber. Assume that there exist continuous psh exhaustion functions
ψ : Ω → [−∞, R[ , φ : X → [−∞,+∞[ such that

(ddcψ)m = 0 on {ψ > A}, (ddcφ)n = 0 on {φ > 0}.

For example, if X is an affine algebraic variety of dimension n, there exists a finite
morphism F : X → Cn (the Noether normalization theorem), and it suffices to
take φ(z) = log ∥F (z)∥, where ∥ ∥ is a norm on Cn; the same argument applies
locally on Ω to establish the existence of ψ.

Let V be a psh function on Ω × X, and let a, b, c, r be real numbers such that
A < a < b < c < R and r > 0. The convexity property in Corollary 6.12 shows
that

M∞
V (b, r) ⩽M∞

V (a, σr) +
(︂
1 − 1

σ

)︂ [︂
M∞
V (c, 0) −M∞

V (a, σr)
]︂

with σ = c−a
c−b . It follows from Theorem 7.5, proved in the next section, that

M∞
V (a, r) → +∞ as r → +∞, provided that V is nonconstant on at least one

fiber {z} ×X, z ∈ B(a). There then exists a constant r0 depending on a, b, c, V
such that

(6.13) M∞
V (b, r) < M∞

V (a, σr) for r > r0, where σ = c− a

c− b
.

If ω is a relatively compact open subset of Ω, we now set

M∞
V (ω ; r) = sup

ω×B(r)
V.

By an elementary compactness and connectedness argument (cf. [Le2], Theorem
6.5.4), we then deduce from (6.13) the following result:

Corollary 6.14 (P. Lelong’s inequality). – Let Ω be an irreducible complex
space, let ω1, ω2 be two relatively compact open subsets of Ω, and let V be a psh
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function on Ω × X, assumed to be nonconstant on at least one fiber {z} × X.
Then there exists a constant σ > 1 depending only on ω1, ω2,Ω, and a constant r0
depending additionally on V , such that for every r > r0 one has

M∞
V (ω2 ; r) < M∞

V (ω1 ; σr).

In practical applications, one faces the problem of explicitly computing the
constant σ. Inequality (6.13) provides a complete theoretical answer to this
problem. If ω1, ω2 ⋐ Ω are open subsets of C, one seeks a harmonic function ψ on
Ω∖ω1 that tends to 0 on ∂ω1 and to 1 on ∂Ω (resp. to +∞ if ∂Ω has capacity 0);
one extends ψ by 0 on ω1 and sets b = supω2 ψ. Any constant σ > 1

1−b (resp.
σ > 1) then answers the question. The case where the base Ω has dimension
m > 1 amounts to solving an analogous Dirichlet problem for the Monge-Ampère
equation (ddcψ)m = 0 on Ω ∖ ω1. It is easy to see that the constant σ thus
obtained is the best possible. Indeed, an elementary calculation shows that the
function

χ(t, r) = exp
(︂ r

1 − t
+ 1

(1 − t)2

)︂
is increasing and convex on [0, 1[ × [0,+∞[ . The psh function V = χ(ψ+, φ+)
then contradicts (6.13) for every σ ⩽ 1

1−b .

7 Growth at infinity of psh functions.

Let X be an irreducible Stein space of dimension n, and let φ : X → [−∞,+∞[
be a continuous psh exhaustion function (thus, here R = +∞). We write

τ(r) = ∥µr∥ =
∫︂
B(r)

αn

where α = ddcφ; this is the volume of the pseudoball B(r) = {φ < r}. Jensen’s
formula 3.4 then relates the growth of the current ddcV to the growth of V . More
precisely:

Proposition 7.1. – Let V be a psh function on X, r0 ∈ R, and ε ∈ ]0, 1[ . There
exists a constant C > 0 depending on V, ε, r0 such that, for every r ⩾ r0, one
has40

(1 − ε)r
∫︂
B(r0)

ddcV ∧ αn−1 ⩽ µr(V+) + C τ(r).

40[P] The published estimate contains the factor 1 − ε and integrates over the fixed pseudoball
B(r0).
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Proof. Set Vν = max(V,−ν), ν ∈ N. The measures ddcVν ∧ αn−1 converge weakly
to ddcV ∧ αn−1 as ν → +∞; hence

lim inf
ν→+∞

∫︂
B(r0)

ddcVν ∧ αn−1 ⩾
∫︂
B(r0)

ddcV ∧ αn−1.

There therefore exists ν ∈ N (depending on V, ε, r0) such that∫︂
B(r0)

ddcVν ∧ αn−1 ⩾ (1 − ε)
∫︂
B(r0)

ddcV ∧ αn−1.

On the other hand, Formula 3.4 applied to Vν gives41

(r − r0)
∫︂
B(r0)

ddcVν ∧ αn−1 ⩽ µr(Vν) −
∫︂
B(r)

Vν α
n ⩽ µr(V+) + ν τ(r).

Combining these two inequalities yields Proposition 7.1 with

C = ν + (1 − ε)r0
τ(r0)

∫︂
B(r0)

ddcV ∧ αn−1. □

Throughout the remainder of this section, we impose a moderate-growth assump-
tion on the volume of X.

Assumption 7.2. – lim
r→+∞

τ(r)
r

= 0.

We then obtain the following fundamental inequality as an immediate consequence
of Proposition 7.1:

Corollary 7.3. – Under assumption (7.2), one has, for every psh function V :∫︂
X
ddcV ∧ αn−1 ⩽ lim inf

r→+∞

1
r
µr(V+).

This inequality will be used mainly through the following lemma:

Lemma 7.4. – Let ψ be a strictly psh function of class C2 on X, and let r1 < r2
with B(r2) ̸= ∅. Then there exists a constant C(r1, r2) > 0 such that, for every
psh function V , one has:∫︂

B(r1)
ddcV ∧ (ddcψ)n−1 ⩽ C(r1, r2)

∫︂
B(r2)

ddcV ∧ αn−1.

41[P] The second comparison is an upper bound, as required to derive Proposition 7.1.
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Proof. Set φ′ = max(φ, r1 + εψ +
√
ε), where ε > 0 is chosen sufficiently small

that φ′ = φ in a neighborhood of S(r2) and φ′ = r1 + εψ +
√
ε on B(r1). Stokes’

theorem gives42∫︂
B(r2)

ddcV ∧(ddcφ)n−1 =
∫︂
B(r2)

ddcV ∧(ddcφ′)n−1 ⩾ εn−1
∫︂
B(r1)

ddcV ∧(ddcψ)n−1.

□

Theorem 7.5. – Every psh function V on X satisfying one of the growth
assumptions below is constant:

(a) lim inf
r→+∞

1
r
µr(V+) = 0.

(b) sup
B(r)

V = o
(︂ r

τ(r)
)︂

as r → +∞.

Proof. Theorem 5.1 gives

µr(V+) ⩽ ∥µr ∥ sup
B(r)

V+ = τ(r) sup
B(r)

V+,

so assumption 7.5 (b) implies 7.5 (a). Under assumption 7.5 (a), Corollary 7.3
and Lemma 7.4 show that ddcV = 0, i.e. V is pluriharmonic. For every x ∈ X,
the function z ↦→ Ṽ (z) = max(V (z), V (x)) still satisfies 7.5 (a), and is therefore
pluriharmonic. By the maximum principle, −Ṽ is constant on X (since X is
assumed irreducible), i.e. V ⩽ V (x); thus V is constant. □

In the usual setting of the Hermitian space Cn and the exhaustion function
φ(z) = log |z|, Theorem 7.5 recovers (with a slightly simpler proof) a result due to
N. Sibony and P.-M. Wong. Define the logarithmic order ρ(V ) of a psh function
V in Cn (resp. of an entire function F ) by

1 + ρ(V ) = lim sup
r→+∞

log sup|z|<r V (z)
log log r , (resp. ρ(F ) = ρ(log |F |).

In other words, V and F have logarithmic order ⩽ ρ if, for every ε > 0, one has

V+(z) ⩽ φ(z)1+ρ+ε, (resp. |F (z)| ⩽ exp
(︁
φ(z)1+ρ+ε)

)︁
when |z| is sufficiently large. In particular, every polynomial has logarithmic order
zero, and every entire function of finite logarithmic order has order zero in the
usual sense.

Corollary 7.6 ([SW]). – Let F be a nonconstant entire function of logarithmic
order ρ < 1, and let X be an irreducible component of the hypersurface F−1(0).

42[P] The last integral is over B(r1), precisely the region on which φ′ = r1 + εψ +
√
ε.
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Then every psh function V on X of logarithmic order < 1 − ρ is constant. In
particular, bounded psh and holomorphic functions on X are constant.

Proof. Theorem 7.5 reduces the problem to estimating the volume of X with
respect to φ, which is a classical problem. Indeed, the current of integration over
X is bounded above by 1

2πdd
c log |F | by the Lelong-Poincaré equation (cf. [Le1]);

hence
τ(r) =

∫︂
X∩{φ<r}

(ddcφ)n−1 ⩽
∫︂

{φ<r}

1
2πdd

c log |F | ∧ αn−1.

After a possible translation, we may assume that F (0) ̸= 0. Proposition 4.5 and
Formula 3.4, applied to V = 1

2π log |F | in Cn, then give∫︂ r

−∞
τ(t) dt ⩽ µr

(︂ 1
2π log |F |

)︂
− (2π)n 1

2π log |F (0)| ⩽ C r1+ρ+ε, r ≥ r0(ε).

Since the function τ is increasing, it follows that

τ(r) ⩽ 1
r

∫︂ 2r

r
τ(t) dt ⩽ C ′ rρ+ε.

The conclusion now follows from 7.5 (b). □

8 Holomorphic φ-polynomial functions.

We retain the notation and assumptions of §7: X denotes an irreducible Stein
space of dimension n, equipped with a psh exhaustion function φ satisfying the
volume-growth condition (7.2).

Definition 8.1. – If F is a holomorphic function on X, the degree of F with
respect to φ is the number43

δφ(F ) = lim sup
r→+∞

1
r
µr(log+ |F |) ∈ [0,+∞].

The obvious inequalities log+ |FG| ⩽ log+ |F | + log+ |G| and44

log+ |λF + µG| ⩽ log+ |F | + log+ |G| + log+(|λ| + |µ|),
43[P] The definition in the published paper contains the factor 1/r. Without it, the quantity

would not be the degree used below.
44[E] The constant in the sum estimate is log+(|λ| + |µ|). The corresponding expression in

both source versions is malformed.
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together with (7.2), imply, for all scalars λ, µ ∈ C:

δφ(FG) ⩽ δφ(F ) + δφ(G), δφ(λF + µG) ⩽ δφ(F ) + δφ(G).

Thus the set of holomorphic functions of finite degree is an integral C-algebra.

Notation 8.2. – We denote by:

(a) Aφ(X) the algebra of holomorphic functions of finite degree, which will be
called φ-polynomial functions.

(b) Kφ(X) the field of quotients F/G with F,G ∈ Aφ(X), called the field of
φ-rational functions.

The terminology is justified by Theorem 8.5 below. In all examples known to
us, the equality Aφ(X) = Kφ(X) ∩ O(X) holds, but we do not know whether
this property holds in general. On the other hand, if X is normal, Aφ(X) is an
integrally closed subalgebra of Kφ(X) (an immediate verification).
With these definitions, we have the following fundamental inequality, which follows
from Corollary 7.345 applied to V = log |F |.

Proposition 8.3. – Let [ZF ] = 1
2πdd

c log |F | be the zero divisor of a function
F ∈ Aφ(X) that is not identically zero. Then

2π
∫︂
X

[ZF ] ∧ αn−1 ⩽ δφ(F ). □

Corollary 8.4. – Let a be a regular point of X. Denote by orda(F ) the order
of vanishing of a holomorphic function F at a. There exists a constant C(a) > 0
such that, for every nonzero function F ∈ Aφ(X), one has:

orda(F ) ⩽ C(a) δφ(F ).

Proof. Let (z1, z2, . . . , zn) be a system of local coordinates on X, centered at a,
such that the ball |z| ⩽ ε is relatively compact in X. Lemma 7.4 implies the
existence of a constant C1 > 0 such that∫︂

|z|⩽ε
[ZF ] ∧ (ddc|z|2)n−1 ⩽ C1

∫︂
X

[ZF ] ∧ αn−1.

Corollary 8.4 then follows from Proposition 8.3 and the classical inequality of
P. Lelong [Le1]:

1
(4πε2)n−1

∫︂
|z|⩽ε

[ZF ] ∧ (ddc|z|2)n−1 ⩾ orda(F ). □

45[E] The estimate follows from Corollary 7.3. The cross-reference in the source versions
points to the wrong result.
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Using a classical argument going back to Poincaré and developed by Siegel [Si1],
[Si2], we shall now deduce a very general algebraicity theorem.

Theorem 8.5. – The transcendence degree over C of the field Kφ(X) of φ-ra-
tional functions satisfies:

(a) 0 ⩽ deg trCKφ(X) ⩽ n = dimX.

(b) If deg trCKφ(X) = n, then Kφ(X) is a finitely generated extension of C.

Proof. Let F1, . . . , FN be φ-polynomial functions, let (k1, . . . , kN ) be an N -tuple
of integers ⩾ 0, and let P ∈ C[X1, . . . , XN ] be a polynomial in N variables such
that degXj

P ⩽ kj and P (F1, . . . , FN ) ̸≡ 0. Then

log+ |P (F1, . . . , FN )| ⩽
∑︂

1⩽j⩽N
kj log+ |Fj | + Const.,

δφ(P (F1, . . . , FN )) ⩽
∑︂

1⩽j⩽N
kj δφ(Fj).

Corollary 8.4 therefore gives the inequality

(8.6) orda P (F1, . . . , FN ) ⩽ C(a)
∑︂

1⩽j⩽N
kj δφ(Fj).

Assume that F1, . . . , FN are algebraically independent. Then the dimension of
the vector space of polynomials P (F1, . . . , FN ) is (k1 + 1) . . . (kN + 1). For every
integer s ⩾ 0 and every given point a ∈ Xreg, the homogeneous linear system

∂ν

∂zν
P (F1, . . . , FN )|z=a = 0, ν ∈ Nn, |ν| ⩽ s,

has a nonzero solution as soon as this dimension exceeds the number of equations,
which is

(︁n+s
n

)︁
⩽ 1

n!(n+s)n. The function P (F1, . . . , FN ) then vanishes to order at
least s+ 1 at the point a, and choosing s such that s ⩽ C(a)

∑︁
kj δφ(Fj) < s+ 1

contradicts inequality (8.6), unless

(k1 + 1) . . . (kN + 1) ⩽
(︄
n+ s

s

)︄
⩽

1
n!

[︃
n+ C(a)

∑︂
1⩽j⩽N

kj δφ(Fj)
]︃n
.

Now take k1 = · · · = kN = k and let k tend to +∞. The preceding inequality
shows that (k + 1)N ⩽ Const.(k + 1)n; hence N ⩽ n, proving property (a).
Now assume that deg trCKφ(X) = n, and let F1, . . . , Fn be n algebraically inde-
pendent functions in Aφ(X). To prove (b), it suffices to bound the degree of the
algebraic extension [Kφ(X) : C(F1, . . . , Fn)].46 If Fn+1 ∈ Aφ(X) is algebraic of

46[P] A closing bracket is missing from this extension degree in the web TeX; it has been
restored.
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degree d over C(F1, . . . , Fn), the monomials F ℓ11 . . . F ℓnn F
ℓn+1
n+1 are linearly indepen-

dent whenever ℓn+1 < d. The preceding argument, applied with kn+1 = d− 1,47

therefore gives

(k1 + 1) . . . (kn + 1)d ⩽
1
n!

[︃
n+ C(a)

∑︂
1⩽j⩽n

kj δφ(Fj) + (d− 1) δφ(Fn+1)
]︃n
.

Take k1 ∼ q1k, . . . , kn ∼ qnk, where q1, . . . , qn are real numbers > 0 and k → +∞.
In the limit, we obtain

q1 . . . qnd ⩽
1
n!

[︃
C(a)

∑︂
1⩽j⩽n

qj δφ(Fj) + (d− 1) δφ(Fn+1)
]︃n
,

and the choice qj = 1/δφ(Fj) gives the desired explicit upper bound for the degree:

d ⩽
(nC(a))n

n! δφ(F1) · · · δφ(Fn). □

We point out that Theorem 8.5 (b) says nothing about the algebra Aφ(X) itself;
as we shall see in §10, it may very well happen that the algebra Aφ(X) is not
finitely generated.

As an application, consider the special case where X is a (closed) analytic sub-
set of pure dimension n in CN , equipped with the usual exhaustion function
φ(z) = log(1 + |z|2). The associated metric α = ddcφ is identified with the Fubini-
Study metric on projective space PN , while the metric β = ddceφ coincides with
the flat Hermitian metric on CN . Proposition 3.10 implies the relations48∫︂

X∩{|z|<r}
βn = (1 + r2)n

∫︂
X∩{φ<log(1+r2)}

αn,

Volα(X) =
∫︂
X
αn = lim

r→+∞

1
(1 + r2)n

∫︂
X∩{|z|<r}

βn.

Theorem 8.5 then gives an elementary proof of the following classical result due
to W. Stoll [St1].

Corollary 8.7. – Let X be a closed analytic subset of pure dimension n in CN ,
whose projective volume Volα(X) is finite, i.e. whose Euclidean volume satisfies
the estimate

Volβ(X ∩ {|z| < r}) ⩽ C · r2n, C ⩾ 0.

Then X is algebraic.
47[P] The relevant index is kn+1, corresponding to the algebraic element Fn+1.
48[E] The limiting Euclidean-volume formula requires the exact factor (1 + r2)−n.
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Proof. Every irreducible component of X has volume at least equal to the volume
of an n-plane (cf. [Le1]), so there are only finitely many such components, and we
may assume that X is irreducible.

We now observe that the polynomials P ∈ C[z1, . . . , zN ] induce φ-polynomial
functions on X in the sense of Definitions 8.1 and 8.2. Indeed, the obvious estimate
log+ |P | ⩽ 1

2 deg(P )φ+ Const. yields

δφ(P ) = lim sup
r→+∞

1
r
µr(log+ |P |) ⩽ 1

2 Volα(X) · deg(P ).

Now consider the restriction morphism

C[z1, . . . , zN ] → Aφ(X)

and let I be its kernel. Since Aφ(X) is an integral domain, I is a prime ideal;
moreover, by definition, the irreducible algebraic zero set V (I) contains X. The-
orem 8.5 (a) shows that C[z1, . . . , zN ]/I ⊂ Aφ(X) has transcendence degree at
most n = dimX; consequently, dimV (I) ⩽ n and X = V (I). □

Remark 8.8. – In the situation of the corollary, there is an isomorphism

C[z1, . . . , zN ]/I ≃−→Aφ(X),

in particular, Aφ(X) is finitely generated. Otherwise, there would exist a finitely
generated algebra B such that C[z1, . . . , zN ]/I ⊊ B ⊂ Aφ(X). Let M = SpmB
be the affine algebraic variety associated with B (see [Di], vol. 2, chap. I, for the
basic formalism concerning algebraic varieties); the preceding inclusions would
then induce, respectively, an algebraic morphism M → V (I) and an analytic
morphism V (I) = X → M , inverse to each other. Consequently, the morphism
V (I) → M would be algebraic, and we would have C[z1, . . . , zN ]/I = B, contrary
to the assumption. □

We now show how these results carry over to the case of “polynomial” sections of
a line bundle. Let L be a Hermitian line bundle over X, let D be the canonical
Hermitian connection on L, and let c(L) = D2 be the curvature (1, 1)-form of L.

If σ is a nonzero holomorphic section of L, then, for every ε > 0, we obtain:49

i∂∂ log(ε+ |σ|2) = i∂

[︃ ⟨σ,Dσ⟩
ε+ |σ|2

]︃
= ε⟨Dσ,Dσ⟩

(ε+ |σ|2)2 − |σ|2

ε+ |σ|2
ic(L).

49[E] The curvature term in this identity is ic(L). The notation in the source versions is
inconsistent with the preceding definition of c(L).
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Jensen’s formula 3.4 applied to the function V = 1
2 log(ε+ |σ|2) then gives, taking

into account that V ⩾ log ε1/2:∫︂ r

0
dt

∫︂
B(t)

ε⟨Dσ,Dσ⟩
(ε+ |σ|2)2 ∧ αn−1

⩽
∫︂ r

0
dt

∫︂
B(t)

|σ|2

ε+ |σ|2
ic(L) ∧ αn−1 + µr(V ) − µ0(V ) −

∫︂
B(r)∖B(0)

V αn

⩽ r

∫︂
X

[︁
ic(L) ∧ αn−1]︁

+ + µr(V ) + τ(r) log ε− 1
2 ,

where [ic(L) ∧ αn−1]+ denotes the positive part of the measure ic(L) ∧ αn−1.
Divide this inequality by r and let r tend to +∞. Since V ⩽ log+ |σ|+ 1

2 log(1+ε),
we obtain∫︂

X

ε⟨Dσ,Dσ⟩
(ε+ |σ|2)2 ∧ αn−1 ⩽ lim sup

r→+∞

1
r
µr(log+ |σ|) +

∫︂
X

[︁
ic(L) ∧ αn−1]︁

+ .

As ε tends to 0, the term ε⟨Dσ,Dσ⟩
(ε+|σ|2)2 converges weakly to the integration current

2π[Zσ] associated with the zero divisor of σ. We therefore obtain the following
generalization of inequality 8.3.

Proposition 8.9. – For every holomorphic section σ ̸≡ 0 of L, one has

2π
∫︂
X

[Zσ] ∧ αn−1 ⩽ δφ(σ) + δφ(L)

where δφ(σ), δφ(L) denote the respective “degrees” of σ and L:

δφ(σ) = lim sup
r→+∞

1
r
µr(log+ |σ|),

δφ(L) =
∫︂
X

[︁
ic(L) ∧ αn−1]︁

+ .

The algebraicity theorem can now be stated as follows.

Theorem 8.10. – Denote by Kφ(X,L) the field of meromorphic functions on
X of the form σ1/σ2 with σj ∈ H0(X,O(Lm)), m ∈ N, δφ(σj) < +∞, j = 1, 2.
If the bundle L has finite degree δφ(L), then:

(a) 0 ⩽ deg trCKφ(X,L) ⩽ n = dimX;

(b) If deg trCKφ(X,L) = n, the field Kφ(X,L) is finitely generated.

Proof. Let F1 = σ′
1/σ1, . . . , FN = σ′

N/σN be elements of Kφ(X,L) with σj , σ
′
j ∈

H0(X,O(Lmj )),50 and let P ∈ C[X1, . . . , XN ] be a polynomial such that degXj
P ⩽

50[E] Both the numerator and denominator are global sections of Lmj , so they both lie in
H0(X,O(Lmj )).
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kj . Set

σ = P
(︂σ′

1
σ1
, . . . ,

σ′
N

σN

)︂
σk1

1 · · ·σkN
N ∈ H0(X,O(Lm)), m =

∑︂
kjmj .

Inequality (8.6) then generalizes as follows:

(8.11) orda(σ) ⩽ C(a)
∑︂

1⩽j⩽N
kj
[︂

max(δφ(σj), δφ(σ′
j)) +mjδφ(L)

]︂
,

and the rest of the proof is identical to that of 8.5. □
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B. Geometric characterization of affine algebraic
varieties

9 Statement of the algebraicity criterion.

The purpose of the following sections is to show that affine algebraic varieties
are characterized among Stein spaces by simple geometric conditions, namely
finiteness of the Monge-Ampère volume and a suitable lower bound on the Ricci
curvature.

Recall that an affine algebraic variety is, by definition, a closed algebraic subvariety
of some CN . In the case of a space X with isolated singularities, we obtain the
following necessary and sufficient characterization.

Theorem 9.1. – Let X be a complex analytic space of dimension n, with only
finitely many singular points. Then X is analytically isomorphic to an affine
algebraic variety if and only if X admits a strictly psh exhaustion function φ of
class C∞ having the properties (a), (b), (c) below.

(a) Vol(X) =
∫︂
X

(ddcφ)n < +∞;

(b) The Ricci curvature of the metric β = ddc(eφ) admits a lower bound of the
form

Ricci(β) ⩾ −1
2dd

cψ,

with ψ ∈ L1
loc(X,R)∩C0(Xreg,R) and ψ ⩽ Aφ+B, where A, B are constants ⩾

0;

(c) φ has only finitely many critical points on Xreg.

If these conditions are satisfied, the ring Rφ(X) = Kφ(X) ∩ O(X) (cf. Defini-
tion 8.2) is a finitely generated C-algebra of transcendence degree n. The algebraic
structure Xalg is then defined as the unique algebraic structure on X whose ring
of regular functions is Rφ(X).

Extending this characterization to analytic spaces with arbitrary singularities
presents difficulties that will be examined in §14.

The roles of the various assumptions in Theorem 9.1 are divided, roughly speaking,
as follows. The existence of a strictly psh exhaustion function φ guarantees that
X is a Stein variety, by H. Grauert’s solution of the Levi problem [Gr].
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Under assumption (a), Theorem 8.5 further implies that the field of φ-rational
functions has finite transcendence degree. Assumption (b), in turn, ensures the
existence of sufficiently many φ-polynomial functions, thanks to the L2 estimates
of Hörmander-Nakano-Bombieri-Skoda for the ∂ operator. We point out that
condition (b) cannot be replaced by a condition on the curvature of the metric
ddcφ (cf. Remark 10.2). On the other hand, one obtains an equivalent condition
by replacing β with any metric γ such that

exp(−A1φ−B1) ⩽ γ ⩽ exp(A2φ+B2),

for example, the metric γ = ddc log(1 + eφ) or γ = ddc(φ2).

Finally, assumption (c) implies, by Morse theory, that X has the same homotopy
type as a finite cell complex, and hence that the cohomology of X is of finite type.
We do not in fact know whether assumption (c) is really indispensable once X is
assumed irreducible. Without assumption (c), one can already show that X is the
union of an increasing sequence of quasi-affine algebraic varieties ( = Zariski-open
subsets of affine varieties), cf. Proposition 13.1. This result yields the following
improvement of Theorem 9.1.

Theorem 9.1′. – Theorem 9.1 remains valid if assumptions (a,b,c) are weakened
as follows:

(a’) = (a) : Vol(X) =
∫︁
X(ddcφ)n < +∞;

(b’) Ricci(β) ⩾ −1
2dd

cψ, where ψ ∈ L1
loc(X,R) ∩ C0(Xreg,R) satisfies an estimate

of the form ∫︂
X

exp(cψ −Aφ)βn < +∞, c > 0, A > 0;

(c’) the even-degree cohomology spaces H2q(Xreg;R) are finite-dimensional.

Assumptions (a’), (b’) still imply that X =
⋃︁
k∈NXk with Xk quasi-affine, Xk ⊂

Xk+1, and assumption (c’) implies that the sequence Xk is necessarily stationary;
consequently, X is algebraic. Observe that assumption (c’) is always satisfied if
n = 1; when n = 2 or n = 3, it is equivalent merely to assuming dimH2(X;R) <
+∞, since the groups Hq(X;R) always vanish for q > n when X is Stein.

The plausibility of Theorems 9.1 and 9.1’ was suggested to us in part by the work of
W. Stoll and D. Burns on parabolic varieties. We recall here the fundamental result
of W. Stoll (1980), which characterizes strictly parabolic varieties of arbitrary
radius.

Theorem 9.2 (cf. [St2] and [Bu]). – Let M be a connected complex analytic
manifold of dimension n. Assume that there exist a real number R ∈ ]0,+∞]
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and a strictly psh exhaustion function τ : M → [0, R2[ of class C∞, such that
log τ is psh and satisfies (ddc log τ)n ≡ 0 on M ∖ τ−1(0). Then there exists a
biholomorphic map F : B(R) → M from the ball of radius R in Cn such that
F ∗τ(z) = |z|2.

If the strict plurisubharmonicity assumption on τ is dropped, it is easy to see
that every affine algebraic variety M still satisfies the condition of Theorem 9.2
(with R = +∞): it suffices to choose τ(z) = |π(z)|2, where π : M → Cn is
a finite proper morphism. This observation led D. Burns to pose the problem
of characterizing such varieties in terms of exhaustion functions with special
properties. We mention, in particular, the following open problems.

Problem 9.3. – Consider a Stein manifold M of dimension n, admitting a
psh exhaustion function τ : M → [0,+∞[ of class C∞ such that log τ is psh and
satisfies (ddc log τ)n ≡ 0 on M ∖ τ−1(0). Is the manifold M affine algebraic?

Problem 9.4. – Characterize the manifolds M admitting a strictly psh exhaus-
tion function τ : M → [0,+∞[ such that log τ is psh and satisfies (ddc log τ)n ≡ 0
outside a compact set.

D. Burns showed that there exist affine algebraic varieties that do not satisfy
condition 9.4: this is the case for M = (C∗)n, n ≥ 2. Nevertheless, condition 9.4
is satisfied by a “generic” affine variety, namely a variety embedded in CN whose
projective completion is smooth and transverse to the hyperplane at infinity.

Shortly after proving Theorem 9.1, we learned that N. Mok had previously obtained
a geometric condition sufficient (though not necessary in general) for a manifold
to be affine algebraic.

Theorem 9.5 ([Mok 1,2,3]). – Let X be a complete Kähler manifold of dimen-
sion n, with positive bisectional curvature. Fix x0 ∈ X, let B(x0, r) be the geodesic
ball, and let d(x0, x) denote the distance. Suppose that there are constants c, C > 0
such that

(a) Vol(B(x0, r)) ⩾ c r2n,

(b) 0 < scalar curvature ⩽ C/d(x0, x)2.

Then X is biholomorphic to an affine algebraic variety.

N. Mok deduced from this theorem that every surface X of positive Riemannian
curvature satisfying assumptions 9.5 (a), (b) is in fact isomorphic to C2. The
analogous result in dimension n > 2 remains a conjecture. Theorem 9.5 relies
essentially on work [MSY] of Mok, Siu, and Yau on solving the Poincaré-Lelong
equation on Kähler manifolds with bisectional curvature > 0. Apart from this
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result, N. Mok’s proof follows, in broad outline, an approach substantially parallel
to ours.
The assumption of positive bisectional curvature nevertheless appears rather
restrictive and does not, in general, cover the case of affine algebraic varieties (the
Euclidean curvature of such a variety is always negative, cf. §10). We mention,
however, some results known when the curvatures are not necessarily positive.
Siu and Yau [SY] proved that a simply connected complete Kähler manifold X
whose sectional curvature satisfies

− C

d(x0, x)2+ε < sectional curvature < 0

is biholomorphic to Cn. The same holds if the curvature satisfies51

⃓⃓
sectional curvature

⃓⃓
⩽

Cε
d(x0, x)2+ε

with a sufficiently small constant Cε (cf. [MSY]).

10 Necessity of the volume and curvature conditions.

We shall prove here that conditions (a), (b), (c) of Theorem 9.1 are satisfied by
every irreducible algebraic subvariety X ⊂ CN of dimension n.
In this case, choose φ(z) = log(1 + |z|2), so that the metric α = ddcφ coincides
with the Fubini-Study metric on projective space PN . Since the closure X of X
in PN is a compact algebraic subvariety, we obtain∫︂

X
(ddcφ)n =

∫︂
X
αn < +∞,

and consequently condition (a) is satisfied.
By the Bertini–Sard theorem, the set of critical values of φ on Xreg is finite.
Hence the critical set of φ is compact. By slightly perturbing φ in C∞(X,R) in
a neighborhood of this compact set ([Mi], Cor. 6.8), we construct a function φ′

whose critical points are nondegenerate. The critical points of φ′ are then finite
in number [assumption (c)].
It remains to show that X satisfies curvature condition 9.1 (b) with respect to
the metric

β = ddc(eφ) = ddc|z|2 = 2i
N∑︂
j=1

dzj ∧ dzj ,

51[P] The published estimate places absolute-value bars around the sectional curvature. They
are necessary because the estimate controls its magnitude.
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which we shall verify by an explicit calculation of Ricci(β|X) and ψ.

Let (P1, . . . , Pm) be a system of polynomial generators for the ideal I(X) of the
subvariety X in C[z1, . . . , zN ], and let s = codimX = N − n. For every pair of
multi-indices

K = {k1 < . . . < ks} ⊂ {1, . . . ,m}, L = {ℓ1 < . . . < ℓs} ⊂ {1, . . . , N}

of length s, consider the partial Jacobian

JK,L(z) = det
(︂
∂Pki

/∂zℓj

)︂
1⩽i,j⩽s

,

and set

ψ(z) = log
(︄ ∑︂

|K|=|L|=s
|JK,L|2

)︄
.

The functions JK,L are polynomials; in particular, there exist constants A,B ⩾ 0
such that ψ ⩽ Aφ + B. The following proposition shows, moreover, that φ,ψ
satisfy curvature inequality 9.1 (b).

Proposition 10.1. – Denote by UK = Uk1,...,ks the open subset of X on which
the differentials dPk1 , . . . , dPks are linearly independent. Then:

(a) Ricci(β|X) = −1
2 ddc log

(︄ ∑︂
|L|=s

|JK,L|2
)︄

on UK ,

(b) Ricci(β|X) ⩾ −1
2 ddc log

(︄ ∑︂
|K|=|L|=s

|JK,L|2
)︄

on Xreg .

Proof of (a). Let x ∈ UK . Order the coordinates of CN so that (z1, . . . , zn) is a
system of local coordinates on X at the point x. In the Kähler case, the Ricci
curvature of X is the negative of the curvature of the canonical bundle ΛnT ∗X.
Thus, in a neighborhood of x, we have52

Ricci(β|X) = ddc log g,

where g is the norm, with respect to β, of the holomorphic (n, 0)-form dz1∧. . .∧dzn;
g is given by

i dz1 ∧ dz1 ∧ . . . ∧ i dzn ∧ dzn |X = g2 1
n! β

n
|X .

52[P] The published formula is Ricci(β|X) = ddc log g. The expression ddc log g2 in the web
TeX is twice as large.
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Let L0 = {n+ 1, . . . , N}, let L be any multi-index of length s = N − n, and let
∁L be its complement in {1, . . . , N}. If we set

dPK = dPk1 ∧ . . . ∧ dPks ,

then, by the definition of JK,L:

dPK ∧ dz ∁L = ±JK,L dz1 ∧ . . . ∧ dzN ,

in
2+s2

dPK ∧ dPK ∧ dz ∁L ∧ dz ∁L = |JK,L|2i dz1 ∧ dz1 ∧ . . . ∧ i dzN ∧ dzN

is
2
dPK ∧ dPK ∧ 1

n! β
n = 2n

∑︂
|L|=s

|JK,L|2 i dz1 ∧ dz1 ∧ . . . ∧ i dzN ∧ dzN

= 2n|JK,L0 |−2 ∑︂
|L|=s

|JK,L|2 is2
dPK ∧ dPK ∧ i dz1 ∧ dz1 ∧ . . . ∧ i dzn ∧ dzn.

“Canceling” dPK ∧ dPK , we therefore find

g2 = 2−n⃓⃓JK,L0

⃓⃓2(︄ ∑︂
|L|=s

|JK,L|2
)︄−1

and since JK,L0 is a holomorphic function invertible at x, formula (a) follows.

Proof of (b). Part (a) shows that the function

log
(︄ ∑︂

|L|=s
|JK,L|2

/︄ ∑︂
|L|=s

|JK0,L|2
)︄

is pluriharmonic on the open set UK ∩UK0 . It is moreover locally bounded above,
hence psh, on UK0 . It follows that the function

log
(︄∑︂
K,L

|JK,L|2
/︄∑︂

L

|JK0,L|2
)︄

is psh on UK0 , and on this open set one therefore has:

ddcψ ⩾ ddc log
∑︂
L

|JK0,L|2 = −2 Ricci(β|X). □

Remark 10.2. – When X is a closed analytic subvariety of CN and φ(z) =
log(1 + |z|2), condition 9.1 (a), the finiteness of the volume, is by itself a sufficient
condition for the algebraicity of X (W. Stoll’s theorem, cf. Corollary 8.7). Nev-
ertheless, the following example shows that, in general, the curvature condition
9.1 (b) cannot be dispensed with, even if 9.1’ (c’) is satisfied.
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Choose X = C ∖ E, where E = {zj ; j ∈ N} is an infinite closed countable set,
and set

φ(z) = log(1 + |z|2) −
+∞∑︂
j=0

εj log |z − zj |
1 + |zj |

where
∑︁+∞
j=0 εj = 1 is a series with positive terms converging rapidly enough that

φ belongs to C∞(C∖ E). Since

log |z − zj |
1 + |zj |

⩽ log(1 + |z|),

we obtain
φ(z) ⩾ log 1 + |z|2

1 + |z|
;

moreover, limz→zj φ(z) = +∞ for every zj ∈ E. Thus φ is an exhaustion function
on X. Furthermore, ddcφ = ddc log(1+|z|2), hence

∫︁
X dd

cφ = 4π < +∞. However,
X is not algebraic. □

This example also shows, incidentally, that condition 9.1 (b) cannot be replaced
by a condition on the curvature of the metric ddcφ.

It is also easy to see that the algebras Aφ(X) and Rφ(X) = Kφ(X) ∩ O(X)
coincide with the algebra AE of rational functions in C(z) whose poles lie in E.
Indeed, every element f ∈ AE clearly admits the upper bound log |f | ⩽ C1φ+C2,
hence AE ⊂ Aφ(X) ⊂ Rφ(X); conversely, every element of Kφ(X) is algebraic
over C(z) by Theorem 8.5, so

Rφ(X) ⊂ C(z) ∩ O(X) = AE .

It is clear that the algebra AE is not finitely generated.

11 Existence of an embedding on an open subset
of an algebraic variety.

The following sections 11–14 are devoted to proving the sufficiency of the alge-
braicity criterion 9.1’. We assume here that X is a smooth connected manifold,
and that the given functions (φ,ψ) satisfy conditions 9.1’(a’,b’). We also make
the nonrestrictive additional assumption φ ⩾ 0. As before, set α = ddcφ ⩾ 0,
β = ddc(eφ); the measures µr are defined as in §3.

Definition 11.1. – Let p ∈ ]0,+∞]. We denote by
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(a) Lpφ(X) the vector space of measurable maps f : X → C for which there exists
a constant C ⩾ 0 such that:∫︂
X

|f |pe−Cφ βn < +∞, if 0 < p < +∞,

|f | ⩽ eC(1+φ) almost everywhere, if p = +∞;

(b) L0
φ(X) =

⋃︂
p>0

Lpφ(X);

(c) Apφ(X) = Lpφ(X) ∩ O(X), if p ∈ [0,+∞].

The usefulness of this definition appears in the two technical results below, which
will be used repeatedly in what follows.

Lemma 11.2. – The following properties hold:

(a) 1 ∈ Apφ(X) for every p > 0;

(b) Lpφ(X) ⊂ Lqφ(X) and Apφ(X) ⊂ Aqφ(X) for all p ⩾ q > 0;

(c) L0
φ(X) is a C-algebra ;

(d) A0
φ(X) is an integrally closed subalgebra of L0

φ(X).

Lemma 11.3. – One has the inclusion A0
φ(X) ⊂ Aφ(X). More precisely, if

f ∈ A0
φ(X) satisfies ∫︂

X
|f |p exp(−Cφ) βn < +∞,

then:

(a) δφ(f) ⩽ C − n

p
Vol(X);

(b)
∫︂
X

|df |pβ exp
[︂(︂p

2 − C
)︂
φ
]︂
βn < +∞ if p ∈ ]0, 2],

where the norm |df |β is computed with respect to the metric β.

Proof of 11.2. Proposition 3.10 successively yields

v(r) :=
∫︂

{φ<r}
βn = enr

∫︂
{φ<r}

αn ⩽ enr Vol(X),∫︂
X
e−(n+1)φ βn =

∫︂ +∞

0
e−(n+1)r dv(r) = (n+ 1)

∫︂ +∞

0
e−(n+1)r v(r) dr < +∞,
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which proves (a). Property (b) then follows from Hölder’s inequality. The same
inequality implies

∫︂
X

⃓⃓
fg
⃓⃓ pq

p+q e−Cφ βn ⩽

[︄ ∫︂
X

|f |p e−Cφ βn
]︄ q

p+q
[︄ ∫︂

X
|g|q e−Cφ βn

]︄ p
p+q

for all p, q > 0. Thus we obtain the inclusion

(11.4) Lpφ(X) · Lqφ(X) ⊂ L
pq

p+q
φ (X),

and property (c) follows. We now verify assertion (d). Let f be a meromorphic
function on X satisfying a monic equation over A0

φ(X) of the form

fd + a1f
d−1 + · · · + ad−1f + ad = 0, aj ∈ A0

φ(X).

From this equation, we deduce the upper bound

|f | ⩽ 2 max
1⩽j⩽d

|aj |1/j ,

otherwise the equality
−1 = a1f

−1 + · · · + adf
−d

would lead, upon taking absolute values, to the absurd inequality

1 ≤ 2−1 + · · · + 2−d.

Consequently, since X is smooth, f extends to a holomorphic function on X, and
it is clear that f ∈ A0

φ(X). □

Proof of 11.3.
(a) One has βn ⩾ enφ(ddcφ)n−1 ∧ dφ ∧ dcφ; consequently (Proposition 3.9 (a)),
the integral∫︂ +∞

−∞
e(n−C)r µr(|f |p) dr =

∫︂
X

|f |pe(n−C)φ (ddcφ)n−1 ∧dφ∧dcφ ⩽
∫︂
X

|f |pe−Cφ βn

is finite. Since the map r ↦→ µr(|f |p) is increasing, we deduce that

µr(|f |p) ⩽ exp
(︁
(C − n)(r + 1)

)︁ ∫︂ r+1

r
e(n−C)t µt(|f |p) dt ⩽ C1e

(C−n)r

with a constant C1 ⩾ 0. By Jensen’s inequality and the inequality ∥µr∥ ⩽ Vol(X),
we obtain

µr
(︁

log(1 + |f |p)
)︁

∥µr∥
⩽ log

[︄
µr
(︁
1 + |f |p

)︁
∥µr∥

]︄
⩽ (C − n)r + C2 ,

δφ(f) = lim sup
r→+∞

1
r
µr(log+ |f |) ⩽ C − n

p
Vol(X).
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(b) To bound |df |β, observe that

ddc(|f |p) ∧ βn−1 = p2

2n |f |p−2|df |2β βn.

By Stokes’ theorem, this equality implies, for every r > 0:∫︂
B(r)

|f |p−2|df |2β
(︂
1− φ

r

)︂2
e(1−C)φ βn ⩽

2n
p2

∫︂
B(r)

|f |p ddc
[︂(︂

1− φ

r

)︂2
e(1−C)φ

]︂
∧βn−1.

An easy calculation gives, on the other hand, the following bound on B(r) = {φ <
r}, uniform in r:

ddc
[︂(︂

1 − φ

r

)︂2
e(1−C)φ

]︂
⩽ C3

(︂
1 + 1

r

)︂2
e−Cφβ, r > 0.

Passing to the limit as r → +∞, we therefore obtain∫︂
X

|f |p−2|df |2β e(1−C)φ βn ⩽ C3

∫︂
X

|f |pe−Cφβn.

Property 11.3 (b) now follows by applying Hölder’s inequality to the measure
|f |pe−Cφβn and the functions

|f |−p|df |pβ exp(p2φ) and 1,

with conjugate exponents (2
p ,

2
2−p). □

The existence of nonconstant holomorphic functions in Lpφ(X) will follow from
the classical estimates of L. Hörmander [Hö1] for the operator ∂.

Proposition 11.5. – The following properties hold.

(a) Let τ ∈ L1
loc(X) be a function such that

i ∂∂τ + Ricci(β) ⩾ λβ

where λ is a continuous function > 0 on X. Let u be a (0, 1)-form with L2
loc

coefficients on X such that ∂u = 0 and∫︂
X
λ−1|u|2e−τ βn < +∞.

Then there exists a function g ∈ L2
loc(X) such that ∂g = u and∫︂

X
|g|2e−τ βn ⩽

∫︂
X
λ−1|u|2e−τ βn < +∞.
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(b) Let ψ, c, A be the data of 9.1’(b’). If ρ is psh on X and u satisfies ∂u = 0 and∫︂
X

|u|2 e−ρ−ψ βn < +∞,

then there exists g ∈ L2
loc(X) such that ∂g = u and∫︂

X
|g|2e−ρ−ψ−2φ βn ⩽ 4

∫︂
X

|u|2e−ρ−ψ βn.

(c) Let {x1, x2, . . . , xm} ⊂ X be a finite set, and let ρ be a psh function on X such
that e−ρ is integrable in a neighborhood of x1, x2, . . . , xm. Then there exists
a holomorphic function f having a prescribed jet of order s at each point xj
and such that ∫︂

X
|f |2e−ρ−ψ−C1φ βn < +∞, where C1 ⩾ 0.

In particular, if ρ ≡ 0, one obtains f ∈ Abφ(X) with b = 2c
1+c and c as

in 9.1’(b’).

(d) Abφ(X) is dense in O(X) for the topology of uniform convergence on compact
subsets.

Proof.

(a) is classical; see, for example, H. Skoda [Sk3].

(b) Apply (a) with τ = ρ + ψ + 2 log(1 + eφ). Since φ ⩾ 0, one has τ ⩽
ρ+ ψ + 2φ+ log 4, and assumption 9.1’(b’) yields

i ∂∂τ + Ricci(β) ⩾ eφ ddcφ

1 + eφ
+ eφ dφ ∧ dcφ

(1 + eφ)2 ⩾ λβ

with λ = (1 + eφ)−2. Estimate (b) follows.

(c) follows from (b) by a classical argument due to Bombieri and Skoda [Sk1].
Let U1, . . . , Um be pairwise disjoint open neighborhoods of x1, . . . , xm on which
e−ρ is locally integrable. Equip Uj with a system of local coordinates z(j) =
(zj1, z

j
2, . . . , z

j
n) centered at xj , and set

ρ1 = ρ+ (n+ s)
[︄

m∑︂
j=1

χj log |z(j)|2 + Cjφ

]︄

where χj is a function ⩾ 0 of class C∞, compactly supported in Uj and equal
to 1 in a neighborhood of xj , and Cj is a sufficiently large constant ⩾ 0 for ρ1
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to be psh on X. The constant n+ s is chosen here so that the jet of order s of
a function g of class C∞ that is locally integrable with respect to the measure
e−ρ1 βn necessarily vanishes at the points xj . Now let Pj(z(j)) be a polynomial of
degree ⩽ s having the prescribed jet at xj . Set

h =
m∑︂
j=1

χj Pj(z(j)).

The (0, 1)-form

u := ∂h =
m∑︂
j=1

∂χj Pj(z(j)).

is of class C∞, vanishes in a neighborhood of x1, . . . , xm, and by construction∫︂
X

|u|2e−ρ1−ψ βn < +∞;

here we used the fact that ψ is locally bounded. By (b), there exists g ∈ C∞(X)
such that ∂g = u and ∫︂

X
|g|2e−ρ1−ψ−2φ βn < +∞.

The function f = h− g then has the required properties. If ρ ≡ 0, we may write

|f | =
[︂
|f | exp

(︂
− 1

2ψ
)︂]︂

exp
(︂1

2ψ
)︂

where |f | exp(−1
2ψ) ∈ L2

φ(X) and exp(1
2ψ) ∈ L2c

φ (X). It follows from (11.4) that
f ∈ Lbφ(X).

(d) follows from (b) exactly as in Lemma 4.3.1 of [Hö2]. □

We now use Proposition 11.5 to construct many holomorphic functions on X, and
thereby obtain a partial embedding of X into CN . Let x0 ∈ X be a fixed point.
By 11.5 (c), applied with ρ ≡ 0, there exist functions f1, . . . , fn ∈ Abφ(X) such
that

df1 ∧ . . . ∧ dfn(x0) ̸= 0.

In particular, f1, . . . , fn are algebraically independent in Aφ(X). Theorem 8.5 (b)
therefore applies, giving:

Proposition 11.6. – The field Kφ(X) of φ-rational functions is a finitely
generated extension of C, of transcendence degree n. □

As we shall see, it is easy to deduce from the preceding results the existence of a
morphism F : X → M from X to an algebraic variety M of dimension n which,
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outside an algebraic hypersurface S ⊂ X, is an isomorphism from X ∖ S onto
an open subset of M . The main remaining difficulty will be to prove that F is
quasi-surjective, i.e. that F (X ∖ S) is a Zariski-open subset of M .

Proposition 11.7. – The following existence properties hold.

(a) There exists a function fn+1 ∈ A0
φ(X) such that

fn+1(x0) = 1 and
∫︂
X

|fn+1|2 |df1 ∧ . . .∧ dfn|−2
β exp(−2ψ−Cφ) βn < +∞.

In particular, {x ∈ X ; df1 ∧ . . . ∧ dfn(x) = 0} ⊂ f−1
n+1(0).

(b) There exist functions fn+2, . . . , fN ∈ A0
φ(X) and an irreducible algebraic

subvariety M ⊂ CN of dimension n such that the morphism F = (f1, . . . , fN )
maps X into M and is an analytic isomorphism from X ∖ f−1

n+1(0) onto a smooth
open subset of M .

Proof.
(a) It suffices to apply 11.5 (c) to the psh function

ρ = ψ + log |df1 ∧ . . . ∧ dfn|2.

If Z is the zero divisor of the holomorphic n-form df1 ∧ . . . ∧ dfn, viewed as a
section of

⋀︁n T ∗X, then assumption 9.1’(b’) indeed gives:

ddcρ = ddcψ + 2 Ricci(β) + 4π [Z] ⩾ 0,

and ρ is continuous in a neighborhood of x0. Hence there exists fn+1 ∈ O(X)
such that fn+1(x0) = 1 and satisfying the stated L2 estimate. This estimate
implies that fn+1 vanishes on the support of Z, and by Lemma 11.3 (b) one has
|dfj | ∈ Lbφ(X), whence

|fn+1| ⩽
(︂
|fn+1| |df1 ∧ . . . ∧ dfn|−1 e−ψ

)︂
|df1| · · · |dfn| eψ ∈ L0

φ(X).

(b) We first construct, by induction on j, functions f1, . . . , fNj ∈ A0
φ(X) with

N0 = n+ 1 < N1 < N2 < · · · (this has been done for j = 0).
By 11.6, the image of the morphism

Fj = (f1, . . . , fNj ) : X → CNj

is contained in an irreducible algebraic variety Mj ⊂ CNj of dimension n. Let M̃j

be the normalization of Mj . There is a commutative diagram

M̃j ↪→ CÑj ∋ (z1, . . . , zÑj
)⏐↓ ⏐↓ ⏐↓–

Mj ↪→ CNj ∋ (z1, . . . , zNj ) .
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Since the variety X is smooth (and hence normal), the morphism Fj : X → Mj

lifts to a morphism
F̃j = (f1, . . . , fÑj

) : X → M̃j .

By construction, the coordinate functions zNj+1, . . . , zÑj
(resp. fNj+1, . . . , fÑj

)
are integral over the ring C[z1, . . . , zNj ]/I(Mj) (resp. over C[f1, . . . , fNj ]), hence
fNj+1, . . . , fÑj

∈ A0
φ(X) by 11.2 (d). Moreover, the restriction

F̃j : X ∖ f−1
n+1(0) → M̃j

is étale, since df1 ∧ . . . ∧ dfn ̸= 0 on X ∖ f−1
n+1(0) by (a). Since M̃j is locally

irreducible, the image F̃j(X ∖ f−1
n+1(0)) is necessarily contained in the set of

smooth points of M̃j . If F̃j is injective on X ∖ f−1
n+1(0), the construction is

complete with F = F̃j , M = M̃j , N = Ñj .

Otherwise, let z1 ̸= z2 be two points in X ∖ f−1
n+1(0) such that F̃j(z1) = F̃j(z2).

Proposition 11.5 (c) shows that there exists a function g ∈ Abφ(X) such that
g(z1) ̸= g(z2). Set Nj+1 = Ñj + 1, fÑj+1 = g. By 11.6, g is algebraic over
C[f1, . . . , fÑj

], and therefore satisfies an irreducible equation of the form

(11.8)
d∑︂

k=0
ak(F̃j) gk = 0, ak ∈ C[f1, . . . , fÑj

], ad(F̃j) ̸≡ 0.

Since F̃j is étale in neighborhoods of z1 and z2, there exist points w1 near z1 and
w2 near z2 such that F̃j(w1) = F̃j(w2) /∈ a−1

d (0) and g(w1) ̸= g(w2). This implies
that equation (11.8) has degree d ⩾ 2. Since Kφ(X) is a finite-degree extension
of C(f1, . . . , fn), the process must terminate after finitely many steps. □

12 Quasi-surjectivity of the embedding.

We retain the notation of Proposition 11.7. The purpose of this section is to prove
that the image of the morphism F : X ∖ f−1

n+1(0) → M is a Zariski-open subset
of M . Let Q ∈ C[z1, . . . , zN ] be a polynomial that is not identically zero on M ,
divisible by zn+1, and such that the hypersurface Q−1(0) contains the singular
locus Msing. Set

M̌ = M ∖Q−1(0), X̌ = X ∖Q(F )−1(0) ⊂ X ∖ f−1
n+1(0),

so that M̌ is smooth and the restricted morphism

F̌ : X̌ → M̌



66 J.-P. Demailly, Mémoires de la Société Mathématique de France, no. 19, 1985

is an isomorphism from X̌ onto the open set Ω = F̌ (X̌). The variety M̌ may be
(and will be) identified with an affine algebraic subvariety of CN+1 via the map
M̌ → CN+1 defined by

(z1, . . . , zN ) ↦→
(︁
z1, . . . , zN , zN+1 = Q(z1, . . . , zN )−1)︁;

the morphism F̌ : X̌ → M̌ ⊂ CN+1 is then given by F̌ = (F,Q(F )−1). One of the
crucial points in the argument is to show that the closed positive current F̌∗dd

cφ
extends from the open set Ω = F̌ (X̌) to the entire variety M̌ .53 For this we need
precise mass estimates, which are provided by the following lemma.

Lemma 12.1. – Let G = (g1, . . . , gm) ∈
[︁
A0
φ(X)

]︁m and γ = ddc log(1 + |G|2).
Then for every integer k ⩾ 0, one has:

(a)
∫︂
X

(ddcφ)n−k ∧ γk < +∞, 0 ⩽ k ⩽ n,

(b)
∫︂
B(r)

dφ ∧ dcφ ∧ (ddcφ)n−k−1 ∧ γk ⩽ Cr, 0 ⩽ k ⩽ n− 1,

where C is a constant ⩾ 0.

Proof. Apply Theorem 2.2 (c) with ρ = φ − r, Ω = {ρ < 0} = B(r) and
V1 = . . . = Vk = log(1 + |G|2) ⩾ 0. This gives∫︂

B(r)
βk ∧ γk ⩽ C3

∫︂
B(r)

(︁
log(1 + |G|2)

)︁k
β0

where, for a > 0 and k ⩾ 0, we have set:

βk = (r − φ)k+a (ddcφ)n−k + (k + a)(r − φ)k−1+a dφ ∧ dcφ ∧ (ddcφ)n−k−1.

We have:
β0 = 2(r − φ)a (ddcφ)n + 1

2(1 + a) dd
cβ1.

Stokes’ theorem therefore gives, for every r > 0:∫︂
B(r)

β0 = 2
∫︂
B(r)

(r − φ)a (ddcφ)n ⩽ 2 ra Vol(X).

On the other hand, the function t ↦→ (log(ek + t))k is concave on [0,+∞[ . Hence,
for every p > 0, we obtain Jensen’s inequality:∫︁

B(r)
(︁

log(ek + |G|p)
)︁k
β0∫︁

B(r) β0
⩽

{︄
log

[︄
ek +

∫︁
B(r) |G|p β0∫︁

B(r) β0

]︄}︄k
.

53[P] The current is extended to M̌ , as in the published statement.
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Since gj ∈ A0
φ(X) [cf. Definition 11.1], there exist p > 0 sufficiently small and

C4, C5 ⩾ 0 sufficiently large such that∫︂
B(r)

|G|p β0 ⩽ exp(C4r + C5).

The preceding inequalities then imply∫︂
B(r)

βk ∧ γk ⩽ C6

∫︂
B(r)

(︁
log(ek + |G|p)

)︁k
β0 ⩽ C7 r

k+a.

In view of the definition of βk, this proves Lemma 12.1 after substituting 2r for r.
□

Equip CN+1 and M̌ ⊂ CN+1 with the Fubini–Study metric ω = ddc log(1 + |z|2).
We then have the following extension theorem, whose proof is inspired by H. Skoda
[Sk5] and H. El Mir [EM]; see also the survey article by N. Sibony [Sib].

Proposition 12.2. – Let T be the trivial extension to M̌ of the current F̌∗dd
cφ,

defined by

T = F̌∗dd
cφ on F̌ (X̌), T = 0 on M̌ ∖ F̌ (X̌).

Then T is a closed positive current on M̌ with finite total mass
∫︁
M̌ T ∧ ωn−1.

Proof. First compute the mass of T :∫︂
M̌
T ∧ ωn−1 =

∫︂
F̌ (X̌)

F̌∗dd
cφ ∧ ωn−1 =

∫︂
X̌
ddcφ ∧ (F̌ ∗ω)n−1.

The (1, 1)-form F̌ ∗ω is given here by

F̌ ∗ω = ddc log(1 + |F̌ |2) = ddc log(1 + |F |2 + |Q(F )|−2)
= ddc log(1 + |Q(F )|2 + |F |2|Q(F )|2).

The finiteness of the mass now follows from Lemma 12.1 (a). For every real
1-form v of class C∞ with compact support in M̌54 and all multi-indices J,K ⊂
{1, . . . , N + 1} such that |J | = |K| = n− 2, we now show that

I =
∫︂
M̌
dv ∧ T ∧ dzJ ∧ dzK = 0.

54[P] The test form v is defined on M̌ , where the current T lives.
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This will prove that dT = 0. Let χ be a function of class C∞ on R such that
0 ⩽ χ ⩽ 1, χ(t) = 1 if t < 0, χ(t) = 0 if t > 1, and |χ′| ⩽ 2. 55 By the definition
of T , we obtain

I =
∫︂
X̌
F̌ ∗(dv) ∧ ddcφ ∧ dF̌J ∧ dF̌K

= lim
r→+∞

∫︂
X̌
χ
(︂φ
r

)︂
d(F̌ ∗v) ∧ ddcφ ∧ dF̌J ∧ dF̌K .

The form χ(φr ) d(F̌ ∗v) is supported in F̌−1(Supp v) ∩B(r) ⋐ X̌. Integration by
parts therefore gives

I = lim
r→+∞

±
∫︂
X̌
F̌ ∗v ∧ χ′

(︂φ
r

)︂ dφ
r

∧ ddcφ ∧ dF̌J ∧ dF̌K .

By the Cauchy–Schwarz inequality, the last integral is bounded by 2
r

√︁
I1I2(r),

where56

I1 =
∫︂
X̌
ddcφ ∧ F̌ ∗(︁v ∧ vc ∧ dzJ ∧ dzJ

)︁
,

I2(r) =
∫︂
F̌−1(Supp v)∩B(r)

dφ ∧ dcφ ∧ ddcφ ∧ dF̌K ∧ dF̌K .

Since v has compact support in M̌ , there exist constants C1, C2 ⩾ 0 such that

v ∧ vc ∧ dzJ ∧ dzJ ⩽ C1ω
n−1,

dF̌K ∧ dF̌K = F̌ ∗(dzK ∧ dzK) ⩽ C2(F̌ ∗ω)n−2 on F̌−1(Supp v).

Lemma 12.1 (a) and (b) then give57

I1 ⩽ C1

∫︂
X̌
ddcφ ∧ (F̌ ∗ω)n−1 < +∞,

I2(r) ⩽ C2

∫︂
B(r)

dφ ∧ dcφ ∧ ddcφ ∧ (F̌ ∗ω)n−2 ⩽ C C2 r,

whence
|I| ⩽ lim

r→+∞

2
r

√︂
I1I2(r) = 0. □

By Theorem 15.3 in the appendix, there exist a psh function V and a (1, 0)-
form u of class C∞ on M̌ having the following properties, for suitable constants
C1, C2, C3 ⩾ 0.

55[E] The cutoff must satisfy |χ′| ⩽ 2. A one-sided bound is not enough for the decreasing
cutoff used in the proof.

56[P/E] Both integrals below are taken over X̌, and the quadratic form in the first is v ∧ vc.
These choices make the Cauchy–Schwarz estimate well defined.

57[P/E] The first estimate is over X̌, and both estimates use the pullback F̌ ∗ω on that space.
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Properties 12.3. – We have the (in)equalities

(a) ddcV ⩾ T ;

(b) V (z) ⩽ C1 log(1 + |z|2);

(c) ddcV − T = ∂u;

(d) |u|ω ⩽ C2(1 + |z|2)C3 .

Now consider the function τ = V − F̌∗φ defined on the open set Ω = F̌ (X̌) ⊂ M̌ .
By 12.3 (a), τ is psh on Ω, and moreover τ ⩽ V . Since F̌∗φ tends to +∞ near ∂Ω,
τ tends to −∞ at every point of ∂Ω. Consequently, τ extends to a psh function
on M̌ , still denoted τ , such that τ = −∞ on M̌ ∖ Ω.

Corollary 12.4. – M̌ ∖ Ω is a closed pluripolar subset of M̌ . □

The next step is to show that M̌ ∖ Ω is in fact an algebraic hypersurface of M̌ .
By 12.3 (c) and the definition of T , we have:

2i ∂∂(V − F̌∗φ) = ∂u on Ω,

so the (1, 0)-form h defined by

(12.5) h = ∂(V − F̌∗φ) + u

2i = ∂τ + u

2i

is holomorphic on Ω; since u is of class C∞ on M̌ , this also shows that τ is of class
C∞ on Ω. We shall now prove that h extends to a rational meromorphic 1-form
on M̌ . This will follow essentially from estimates 12.3 (b,d) and the algebraicity
theorem 8.5. By construction of F and X̌, the forms (df1, . . . , dfn) define a global
frame of T ∗X̌. The forms (dz1, . . . , dzn) therefore also form a frame of T ∗M̌ over
the open set Ω = F̌ (X̌), and we may write

h =
n∑︂
j=1

hjdzj

with functions hj ∈ O(Ω). The idea of the argument is to verify that the functions
hj ◦ F̌ have φ-polynomial growth, using the upper bound on τ = V − F̌∗φ supplied
by 12.3 (b). The fact that we have no lower bound on τ introduces an additional
difficulty, which we shall circumvent by seeking only an estimate for the functions
exp(1

2τ ◦ F̌ ) |hj(F̌ )|.

Lemma 12.6. – Consider on X̌ the exhaustion function58

φ̌ = log(1 + eφ) + log(1 + |F̌ |2)
58[P] Both φ̌ and α̌ are defined on X̌. The published formula also supplies the missing term

ddc log(1 + eφ) in α̌.
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and the associated metric

α̌ = ddcφ̌ = ddc log(1 + eφ) + F̌ ∗ω.

The following properties then hold for constants p > 0 sufficiently small and C4, C5
sufficiently large.

(a)
∫︂
X̌
α̌n < +∞;

(b)
∫︂
X̌
eτ◦F̌−C4φ̌ F̌ ∗(ih ∧ h) ∧ α̌n−1 < +∞;

(c)
∫︂
X̌

[︂
exp

(︂1
2τ ◦ F̌

)︂
|Q(F )|C4+1 |hj(F̌ )|

]︂p
e−C5φ βn < +∞.

Proof.

(a) follows immediately from Lemma 12.1 upon observing that

ddc log(1 + eφ) = eφ ddcφ

1 + eφ
+ eφ dφ ∧ dcφ

(1 + eφ)2 ⩽ ddcφ+ e−φ dφ ∧ dcφ.

(b) Estimate 12.3 (b) implies59

(12.7) τ = V − F̌∗φ ⩽ V ⩽ C1 log(1 + |z|2),

so the function θ = log(1 + eτ◦F̌ ) satisfies the upper bound

θ ⩽ log
(︁
1 + (1 + |F̌ |2)C1

)︁
⩽ C1φ̌+ log 2.

Corollary 7.3 applied to (X̌, φ̌) then gives∫︂
X̌
i∂∂θ ∧ α̌n−1 < +∞.

A direct computation also gives60

i∂∂θ = F̌ ∗
(︃

i∂∂τ

1 + e−τ + ieτ ∂τ ∧ ∂τ

(1 + eτ )2

)︃
⩾

1
2 F̌ ∗(︁ieτ ∂τ ∧ ∂τ

)︁
e−2C1φ̌,

and it follows that ∫︂
X̌
eτ◦F̌−2C1φ̌ F̌ ∗(i∂τ ∧ ∂τ) ∧ α̌n−1 < +∞.

59[P] In (12.7), φ is pushed forward by F̌ . A pullback here would have the wrong domain.
60[P] The published estimate includes the factor i in F̌ ∗(i∂τ ∧ ∂τ), making the form positive.
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On the other hand, by the definition of α̌ we have α̌ ⩾ F̌ ∗ω. Estimate 12.3 (d)
therefore gives

|F̌ ∗u|α̌ ⩽
(︁
|u|ω

)︁
◦ F̌ ⩽ C2(1 + |F̌ |2)C3 ≤ C2 e

C3φ̌,∫︂
X̌

|F̌ ∗u|2α̌ eτ◦F̌−(C1+2C3)φ̌ α̌n ⩽ C2
2

∫︂
X̌
α̌n < +∞.

Property (b) now follows from the definition of h = ∂τ + u
2i and the identity

|F̌ ∗u|2α̌ α̌n = n F̌ ∗(iu ∧ u) ∧ α̌n−1.

(c) The trivial inequality

ddc log(1 + eφ) ⩾ 1
2 dd

cφ+ 1
4 e

−φ dφ ∧ dcφ

successively implies

α̌n−1 ⩾
1

2n−1 (ddcφ)n−1 + (n− 1) e−φ

2n (ddcφ)n−2 ∧ dφ ∧ dcφ

⩾ 2−ne−nφ (ddceφ)n−1 = 2−ne−nφ βn−1,

F̌ ∗(ih ∧ h) ∧ α̌n−1 ⩾ 2−ne−nφ |F̌ ∗h|2β βn.

On the other hand, by the definition of φ̌, we have

φ̌ = log(1 + eφ) − 2 log |Q(F )| + log
(︁
1 + |Q(F )|2 + |Q(F )|2|F |2

)︁
⩽ φ− 2 log |Q(F )| + C6 log(1 + |F |2) + C7,

where C6 = 1 + deg(Q).61 Inequality (b) therefore gives∫︂
X̌
eτ◦F̌−C4φ |Q(F )|2C4 (1 + |F |2)−C4C6e−nφ |F̌ ∗h|2β βn < +∞

and since |F | ∈ L0
φ(X), it follows that

exp
(︂1

2τ ◦ F̌
)︂

|Q(F )|C4 |F̌ ∗h|β ∈ L0
φ(X).

Moreover, the function hj can be written as

hj = (−1)j−1 h ∧ dz1 ∧ . . . ∧ ˆ︃dzj ∧ . . . ∧ dzn
dz1 ∧ . . . ∧ dzn

.

61[E] The constant here depends on degQ. Both source versions mistakenly refer to a different
polynomial.
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Thus
|hj(F̌ )| ⩽ |F̌ ∗h|β |df1|β . . . ˆ︁|dfj |β . . . |dfn|β |df1 ∧ . . . ∧ dfn|−1

β ,

and since62

|df1|β , . . . , |dfn|β ∈ L0
φ(X) [Lemma 11.3 (b)], and

|fn+1| |df1 ∧ . . . ∧ dfn|−1
β ∈ L0

φ(X) [inequality 11.7 (a)],

we obtain
exp

(︂1
2τ ◦ F̌

)︂
|Q(F )|C4 |fn+1| |hj ◦ F̌ | ∈ L0

φ(X).

By assumption Q is divisible by zn+1, i.e. Q = zn+1R. Property (c) is then
obtained by multiplying the function above by |R(F )| ∈ L0

φ(X). □

In order to work on X rather than on X̌, we shall need the following elementary
extension lemma.

Lemma 12.8. – Let S = g−1(0) be a hypersurface of X, and let θ be a psh
function on X ∖ S such that eθ ∈ L1

loc(X). Then θ + log |g|2 extends to a psh
function on X.

Proof. It suffices to show that θ + log |g|2 is bounded above near every regular
point of S. We may therefore assume that X is an open subset of Cn containing
the closed unit polydisc ∆n, and that S = {z1 = 0}. The mean-value inequality
applied to the polydisc

(z1 + |z1| ∆) × ∆n−1 ⊂ X ∖ S

at every point z ∈ ∆n, 0 < |z1| < 1
2 , implies

eθ(z) ⩽
1

πn|z1|2
∫︂

∆n
eθ dλ.

It follows that the function θ + log |z1|2 is bounded above near S. □

Proposition 12.9. – The 1-form h =
∑︁

1⩽j⩽n hjdzj extends to a rational
meromorphic 1-form on M̌ .63

Proof. Since X̌ = X ∖Q(F )−1(0), Lemmas 12.6 (c) and 12.8 show that

p log
[︂

exp
(︂1

2τ ◦ F̌
)︂

|Q(F )|C4+1 |hj ◦ F̌ |
]︂

+ log |Q(F )|2

62[P] The sequence is df1, . . . , dfn. The final differential is accidentally repeated in the web
TeX.

63[P] The rational meromorphic form extends to M̌ , the ambient variety in this section.
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extends to a psh function on X. Thus there exist an integer s > 0 sufficiently
large and ε > 0 sufficiently small such that, if g denotes the holomorphic function
on X defined by64

g = Q(F )shj(F̌ ),

then the function 1
2τ ◦ F̌ + log |g| is psh on X, and∫︂
X

exp
[︂
ε
(︂1

2τ ◦ F̌ + log |g|
)︂

− C8φ
]︂
βn < +∞.

Arguing as in Lemma 11.3 (a), we consequently obtain

lim sup
r→+∞

1
r
µr
[︂(︂1

2τ ◦ F̌ + log |g|
)︂

+

]︂
⩽
C8 − n

ε
Vol(X) < +∞.

Let P ∈ C[X0, X1, . . . , Xn] be a polynomial such that degXℓ
P ⩽ kℓ, and let θ be

the function defined by

θ = log |P (g, f1, . . . , fn)| + k0
(︂1

2τ ◦ F̌ + C1 log |Q(F )|
)︂
.

By estimate (12.7) and the preceding results, θ is psh on X and satisfies an
estimate65

θ+ ⩽
n∑︂
j=1

kj log+ |fj | + k0

[︄(︂1
2τ ◦ F̌ + log |g|

)︂
+

+ C9 log+ |F |
]︄

+ C10.

By Corollary 7.3, we obtain the upper bound∫︂
X
ddcθ ∧ αn−1 ⩽ C11k0 +

n∑︂
j=1

kjδφ(fj)

with a constant C11 ⩾ 0. If a ∈ X, it follows that

orda P (g, f1, . . . , fn) ⩽ C12(k0 + k1 + · · · + kn), C12 ⩾ 0.

The argument of Theorem 8.5 then shows that g is algebraic over C(f1, . . . , fn),
and hence so is the function hj(F̌ ) = Q(F )−sg. Consequently hj is algebraic over
C(z1, . . . , zn), i.e. hj satisfies an equation

d∑︂
ℓ=0

aℓ(z1, . . . , zn) hℓj = 0, aℓ ∈ C[z1, . . . , zn], ad ̸≡ 0.

64[P/E] The functions in this argument are composed with F̌ , and each estimate is written
on the space where its terms are defined.

65[P/E] The bound includes the complete positive-part term and C9 log+ |F |. In the following
sum, the index runs from 1 to n.
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The element adhj is therefore integral over C[z1, . . . , zn]; we deduce an upper
bound

|ad(z)hj(z)| ⩽ C13(1 + |z|)C14 .

Since hj is holomorphic on the open set Ω ⊂ M̌ and the complement M̌ ∖ Ω
is pluripolar, adhj extends to a polynomial on M̌ . Consequently h =

∑︁
hjdzj

extends to a rational meromorphic 1-form on M̌ . □

Proposition 12.10. – Let Ω1 be the largest Zariski-open subset of M̌ on which
h is holomorphic. Then Ω = Ω1.

Proof. Clearly Ω ⊂ Ω1. To obtain the reverse inclusion, first let us show that τ is
of class C∞ on Ω1. We know that equation (12.5)

∂τ = h− u

2i
holds on Ω, and that v := h− u

2i ∈ C∞
1,0(Ω1), since u ∈ C∞

1,0(M̌). Thus v + v = dτ
on Ω, whence d(v + v) = 0 on Ω1 by continuity. Let (Ω1,j)j∈J be a covering of
Ω1 by simply connected open sets. There exist functions τj ∈ C∞(Ω1,j) such that
dτj = v + v on Ω1,j . The function τ − τj is then locally constant on Ω1,j ∩ Ω,
hence constant, because Ω1,j ∩ Ω = Ω1,j ∖ (M̌ ∖ Ω) is connected. It follows that
τ ∈ C∞(Ω1), and since τ = −∞ on M̌ ∖ Ω, we obtain Ω1 ∖ Ω = ∅. □

Corollary 12.11. – F (X ∖ f−1
n+1(0)) is a Zariski-open subset of M .

Proof. If x is any point of the open set X∖f−1
n+1(0), then F (x) /∈ Msing∪{zn+1 = 0},

so there exists a polynomial Qx divisible by zn+1 and vanishing on Msing, such
that Qx(F (x)) ̸= 0. By Proposition 12.10,66 Ωx := F (X ∖ Qx(F )−1(0)) is a
Zariski-open subset of M , and hence so is the union⋃︂

x∈X∖f−1
n+1(0)

Ωx = F (X ∖ f−1
n+1(0)). □

Since X ∖ f−1
n+1(0) is Stein, as is its biholomorphic image under F , we see in fact

that the complement M ∖F (X∖ f−1
n+1(0)) is necessarily an algebraic hypersurface

of M .

13 Proof of the algebraicity criterion (smooth case).

By Proposition 11.7 (a), to every point x0 ∈ X we can associate a morphism

F (0) = (f (0)
1 , . . . , f

(0)
N0

) ∈
[︁
A0
φ(X)

]︁N0

66[E] The result invoked here is Proposition 12.10, not a corollary.
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and a function g0 = f
(0)
n+1 such that the open set X∖g−1

0 (0) ∋ x0 is biholomorphic
under F (0) to a Zariski-open subset of an algebraic variety in CN0 . There is
therefore a countable covering of X by such open sets X ∖ g−1

k (0), associated with
morphisms F (k) : X → CNk . Consider the product morphism

Fk = F (0) × F (1) × · · · × F (k) : X → CN0+···+Nk .

By Theorem 8.5, the image Fk(X) is contained in an irreducible algebraic
variety Mk ⊂ CN0 + ··· + Nk of dimension n, and Corollary 12.11 shows that
Fk(X ∖ g−1

j (0)) is a Zariski-open subset of Mk if j ⩽ k. Set

Yk =
⋂︂
j⩽k

g−1
j (0), Xk = X ∖ Yk =

⋃︂
j⩽k

(︁
X ∖ g−1

j (0)
)︁
.

By construction Fk : Xk → Fk(Xk) ⊂ Mk is an isomorphism, and Fk(Xk) is a
Zariski-open subset of Mk. We may therefore state:

Proposition 13.1. – If X satisfies assumptions 9.1’(a’,b’), then X is the union
of an increasing sequence of quasi-affine varieties Xk, where each Xk identifies
with a Zariski-open subset of Xk+1 with the induced algebraic structure. □

In other words, X does have the structure of a ringed space which is “locally” that
of an algebraic variety, but the “Zariski topology” need not be quasi-compact.
Such varieties do in fact exist. It suffices to take for X the (smooth) surface with
equation sin x = yz in C3, and for Yk the countable union of lines67

({jπ} × {0} × C),

j ∈ Z, |j| > k. The open set Xk = X ∖ Yk then identifies with the algebraic
variety

Vk =
{︂

(x, y, z) ∈ C3 ; x
(︂
1 − x2

π2

)︂
· · ·
(︂
1 − x2

k2π2

)︂
= yz

}︂
via the map Vk ↪→ X defined by 68

(x, y, z) ↦→ (x, y, z′) where z′ = z
+∞∏︂
j=k+1

(︂
1 − x2

j2π2

)︂
,

with inclusions Vk ↪→ Vk+1 given by the algebraic morphisms69

(x, y, z) ↦→ (x, y, z′) where z′ = z
(︂
1 − x2

(k + 1)2π2

)︂
. □

67[P] The published example removes only the single family of lines displayed below. The
web TeX adds a second family that is not part of the example.

68[E] The Euler-product tail is taken once, over j ⩾ k + 1. Both source versions accidentally
repeat the product.

69[W] The two explicit maps in this paragraph were added in the later web TeX and are
useful, so they have been kept.
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We shall now show that the sequence (Xk) is necessarily stationary if the coho-
mology spaces H2q(X ; R) are finite-dimensional [assumption 9.1’(c’)].

Lemma 13.2. – Let X be a complex manifold 70 of dimension n, let Y be an
analytic set of dimension ⩽ p in X, and let d = n − p = codimC Y . Then the
relative cohomology space Hq(X,X ∖ Y ; R) vanishes if q < 2d, and

H2d(X,X ∖ Y ; R) ≃ RJ ,

where (Yj)j∈J is the family of irreducible components of dimension p of Y .

Proof. We refer, for example, to E. Spanier [Sp] for the elementary arguments
from algebraic topology that will be used. We argue by induction on p, the result
being trivial for p = 0. If p ⩾ 1, let Z be the union of the singular locus Ysing and
the irreducible components of Y of dimension < p, so that dimZ ⩽ p− 1. The
exact sequence of the triple is

Hq(X,X ∖ Z) → Hq(X,X ∖ Y ) → Hq(X ∖ Z,X ∖ Y ) → Hq+1(X,X ∖ Z).

By the induction hypothesis Hq(X,X ∖ Z) = Hq+1(X,X ∖ Z) = 0 for q ⩽ 2d,
henceHq(X,X∖Y ) ≃ Hq(X∖Z,X∖Y ). After replacing (X,Y ) by (X∖Z, Y ∖Z),
we may assume that Y is smooth of dimension p.

Y then has a tubular neighborhood U homeomorphic to the normal bundle NY .
By the excision theorem, we therefore obtain

Hq(X,X ∖ Y ) ≃ Hq(U,U ∖ Y ) ≃ Hq(NY,N•Y )

where N•Y is the complement of the zero section of NY . Since the bundle NY
has real rank 2d, the Thom–Gysin isomorphism theorem implies

Hq(NY,N•Y ) ≃ Hq−2d(Y ),

and for q = 2d, H0(Y ) ≃ RJ . □

We now return to the setting of Proposition 13.1, where Xk = X ∖ Yk, and set
dimYk = pk, dk = n− pk. The exact sequence of the pair (X,X ∖ Yk) gives

H2dk−1(X ∖ Yk) → H2dk(X,X ∖ Yk) → H2dk(X).

Since X ∖ Yk is isomorphic to an algebraic variety, H2dk−1(X ∖ Yk) is finite-
dimensional, and the same holds for H2dk(X) by assumption. Lemma 13.2
therefore shows that Yk has only finitely many irreducible components of maximal

70[E] The lemma must be stated for a complex manifold. For a singular analytic variety, its
conclusion can fail at a singular point.
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dimension pk. Since Yk is a decreasing sequence with empty intersection, we see
that there exists ℓ > k such that dimYℓ < pk. After finitely many steps we shall
therefore have Yℓ = ∅, hence X = Xℓ. Set

F = Fℓ = F (0) × · · · × F (ℓ), M = Mℓ, N = N0 + · · · +Nℓ.

The morphism F : X → M ⊂ CN is then an analytic isomorphism from X onto a
Zariski-open subset Ω ⊂ M . Replacing M by its normalization as in the proof
of 11.7 (b), we may assume that M is normal. Since Ω is Stein, the complement
H = M ∖ Ω is necessarily a hypersurface of M . Denote by K(Ω) ≃ K(M) the
field of rational functions on Ω, and by R(Ω) the ring of algebraic regular functions
on Ω. Write

F = (f1, . . . , fN ) ∈
[︁
A0
φ(X)

]︁N
.

The comorphism F ∗ maps K(Ω) into the field C(f1, . . . , fN ) ⊂ Kφ(X). The
following proposition shows that the algebraic structures (X,Kφ(X) ∩ O(X)) and
(Ω, R(Ω)) are isomorphic.

Proposition 13.3. – We have the following properties:

(a) F ∗ : K(Ω) → Kφ(X) is an isomorphism.

(b) F ∗R(Ω) = Kφ(X) ∩ O(X).

Proof.

(a) It suffices to prove the surjectivity of F ∗. Now, if g ∈ Kφ(X), then g is
algebraic over C(f1, . . . , fN ) by 11.6. Hence g ◦ F−1 is meromorphic on Ω and
algebraic over K(Ω). It follows that g ◦ F−1 ∈ K(Ω) = K(M), by arguing, for
example, as at the end of the proof of 12.9.

(b) follows immediately from (a), provided we verify the equality R(Ω) = K(Ω) ∩
Oanal(Ω). The inclusion R(Ω) ⊂ . . . is clear. Conversely, given g ∈ K(Ω) and
x ∈ Ω, write g = u/v, where u, v ∈ Ox,alg, as an irreducible expression for g at x
(which is smooth by assumption). This expression is also irreducible in Ox,anal.
Since g ∈ Ox,anal, we therefore have v(x) ̸= 0, hence g ∈ Ox,alg and g ∈ R(Ω). □

To complete the proof of Theorem 9.1’, it now remains to show that Ω is al-
gebraically isomorphic to an affine algebraic variety; in other words, we must
prove the existence of a proper algebraic embedding Ω = M ∖H → CN ′ . This is
easy if M is smooth, but when M is singular the algebraic hypersurface H need
not be locally a complete intersection, and in this situation Goodman [Go] gave
examples for which the algebra R(M ∖H) is not finitely generated. We thank
N. Mok for pointing out this difficulty to us, which invalidated our original proof.
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The argument in [Mok2] consists in observing that Ω is rationally convex in the
following sense: for every compact set K ⊂ Ω, the hull

K̂ =
{︂
x ∈ Ω ; |g(x)| ⩽ sup

K
|g| for every g ∈ R(Ω)

}︂
is compact. Indeed, this follows from 11.5 (d) and the fact that Ω ≃ X is Stein.
We then apply part (b) of the theorem below.

Theorem 13.4. – Let M ⊂ CN be an affine algebraic variety (possibly singular)
of pure dimension n, and let H be an algebraic hypersurface of M . Then M ∖H
is isomorphic to an affine algebraic variety under either of the following two
assumptions:

(a) H is, (as a reduced subscheme) 71, locally a complete intersection in M .

(b) M ∖H is rationally convex ([Mok2]).

Proof under assumption (a). For every x ∈ H, by assumption there exist a
polynomial P ∈ C[z1, . . . , zN ] and a Zariski neighborhood V (x) ⊂ M such that
H ∩ V (x) = P−1(0) ∩ V (x). Let H ′ be the union of the irreducible components of
P−1(0) not contained in H. Since x /∈ H ′, there exists a polynomial Q vanishing
on H ′ such that Q(x) = 1. Hilbert’s Nullstellensatz implies the existence of an
integer s ∈ N such that Qs/P ∈ R(M ∖H). Since the Zariski topology is quasi-
compact, we may extract a finite covering V (x1), . . . , V (xm) of H and a finite
family of polynomials Pj , Q

sj

j associated with the points xj . Our construction
then shows that the morphism(︁

z1, . . . , zN , Q
s1
1 /P1, . . . , Q

sm
m /Pm

)︁
: M ∖H → CN+m

is a proper embedding.

Proof under assumption (b). We first construct, by descending induction on k,
a sequence of closed algebraic subvarieties Mk ⊂ M of pure dimension k, such
that Mk ∩H is a hypersurface of Mk. Set Mn = M ; if Mk has been constructed,
choose a polynomial Pk ∈ R(M) vanishing on H but not vanishing identically on
any irreducible component of Mk; then let Mk−1 be the union of the irreducible
components of Mk ∩ P−1

k (0) not contained in H.

We now argue by ascending induction on k. We shall construct rational functions
g1, . . . , gmk

in R(M ∖H) such that the morphism

Φk : (z1, . . . , zN ) ↦→ (z1, . . . , zN , g1(z), . . . , gmk
(z)) : M ∖H → CN+mk

71[W] The phrase “as a reduced subscheme” appears only in the later web TeX and has been
kept because it makes the hypothesis precise.
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is a proper embedding when restricted to Mk ∖H (for k = n, the theorem will
thus be proved). If k = dimMk = 1, this property is clear, because assumption (b)
and the maximum principle imply the existence of rational functions g1, . . . , gm1 ∈
R(M ∖H) whose restrictions to M1 have poles at the distinct points x1, . . . , xm1

of M1 ∩H. Now suppose that Φk has been constructed. Let πk : CN+mk → CN
be the projection, let M be the closure of Φk(M ∖H) in CN+mk , and let H =
M ∩ π−1

k (H), so that
Φk : M ∖H → M ∖H

is an isomorphism (with inverse Φ−1
k = πk|M∖H). By the induction hypothesis,

72 Mk = Φk(Mk ∖H) is a closed algebraic subvariety of Mk+1 = Φk(Mk+1 ∖H).
Since Mk+1 ∩ (Pk+1 ◦πk)−1(0) is the disjoint union (Mk+1 ∩H) ∪Mk, we see that
Mk+1∩H is locally a complete intersection in Mk+1 (and is locally defined there by
Pk+1◦πk). For every x ∈ Mk+1∩H, there exists a polynomial Q ∈ R(M) such that
Q(x) = 1 and which vanishes on all irreducible components of (Pk+1 ◦ πk)−1(0)
that do not meet Mk+1 ∩ H. We may therefore complete Φk to a morphism
Φk+1 as in case (a), by adjoining to Φk the functions gj = (Qj ◦ Φk)sj/Pk+1,
mk < j ⩽ mk+1; then Φk+1 : Mk+1 ∖ H → CN+mk+1 is proper, because the
functions gj ◦ πk = Q

sj

j /(Pk+1 ◦ πk) define a proper morphism on Mk+1 ∖H. □

Property 13.3 (a) implies that Kφ(X) is generated by f1, . . . , fN , and hence that
Kφ(X) is also the field of fractions of A0

φ(X), which was by no means obvious a
priori. In fact, we can obtain a slightly more precise result.

Proposition 13.5. – Under assumption 9.1’(b’) [ resp. 9.1 (b) ], Kφ(X) is
generated by Abφ(X), where b = 2c

1+c [ resp. by A2
φ(X) ].

Proof. In view of the preceding argument, it suffices to construct an injective
embedding

G = (g1, . . . , gs) : X → Cs, gj ∈ Abφ(X).

Proposition 11.5 (c) makes it possible, for all points x0 ∈ X and (x1, x2) ∈
X×X∖∆ (where ∆ = the diagonal), to construct functions g1, . . . , gn, g ∈ Abφ(X)
such that dg1 ∧ . . . ∧ dgn(x0) ̸= 0 and g(x1) ̸= g(x2). Since the open sets{︁

x ; dg1 ∧ . . . ∧ dgn(x) ̸= 0
}︁

and
{︁
(x, y) ; g(x) ̸= g(y)

}︁
⊂ X ×X ∖ ∆

are Zariski open, there exist finite coverings of X and X ×X ∖∆, respectively, by
such open sets. The collection of functions g, gj thus obtained gives the desired
morphism G. □

72[E] In this ascending induction step, the polynomial is Pk+1 throughout. The new indices
satisfy mk < j ⩽ mk+1, so the last index is included.
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Remark 13.6. – In full generality we have the inclusions

A∞
φ (X) ⊂ Abφ(X) ⊂ A0

φ(X) ⊂ Aφ(X), 0 < b ⩽ 2,

but for the last two we do not know whether equality always holds. The surprising
fact is that the algebra A∞

φ (X) can have transcendence degree < n. For example,
choose X = C, with the strictly psh function

φ(z) =
∑︂
j∈N

2−j log(εj + |z − j|2), 0 < εj ⩽ 1, ε0 = 1.

Given r ⩾ 3, splitting the sum into the indices j ⩽ log2 r on the one hand and
j > log2 r on the other, we readily obtain for |z| = r the estimates

φ(z) = 2 log(1 + |z|2) +O
(︂ log r

r

)︂
if ∀j, |z − j| > 1

2 ,(13.7)

φ(z) = 2 log(1 + |z|2) + 2−j log(εj + |z − j|2) +O
(︂ log r

r

)︂
if |z − j| ⩽ 1

2 .(13.8)

Choose εj so that

(13.9) 2 log(1+j2)+2−j log εj = log(1+log j), j ⩾ 1, i.e. εj =
[︂ 1 + log j
(1 + j2)2

]︂2j

.

We then have φ(j) ∼ log log j as j → +∞, so φ is an exhaustion function. The
functions f ∈ A∞

φ (C) have polynomial growth and must in addition satisfy |f(j)| ⩽
(log j)const as j → +∞. Consequently A∞

φ (C) consists only of the constants.
Conditions 9.1 (a) and (b) nevertheless hold. Indeed, a direct computation gives

ddcφ = 2i dz ∧ dz
∑︂
j∈N

2−jεj
(εj + |z − j|2)2 ,

so that
∫︁
C dd

cφ = 8π. The upper bound 9.1 (b) holds with the function

ψ(z) = − log
(︄∑︂
j∈N

2−jεj
(εj + |z − j|2)2

)︄
.

Considering only the term j = 0, we obtain the upper bound ψ(z) ⩽ 2 log(1+ |z|2).
For ε1/3

j ⩽ |z − j| ⩽ 1
2 , on the other hand, (13.8) and (13.9) × 2

3 give:

φ(z) ⩾ 2 log(1 + |z|2) + 2−j 2
3 log εj +O(1) ⩾ 2

3 log(1 + |z|2) +O(1),

whereas for |z − j| ⩽ ε
1/3
j we obtain

2−jεj
(εj + |z − j|2)2 ⩾

2−jεj

4 ε4/3
j

= 2−j−2ε
−1/3
j ,

so that ψ(z) ⩽ 0 if j is sufficiently large. We thus see that there exists a constant
B such that ψ ⩽ 3φ+B. □
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14 Algebraicity of singular complex spaces.

Let X be an analytic space of dimension n. If X is an algebraic set in CN , the
computations of §10 show that the geometric conditions 9.1 (a,b,c) are satisfied.
Conversely, in proving the sufficiency of the geometric conditions, we encounter
two main difficulties. First, Hörmander’s L2 estimates are a priori valid only on
a smooth Stein open set of the form X ∖ H, where H is a hypersurface of X
containing the singular locus Xsing. In order to apply an extension lemma, we
must therefore assume that X is normal.

Lemma 14.1. – Let f be a holomorphic function on X ∖ H such that f ∈
L2

loc(Xreg). Then, if X is normal, f extends to a holomorphic function on X.

Proof. Under the assumption f ∈ L2
loc(Xreg), it is classical that f extends from

Xreg ∖H to Xreg, and every holomorphic function on Xreg extends to X if X is
normal (cf. [Nar], Proposition VI.4). □

Another difficulty arises from the fact that the weight e−ψ need not be locally
integrable at certain singular points with respect to a smooth ambient metric.
Consider, for example, the case of the conical varietyX with equation zp0+· · ·+zpn =
0 in Cn+1, p ∈ N∗. The Ricci curvature of X is then given, by Proposition 10.1 (a),
by the formula

Ricci(β|X) = −1
2dd

cψ

with ψ(z) = log(|z0|2p−2 + · · · + |zn|2p−2). Thus the function e−ψ is locally
integrable at 0 only if p ⩽ n. In the case of a space X for which e−ψ is not
integrable near every point of a curve, Proposition 11.5 (c) no longer applies. We
are therefore led to assume that the singularities of X are isolated.

Proof of Theorem 9.1’ (sufficiency of the conditions in the case of isolated singu-
larities). Assumption (c’) implies that the irreducible components of X are finite
in number. Let

π : X̃ → X

be the normalization of X. The function φ ◦ π is not in general strictly psh near
π−1(Xsing), but after modifying φ ◦ π and ψ ◦ π near the finite set π−1(Xsing), we
see that the assumptions are satisfied by X̃. Ultimately, we may assume that X
is normal and irreducible.
The proof is now entirely similar to the one given in §11, 12, 13, so we shall
merely indicate the main lines and the necessary changes. Lemmas 11.2 and 11.3
hold without any modification, as do Properties 11.5 (a,b,d). Assertion 11.5 (c)
remains valid if {x1, . . . , xm} ⊂ Xreg, and if some of the points xj are singular,
we have the following partial result (corresponding to the case ρ = 0).
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Lemma 14.2. – Let {x1, . . . , xm} ⊂ X be a finite set. Then there exists a
function f ∈ Abφ(X), b = 2c

1+c , having any prescribed jet of order s at each point
x1, x2, . . . , xm.

Proof. We use the same arguments as in 11.5 (c), replacing the system of local
coordinates z(j) by a generating set (z(j)

1 , . . . , z
(j)
Nj

) of the maximal ideal mX,xj of
OX,xj , and ρ1 by 73

ρ1 = (s+ 1)(n+ 2)
[︄

m∑︂
j=1

χj log |z(j)|2 + C1φ

]︄
.

Near xj , the construction then gives f = Pj(z(j)) − g with g holomorphic and
such that 74

|g|2 |z(j)|−2(s+1)(n+2) e−ψ ∈ L1
loc(X).

By H. Skoda’s L2 estimates [Sk4], this implies that g ∈ ms+1
X,xj

. □

Proposition 11.7 therefore remains applicable if x0 ∈ Xreg , and by repeating the
arguments of §12, 13, we construct a normal algebraic variety M and a morphism
F = (f1, . . . , fN ) : X → M whose restriction to Xreg is an isomorphism from Xreg
onto a Zariski-open subset of M . By Lemma 14.2, we may (after supplementing
F by finitely many functions fj) assume that F defines an embedding of X near
every singular point. The morphism F is then an isomorphism from X onto the
Zariski-open subset F (X) ⊂ M . The end of the proof is identical to that given
in §13. □

The argument just outlined also yields the following interesting result.

Theorem 14.3. – Let X be a normal analytic space of dimension n, satisfying
assumptions 9.1’(a’,b’,c’). Then Xreg is analytically isomorphic to a quasi-affine
algebraic variety, the isomorphism being given by a φ-polynomial morphism F
from X into a normal affine algebraic variety M ⊂ CN of dimension n. □

73[E] To prescribe a jet of order s, the construction must force the correction term into the
ideal power ms+1. The weight therefore also uses s+ 1.

74[E] The displayed integrand already contains |g|2. Its correct local integrability class is
therefore L1

loc, not L2
loc.
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15 Appendix: currents and plurisubharmonic func-
tions
of minimal growth on an affine algebraic variety.

Let M be a smooth affine algebraic subvariety of dimension n. We equip M with
the Kähler metrics

β = ddc|z|2, ω = ddc log(1 + |z|2)

induced respectively by the flat metric of CN and the Fubini–Study metric of
projective space PN .

Definition 15.1. – Psh functions and currents of minimal growth:

(a) A psh function V on M is said to have minimal growth if there exist constants
C0, C1 ⩾ 0 such that

V (z) ⩽ C1 log+ |z| + C0.

(b) A closed positive current T of bidegree (1, 1) on M is said to have minimal
growth if ∫︂

M
T ∧ ωn−1 < +∞.

Corollary 7.3 immediately gives

Proposition 15.2. – If V is psh and has minimal growth on M , then T = ddcV
has minimal growth. □

Conversely, given a closed current T ⩾ 0 of minimal growth, we can find a solution
of the equation ddcV = T only if the cohomology class of T vanishes. The purpose
of this section is to prove the following general result, which is a partial converse
to Proposition 15.2.

Theorem 15.3. – Let T be a closed positive (1, 1)-current on M such that∫︂
M
T ∧ ωn−1 < +∞.

Then there exist a psh function V and a (1, 0)-form u of class C∞ on M having
the properties below, where C1, C2, C3 are constants ⩾ 0.

(a) ddcV ⩾ T ;

(b) V (z) ⩽ C1 log+ |z|;

(c) ddcV − T = ∂u;
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(d) |u|ω ⩽ C2(1 + |z|)C3 .

The proof will proceed in several steps. First observe that condition 15.1 (b) is
equivalent to the following:

(15.4) σ(r) =
∫︂

|ζ|<r
T (ζ) ∧ βn−1 ⩽ C r2n−2.

There is no loss of generality in assuming n ⩾ 2. Otherwise, we may apply
Theorem 15.3 to the variety M ′ = M × C and to the pullback current T ′ = π∗

MT .
The function V (z) = V ′(z, 0) and the form u = u′

|M×{0} then have the required
properties.

Given a current T ⩾ 0 of bidegree (1, 1) on M satisfying (15.4), we may associate
with it a potential VT by the same formulas as those used by P. Lelong [Le3]
in Cn:

(15.5) VT (z) =
∫︂
M
T (ζ) ∧ βn−1 Ln(z, ζ)

with
Ln(z, ζ) = 1

(n− 1)(4π)n
[︃ 1

(1 + |ζ|2)n−1 − 1
|z − ζ|2n−2

]︃
.

Lemma 15.6. – Formula (15.5) defines a function VT ∈ L1
loc(M) that is upper

semicontinuous. Moreover, there exist constants C0, C1 such that

VT (z) ⩽ C1 log+ |z| + C0.

Proof. The kernel Ln clearly satisfies the following estimates:

|Ln(z, ζ)| ⩽ C2|z| |ζ|1−2n if |ζ| ⩾ 2|z| ⩾ 1,

Ln(z, ζ) ⩽ C3|ζ|2−2n if 1 ⩽ |ζ| ⩽ 2|z|.

For |z| = r ⩾ 1, we deduce

VT (z) ⩽ C4

[︄
1 +

∫︂ 2r

1

1
t2n−2 dσ(t) +

∫︂ +∞

2r

r

t2n−1 dσ(t)
]︄
.

After integration by parts, in view of (15.4), we obtain:

VT (z) ⩽ C4

[︄
1 + σ(2r)

(2r)2n−2 + (2n− 2)
∫︂ 2r

1

σ(t) dt
t2n−1 + (2n− 1)r

∫︂ +∞

2r

σ(t) dt
t2n

]︄
⩽ C5(1 + log r).
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The preceding estimates also show that the integral (15.5) converges absolutely
on the set {ζ ∈ M ; |ζ| > 2|z|}, uniformly when z ranges over a compact subset
of M . The property VT ∈ L1

loc(M) then follows from Fubini’s theorem and the
fact that |Ln(z, ζ)| is, locally on M ×M , integrable in z uniformly with respect
to ζ. □

Lemma 15.7. – For every point z ∈ M , there exist balls B′
z ⊂ TzM , B′′

z ⊂
(TzM)⊥ centered at 0 and of radius r(z) = C6(1 + |z|)−C7 , where C6, C7 > 0, and
a holomorphic map gz : B′

z → B′′
z such that M ∩ (z +B′

z +B′′
z ) is the graph of gz,

i.e. if ζ − z = ζ ′ + ζ ′′ is the decomposition of a point ζ ∈ M according to the
decomposition CN = (TzM) ⊕ (TzM)⊥, then

M ∩ (z +B′
z +B′′

z ) =
{︁
ζ ∈ CN ; ζ ′′ = gz(ζ ′), ζ ′ ∈ B′

z

}︁
.

Proof. Let (P1, . . . , Pm) be a system of polynomial generators for the ideal of
the variety M in C[X1, . . . , XN ]. Since M is smooth, the partial Jacobians JK,L
of order N − n (cf. §10) do not all vanish simultaneously on M . By Hilbert’s
Nullstellensatz, the polynomials JK,L generate the unit ideal on M ; hence there
exist constants C8, C9 > 0 such that

max
K,L

|JK,L(z)| ⩾ C8(1 + |z|)−C9 , z ∈ M.

The lemma then follows from the implicit function theorem (in its quantitative
version). □

We now observe that formula (15.5) can be rewritten in the form

(15.8) VT (z) =
∫︂
M
T (ζ) ∧

[︁
Kn(z, ζ) −Hn(ζ)

]︁
with

Kn(z, ζ) = − 1
(n− 1)(4π)n

[︃
ddc|z − ζ|2

|z − ζ|2
]︃n−1

,

Hn(ζ) = − 1
(n− 1)(4π)n

β(ζ)n−1

(1 + |ζ|2)n−1 .

The properties of the kernel Kn will allow us to compute ddcVT easily in terms
of T .

Lemma 15.9. – ddcKn = [∆] +Rn, where [∆] is the current of integration over
the diagonal of M × M and Rn is an (n, n)-current ⩾ 0 with locally integrable
coefficients on M ×M , satisfying the estimate

∥Rn(z, ζ)∥β⊕β ⩽ C10 min
[︃ 1

|z − ζ|2n
,

(1 + |z|)C11

|z − ζ|2n−1

]︃
.
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Proof. Away from the diagonal ∆, a classical computation (whose verification is
left to the reader) gives

ddcKn = (ddc|z − ζ|2)n − n |z − ζ|−2 d|z − ζ|2 ∧ dc|z − ζ|2 ∧ (ddc|z − ζ|2)n−1

(4π)n |z − ζ|2n

=
(︂ 1

4π ddc log |z − ζ|2
)︂n
,(15.10)

and we shall see below that 1∆ ddcKn = [∆]. In particular, we have

Rn = 1M×M∖∆ ddcKn ⩾ 0 and ∥Rn(z, ζ)∥ ⩽ C|z − ζ|−2n.

To obtain the second part of the upper bound, fix a point z ∈ M and use
Lemma 15.7. On restricting to M , at the point z we have

dz = dz′ = component of dz on TzM,

whereas at a nearby point ζ ∈ z + (B′
z +B′′

z ) we have:

dζ = dζ ′ + d(gz(ζ ′)).

It follows from (15.10): 75

Rn(z, ζ) =
[︄
ddc
(︁
|z′ − ζ ′|2 + |gz(ζ ′)|2

)︁
(4π) (|ζ ′|2 + |gz(ζ ′)|2)

−
d
(︁
|z′ − ζ ′|2 + |gz(ζ ′)|2

)︁
∧ dc

(︁
|z′ − ζ ′|2 + |gz(ζ ′)|2

)︁
(4π) (|ζ ′|2 + |gz(ζ ′)|2)2

]︄n
,

where the differentiation of gz(ζ ′) acts only on ζ ′. By construction, Lemma 15.7
gives gz(0) = D0gz = 0; Schwarz’s lemma then implies the inequalities

|gz(ζ ′)| ⩽ |ζ ′|, ζ ′ ∈ B′
z;

∥Dζ′gz(ζ ′)∥ ⩽ C(λ) |ζ ′|
r(z) , ζ ′ ∈ λB′

z, 0 < λ < 1.

We now observe that Rn(z, ζ) ≡ 0 if gz ≡ 0. It follows that, for ζ ′ ∈ 1
2B

′
z,

∥Rn(z, ζ)∥ ⩽
C12 |ζ ′| r(z)−1(︁

|ζ ′|2 + |gz(ζ ′)|2
)︁n ⩽

C12 r(z)−1

|z − ζ|2n−1 ,

75[C] The two coordinate expressions look different because the calculation takes place on
M ×M : the differentials involve both variables, while the denominators are evaluated at the
centered point z′ = 0 in the chart of Lemma 15.7. The formulas have therefore been left
unchanged.
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which completes the estimate in Lemma 15.9. The classical Bochner–Martinelli
formula in Cn, on the other hand, gives

ddcKn(z′, ζ ′) = [∆].

By a computation analogous to the one above, we obtain the inequality

∥Kn(z, ζ) −Kn(z′, ζ ′)∥ ⩽
C13 r(z)−1

|z − ζ|2n−3 ,

and for each differentiation of Kn the exponent of |z − ζ| increases by one. Thus
ddcKn − [∆] has coefficients in L1

loc on M ×M , and consequently carries no mass
on ∆. The proof is complete. □

Proposition 15.11. – If T is closed, then

ddcVT = T + ΘT where ΘT (z) =
∫︂
M
Rn(z, ζ) ∧ T (ζ) ⩾ 0.

In particular, VT is psh.

Proof. Let χ : R → [0, 1] be a function of class C∞ such that χ(t) = 1 for t < 1,
χ(t) = 0 for t > 2, and let w be an (n− 1, n− 1)-form of class C∞ with compact
support on M . Expression (15.8) gives∫︂

M
VT dd

cw = lim
r→+∞

I(r),

I(r) =
∫︂
M×M

χ
(︂ |ζ|
r

)︂
T (ζ) ∧

(︁
Kn(z, ζ) −Hn(ζ)

)︁
∧ ddcw(z).

Stokes’ theorem and Lemma 15.9 imply

I(r) =
∫︂
M×M

ddc
[︂
χ
(︂ |ζ|
r

)︂
T (ζ) ∧Kn(z, ζ)

]︂
∧ w(z)

=
∫︂
M×M

χ
(︂ |ζ|
r

)︂
T (ζ) ∧

(︁
[∆] +Rn(z, ζ)

)︁
∧ w(z)

+
∫︂
M×M

d
[︂
χ
(︂ |ζ|
r

)︂]︂
∧ T (ζ) ∧ dcKn(z, ζ) ∧ w(z)

−
∫︂
M×M

dc
[︂
χ
(︂ |ζ|
r

)︂]︂
∧ T (ζ) ∧ dKn(z, ζ) ∧ w(z)

+
∫︂
M×M

ddc
[︂
χ
(︂ |ζ|
r

)︂]︂
∧ T (ζ) ∧Kn(z, ζ) ∧ w(z)

because dT = dcT = 0. To justify this computation, we may first assume that T
is of class C∞, and then regularize T near the support of χ

(︁ |ζ|
r

)︁
⊂ {|ζ| ⩽ 2r}. We



88 J.-P. Demailly, Mémoires de la Société Mathématique de France, no. 19, 1985

now use (15.4) and the evident estimates 76

⃦⃦⃦
dχ
(︂ |ζ|
r

)︂⃦⃦⃦
= O

(︂1
r

)︂
,

⃦⃦⃦
ddcχ

(︂ |ζ|
r

)︂⃦⃦⃦
= O

(︂ 1
r2

)︂
,

∥dcKn(z, ζ)∥ = O
(︂ 1

|z − ζ|2n−1

)︂
, ∥Kn(z, ζ)∥ = O

(︂ 1
|z − ζ|2n−2

)︂
, n ̸= 1

to see that the three error integrals in the computation of I(r) 77 admit an upper
bound of the form O(r−2). We therefore obtain the expected formula

lim
r→+∞

I(r) =
∫︂
M
T (ζ) ∧ w(ζ) +

∫︂
M×M

T (ζ) ∧Rn(z, ζ) ∧ w(z). □

Proof of Theorem 15.3. By Proposition 15.2 and Lemma 15.6, the current ΘT is
closed, positive, and of minimal growth. We may therefore construct, by induction
on k, psh functions Vk and closed positive currents Tk of minimal growth such
that

T0 = T, Vk = VTk−1 , Tk = ΘTk−1 ,

ddcVk = Tk−1 + Tk.

Take the alternating sum of these identities. For odd indices we obtain:

ddc
(︁
V1 − V2 + · · · − V2k + V2k+1

)︁
= T + T2k+1 ⩾ 0,

and Lemma 15.15 below implies that the psh function V = V1 − V2 + · · · + V2k+1
has minimal growth. By Proposition 15.11, we have the recurrence relation

Tk+1(z) =
∫︂
M
Rn(z, ζ) ∧ Tk(ζ).

We now exploit the fact that Rn is a smoothing kernel of convolution type.

Lemma 15.12. – We have the following properties.

(a) For every integer k with 1 ⩽ k < 2n, there exist constants Ak, Bk ⩾ 0 such
that, for every ε ∈ ]0, 1[, one has

∥Tk(z)∥ ⩽ Ak(1 + |z|)Bk

[︃
ε−2 +

∫︂
|ζ−z|<ε r(z)

T (ζ) ∧ β(ζ)n−1

|ζ − z|2n−k

]︃
,

where r(z) = C6(1 + |z|)−C7 [ cf. Lemma 15.7 ].
76[P] The last estimate concerns Kn, as in the published paper. The web TeX incorrectly

replaces it by ddcKn.
77[E] The integration-by-parts formula above has three error integrals, all of which must be

estimated. The source text mentions only two.
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(b) For k ⩾ 3 the current Tk has continuous coefficients and

∥Tk(z)∥ = O
(︁
(1 + |z|)Bk

)︁
.

Proof.
(a) We argue by induction on k. Set

σk(z, r) =
∫︂

|ζ−z|<r
Tk(ζ) ∧ β(ζ)n−1.

We know that the function r ↦→ r2−2nσk(z, r) is increasing and that it tends to∫︁
M Tk ∧ ωn−1 < +∞ as r → +∞. Write Tk+1(z) = I1(z) + I2(z), where

I1(z) =
∫︂

|ζ−z|⩾ε r(z)
Rn(z, ζ) ∧ Tk(ζ),

I2(z) =
∫︂

|ζ−z|<ε r(z)
Rn(z, ζ) ∧ Tk(ζ).

We now use Lemma 15.9 to estimate I1(z) and I2(z). Up to a constant, the norm
∥I1(z)∥ is bounded above by∫︂ +∞

ε r(z)

dσk(z, r)
r2n ⩽ 2n

∫︂ +∞

ε r(z)

σk(z, r)
r2n+1 dr

⩽
n

ε2r(z)2

∫︂
M
Tk ∧ ωn−1 = O

(︁
ε−2(1 + |z|)2C7

)︁
,

whereas

(15.13) ∥I2(z)∥ ⩽ C10(1 + |z|)C11

∫︂
|ζ−z|<ε r(z)

∥Tk(ζ)∥ β(ζ)n

|ζ − z|2n−1 .

When k = 0, this proves estimate (a) for ∥T1(z)∥. In the general case, the estimate
of order k, combined with (15.13), gives

∥I2(z)∥ ⩽ C14(1 + |z|)Bk+C11
(︁
ε−2I3(z) + I4(z)

)︁
with

I3(z) =
∫︂

|ζ−z|<ε r(z)

β(ζ)n

|ζ − z|2n−1 ,

I4(z) =
∫︂

|ζ−z|<ε r(z)

β(ζ)n

|ζ − z|2n−1

∫︂
|w−ζ|<ε r(ζ)

T (w) ∧ β(w)n−1

|w − ζ|2n−k .

For ε sufficiently small, the inequalities |ζ − z| < ε r(z) and |w− ζ| < ε r(ζ) imply
|w − z| < 3ε r(z). With the notation of Lemma 15.7, the integrals I3(z) and I4(z)
therefore admit the upper bounds

I3(z) ⩽ C15

∫︂
|ζ′|<ε r(z)

β(ζ ′)n

|ζ ′|2n−1 ⩽ C16 ε r(z),

I4(z) ⩽ C17

∫︂
|w−z|<3ε r(z)

T (w) ∧ β(w)n−1
∫︂
ζ′∈Cn

β(ζ ′)n

|ζ ′|2n−1|w′ − ζ ′|2n−k .
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By homogeneity, we obtain∫︂
ζ′∈Cn

β(ζ ′)n

|ζ ′|2n−1|w′ − ζ ′|2n−k = C18
|w′|2n−k−1 ⩽

C19
|w − z|2n−k−1 ,

and estimate (a) follows at order k + 1.

(b) Use inequality (a) for k ⩾ 3. We obtain 78

∫︂
|ζ−z|<ε r(z)

T (ζ) ∧ β(ζ)n−1

|z − ζ|2n−k =
∫︂ ε r(z)

0

dσ0(z, r)
r2n−k

= σ0(z, ε r(z))
[ε r(z)]2n−k + (2n− k)

∫︂ ε r(z)

0

σ0(z, r) dr
r2n−k+1

= O
(︁
(ε r(z))k−2)︁.

Estimate (b) follows. Moreover, the preceding integral converges uniformly to 0
as ε → 0. In estimate (a), this integral corresponds to the iteration of the kernel
Rn over the balls |ζ − z| < ε r(z). All the other terms contributing to Tk involve
at least one integration over the complement {|ζ − z| ⩾ ε r(z)} and are therefore
continuous in z. Thus Tk is continuous as soon as k ⩾ 3. □

Proof of Theorem 15.3 (continued). At this point, we have constructed a psh
function V of minimal growth and a closed positive current Θ with continuous
coefficients such that

ddcV = T + Θ, ∥Θ(z)∥ = O
(︁
(1 + |z|)C20

)︁
.

We begin by showing that we may assume Θ to be of class C∞. Let (Ωj , gj)j∈N be
a locally finite atlas of M , with Ωj ⋐M and gj : Ωj → Cn a biholomorphic map
from Ωj onto the unit ball of Cn, and let (ψj)j∈N be a C∞ partition of unity on M
subordinate to this atlas. There exist psh functions τj on Ωj such that ddcτj = Θ.
Denote by τ εj = τj ∗ ρε a family of C∞ regularizations of τj with respect to the
chart gj , and set

W =
∑︂
j∈N

ψj(τj − τ
εj

j ), εj > 0.

On the open set Ωk we have

ddcW − Θ = ddc(W − τk) = ddc
[︄∑︂
j∈N

ψj(τj − τk − τ
εj

j )
]︄
,

and since τj − τk ∈ C∞(Ωj ∩ Ωk), we see that ddcW − Θ ∈ C∞
1,1(M). Since the

current Θ has continuous coefficients, τj and the 1-forms dτj , dcτj are continuous.
78[P/E] This Stieltjes calculation follows the published formula and uses σ0, because the

integral contains the original current T = T0.
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When the εj are chosen sufficiently small, we therefore obtain |W | ⩽ 1 and −ω ⩽
ddcW ⩽ ω, with ω = ddc log(1 + |z|2). The function V ′ = V −W + log(1 + |z|2)
is then psh and has minimal growth, and satisfies ddcV ′ = T + Θ′, where

Θ′ = Θ − ddcW + ω

is a closed positive current of class C∞ such that ∥Θ′(z)∥ = O
(︁
(1 + |z|)C20

)︁
.

We henceforth assume that Θ is of class C∞. We then apply the Hörmander–
Nakano–Skoda L2 estimates [Nak], [Sk4] to the current Θ, regarded as a closed
(n, 1)-form with values in the holomorphic bundle E = T ∗M ⊗

⋀︁n TM . The
cotangent bundle T ∗M is semipositive in the sense of Griffiths for the metric β (it
is a quotient of the flat bundle T ∗CN|M ), so by [DS] the bundle T ∗M ⊗

⋀︁n T ∗M

is semipositive in the sense of Nakano. Proposition 10.1 (b) shows that the
bundle E itself is semipositive in the sense of Nakano for the metric β e−2ψ, where
ψ = log

(︁∑︁
K,L |JK,L|2

)︁
. By the estimates of [Sk4] applied to the Hermitian bundle(︂
E, β exp

(︁
− 2ψ − C21 log(1 + |z|2)

)︁)︂
,

there exists a form u ∈ C∞
1,0(M) such that ∂u = Θ and∫︂
M

|u|2β (1 + |z|2)−C22 βn < +∞.

To complete the proof of Theorem 15.3 and, in particular, of 15.3 (d), it suffices
to convert this L2 estimate into an L∞ estimate 79

|u|β ⩽ C23(1 + |z|)C24 .

Since ∂u = Θ has an L∞ bound of polynomial growth, it suffices to use the
inequality below in the balls |ζ − z| < 1

2 r(z) of Lemma 15.7. □

Lemma 15.14. – Let v be a function of class C1 in the ball B(r) ⊂ Cn.80 Then

|v(0)| ⩽
[︃

n!
πnr2n

∫︂
B(r)

|v(z)|2 dλ(z)
]︃1/2

+ 4n
2n+ 1 r · sup

B(r)
|∂v|.

Proof. Apply the Cauchy formula with remainder to the function t ↦→ v(tz),
z ∈ B(r), t ∈ C, |t| < 1. We obtain

v(0) = 1
2π

∫︂ 2π

0
v(eiθz) dθ − 1

π

∫︂
|t|<1

∂v(tz) · z
t

dλ(t),

|v(0)| ⩽ 1
2π

∫︂ 2π

0
|v(eiθz)| dθ + 2|z| sup

B(r)
|∂v|.

79[E] The estimate needed here is the polynomial-growth bound |u|β ⩽ C23(1 + |z|)C24 . Both
source versions instead print a squared norm with a decaying right-hand side, which cannot
imply Theorem 15.3(d).

80[W] The later web TeX corrects the numbering: equation (15.13) is followed by Lemmas
15.14 and 15.15. The printed paper repeats 15.13 and then uses 15.14.
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After averaging over z ∈ B(r), we obtain

|v(0)| ⩽ VM
[︁
|v| ; B(r)

]︁
+ 4n

2n+ 1 r · sup
B(r)

|∂v|,

and
VM

[︁
|v| ; B(r)

]︁
⩽ VM

[︁
|v|2 ; B(r)

]︁1/2

by the Cauchy–Schwarz inequality. □

It remains only to verify the following elementary result, which was used in the
course of the proof.

Lemma 15.15. – Let V1, V2 be two psh functions of minimal growth on M .
Assume that V = V1 − V2 is psh. Then V has minimal growth.

Proof. By Noether’s normalization theorem, there exist polynomial functions
f1, . . . , fn on M such that R(M) = C[z1, . . . , zN ]/I(M) is an integral algebra over
C[f1, . . . , fn]. The morphism F = (f1, . . . , fn) : M → Cn is therefore proper and
finite, and we have two-sided bounds 81

C25(1 + |z|)C26 ⩽ 1 + |F (z)| ⩽ C27(1 + |z|)C28

with C25, . . . , C28 > 0. In view of the evident inequality

V ⩽ V+ ⩽ F ∗(F∗V+)

it suffices to show that F∗V+ has minimal growth in Cn. Since

V+ ⩽ (V1)+ + (V2)+ − V2,

we deduce for the mean value of F∗V+ over the ball B(r) ⊂ Cn centered at 0 the
upper bound

VM
[︁
F∗V+ ; B(r)

]︁
⩽ VM

[︁
F∗(V1)+ + F∗(V2)+ ; B(r)

]︁
− VM

[︁
F∗V2 ; B(r)

]︁
.

The functions F∗(V1)+, F∗(V2)+ are psh and have minimal growth, while the
function r ↦→ VM[F∗V2 ; B(r)] is increasing. Consequently, we obtain an upper
bound

VM
[︁
F∗V+ ; B(r)

]︁
⩽ C29 log+ r + C30,

and the lemma follows from the mean-value inequalities

F∗V+(z) ⩽ VM
[︁
F∗V+ ; B(z, r)

]︁
⩽ 22n VM

[︁
F∗V+ ; B(0, 2r)

]︁
⩽ C31 log+ r + C32

with r := |z|. □

81[E] The lower bound is written for 1 + |F (z)| so that it remains valid when F (z) = 0.
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