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0 Introduction.

The present study is set in the general framework of complex analytic spaces. The
first section is therefore devoted to defining differential forms, positive currents,
and plurisubharmonic functions on a possibly singular complex space X. Given a
local embedding of X into an open set Q C CV, we define differential forms on
X as the restrictions to X of “ambient” forms on 2; spaces of currents are then
obtained by duality, as in the smooth case.

Definition 0.1. — Let V : X — [—o0, +00o[ be a function.

(a) V is said to be plurisubharmonic (psh for short) on X if V is locally the
restriction to X of psh functions on the ambient space CN.

(b) V' is said to be weakly psh if V' is locally integrable and locally bounded above
on X, and if dd°V = 0.

Notation. Throughout, we set
d®=1i(0—9), sothat dd°= 2id0.

Every psh function is then weakly psh, but in general a weakly psh function need
not agree almost everywhere with a psh function. We nevertheless show that the
two notions coincide when the space X is locally irreducible. The proof of this
result uses two ingredients: on the one hand, the characterization of psh functions
due to Fornaess and Narasimhan [FN], and on the other, an extension theorem
for bounded psh functions across the singular locus of X (which uses resolution
of singularities). We also study the behavior of closed positive currents and psh
functions under proper direct image.

In §2, we essentially follow the method developed by Bedford and Taylor [BT2]
to give meaning to the positive current ddpq A ... A dd°pj, when the ¢; are
locally bounded psh functions, and we generalize it to the case in which one of the
functions (say ;) is not locally bounded. The classical Chern-Levine-Nirenberg
inequalities can then be stated as follows:

Theorem 0.2. — For every open set w € X and every compact set K C w, there
are constants C, Co depending only on w and K such that the following mass
estimates hold:

(a) /K [dd°p1 A ... Addpr|| < CrllrllL1)llezllLoe @w) - - - 1kl Loo (@)

(b) /K||901 ddpa A ... A dd k| < Collerll iy lle2lloow) - - - okl oo (w)-
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In this setting we finally establish the sequential continuity of the Monge-Ampeére
operators

(Q1,- k) —> dd°p1 A ... ANddp,  and @1 dd°pa A ... A dd ey

for decreasing sequences @7, ..., ¢} of psh functions.

Now suppose that X is a Stein space equipped with a continuous psh exhaustion
function ¢ : X — [—o0, R[. We write

B(r)={ze X; o(z) <r}, S(ry={ze X; ¢(2) =r}, r € [—oo, R|

for the “pseudoballs” and “pseudospheres” associated with ¢. We show that these
data naturally determine a collection of positive measures p,, supported on the
spheres S(r), which we call the Monge-Ampeére measures associated with ¢. They
are simply defined by

pr(h) = h(dd®)" ' ANdp,  n=dimX,
S(r)

when ¢ is of class C? and r is a regular value of . When ¢ is merely continuous,
we must use the Bedford-Taylor definition of (dd®)™ and set

pr = (dd max(,7))" — L _p(r) (ddp)".

There is then a general Jensen-Lelong-type formula whose proof is an immediate
consequence of Stokes” and Fubini’s theorems (cf. §3).

Theorem 0.3. — FEvery psh function V on X is p,-integrable for every r < R,
and

/ dt / ddV A (dd°o)" ™t = p, (V) — V(ddp)".
—o0 B(t) B(r)

We also show that the measures p, depend continuously on ¢ with respect to
decreasing sequences. As in the C* case, this shows that (u,) is the weakly left-
continuous family of measures that disintegrates the positive current (dd®p)"~1 A
dp A d°p over the spheres S(r).

The measures u, constructed in this way have a number of natural properties
important in the study of the growth and convexity of psh functions.

Section 4 studies the “residual” measure p_o = 1 5(_00)(ddcg0)”, supported on
the polar set S(—o0). By (0.3), the measure pi_ can also be defined as the weak
limit of p, as r tends to —oco. Following our earlier work [De4, De5], we show that
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l—oco essentially depends only on the asymptotic behavior of ¢ near S(—oc). This
result yields the classical inequality’

(0.4) (ddp)" > (2m)" D v(p, )" b,
zeX

where v(p,x) denotes the Lelong number of ¢ at a point x € X, and J, is the
Dirac measure at x (at a singular point x, this measure must be counted with
multiplicity equal to the multiplicity of X at x).

In §5, we show that the measures p, satisfy the maximum principle with respect
to psh functions, namely that for every psh function V' one has

(0.5) sup V' = essential supremum of V' with respect to p,.
B(r)

The remarkable point is that this equality holds even though the support of p,
may be very sparse in S(r), as happens, for example, when the pseudoballs B(r)
are analytic polyhedra.

Section 6 generalizes to the present setting the classical convexity properties due to
P. Lelong concerning means of psh functions on balls, spheres, polydiscs, .... We
show that the natural geometric hypothesis underlying these convexity properties
is that ¢ be a solution of the homogeneous Monge-Ampeére equation (dd®p)™ = 0.
More precisely:

Theorem 0.6. — Suppose that (dd°p)™ = 0 on the open set {¢ > A}. Let V
be a psh function on X. Then the supremum of V' on B(r), the means u,(V),

and, more generally, the LP-means r + [, (VP)]}/P are increasing and convex
functions of r € |A, R[.2

This result follows from elementary second-derivative calculations involving
Jensen’s formula 0.3 and Stokes’ and Fubini’s theorems. More generally, we
prove a version of Theorem 0.6 “with parameters” for the measures ji, , on the
fibers m~1(y) of a holomorphic fibration 7 : X — Y. The psh function ¢ on X is
assumed to be exhaustive on the fibers and to satisfy (dd¢)™ = 0 on the open set
{¢ > A}, where n is the dimension of the fibers. Then the means p, (V) and
the LP-means are weakly psh functions of (y,z) on Y x C, where » = Re z. This
readily yields the following extension of Theorem 0.6 to product spaces.

Theorem 0.7. — Let X1,..., X be Stein spaces, equipped with continuous psh
ezhaustion functions p;j : X; — [—00, R;[ such that (dd°p;)™ =0 on the open set

'[P] The published version includes both dd®p and the factor (27r)™ in (0.4). The factor also
agrees with Corollary 4.8.
2[P] The published version gives the interval |4, R[, as do Theorems 6.3 and 6.4.
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{¢j > A;}, nj =dim X;. If V is psh on Xy x --- x X}, then the LP-mean
1/p
M\I;(Tlﬂ s 7rk) = [Nm - ® :U*?“k(VJIr))}

is jointly convex in the variables (r1,...,7%) € [1<j<x JAj, Ryl

In Sections 7 and 8, we make the additional assumption that the volume of X
has moderate growth at infinity (here the “radius” R is assumed to equal +00).
More precisely, we assume that

. 1
(0.8) lim || =0.

r—+oo r
Under this hypothesis, Jensen’s formula 0.3 implies the following fundamental

inequality:

1
(0.9) /X dd°V A (ddp)" ! < liminf = p,(Vy),

r—+oo T

which yields a number of results concerning the growth of psh functions or the
value distribution of holomorphic functions (as suggested by the paper
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of N. Sibony and P.-M. Wong [SW]). In particular, every bounded psh or holo-
morphic function on X is constant.

Given a holomorphic function f on X, we also define the “degree” of f relative
to ¢ by

(0.10) 34(f) = limsup ~ u(log, 1))

r—-+00

and say that f is ¢-polynomial if ,(f) is finite. Inequality (0.9) then implies
that the order of vanishing of f at a regular point a € X satisfies the estimate

orde(f) < C(a) 0y (f).

An elementary linear-algebra argument due to Siegel consequently gives the
following algebraicity theorem (we assume X irreducible).

Theorem 0.11. — Let K,(X) be the field of meromorphic functions of the form
f/g, where f and g are p-polynomial. Then:

(a) 0 < degtre K,(X) < dime X;

(b) If degtrc K,(X) = dimc X, then the field K,(X) is finitely generated.

As a special case of this theorem, we recover W. Stoll’s result [St1] characterizing
algebraic varieties in CV by the property that their area has minimal growth.

Part B of this work is devoted to characterizing affine algebraic varieties by an
“intrinsic” geometric criterion involving finiteness of the Monge-Ampere volume
and a lower bound on the Ricci curvature. More precisely, we prove the following
result:

Theorem 0.12. — Let X be a smooth, connected complex analytic variety of
dimension n. Then X is analytically isomorphic to an affine algebraic variety
Xalg if and only if X satisfies condition (c) below and possesses a strictly psh
erhaustion function ¢ of class C*° such that:

(a) Vol(X) = / (dd°p)" < +o00;
X
(b) The Ricci curvature of the metric f = dd®(e¥) has a lower bound of the form
1
Ricci(B) > —iddcib,

with ¥ € C*°(X,R), where v < Ap + B and A, B are constants > 0;

(c) The even-degree cohomology spaces H*1(X,R) are finite-dimensional.
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The ring of regqular functions of the algebraic structure Xag is then given by the
intersection K,(X)N O(X).

Following W. Stoll’s work on strictly parabolic varieties (cf. [St2] and [Bu]),
D. Burns posed the problem of characterizing affine algebraic varieties in terms
of exhaustion functions having special properties, for example satisfying the
homogeneity condition (dd®p)™ = 0 outside a compact set. Theorem 0.12 gives a
partial answer to this problem. It also belongs to the line of sufficient conditions
obtained by Mok, Siu, and Yau [SY], [MSY], [Mok1,2,3], although our hypotheses
differ substantially from those in the works just cited. The broad outline of our
argument is in fact analogous to the approach followed in [Mok1,2,3].

Section 10 proves the necessity of conditions 0.12 (a,b,c) for every algebraic set
X C CN. The function ¢ is then given by ¢(z) = log(1 + |z|?), so that the
metric dd®p coincides with the Fubini-Study metric on projective space PV. By
an explicit computation of the Ricci curvature, we verify that the curvature
inequality (b) holds with ¢ =log > j 1 |Jx,1|?, where the Jg 1 are the Jacobian
determinants associated with a system of polynomial equations for X. We also
show by a counterexample that curvature condition (b) is indeed indispensable.

The proof that conditions (a,b,c) are sufficient occupies §11,12,13. Its general
outline is as follows. Using the Hérmander-Nakano-Skoda L? estimates for the
0 operator and hypothesis (b), we construct a system F = (f1,..., fn) of -
polynomial holomorphic functions which, outside an analytic set S C X, defines an
embedding of X \. S into C"V. Under the finite-volume hypothesis (a), algebraicity
theorem 0.11 implies that the transcendence degree of fi,..., fy is n = dim X.
Thus the morphism F maps X into an algebraic variety M C CV of dimension n.

The principal remaining difficulty is to prove that the embedding is quasi-surjective,
that is, that the open set = F(X ~\ 5) is a Zariski-open subset of M. We
obtain this result by first showing that the (1,1)-form Fi(ddp) extends to a
closed positive current 7' of finite mass on M, with T'=0 on M ~\ Q. In view
of the mass estimates arising from the construction, this is done essentially by
the integration-by-parts method developed by H. Skoda [Sk5] and H. El Mir
[EM]. To indicate the rest of the argument, consider the already significant case
N =n, i.e. M = C". There is then a psh function V on C™ of minimal growth,
ie. V(z) < Cilog, |z| + Cp, such that dd°V = T. By construction, the function
T =V — po F~! is pluriharmonic on Q and 7 tends to —oo at every point of 9.
It follows that the closed set M \ € is pluripolar. To show that M ~ 2 is in fact
algebraic, our method is to verify, using algebraicity theorem 0.11 once again,
that the holomorphic 1-form h = d7 extends to a rational meromorphic form on
M =C"

When M is an arbitrary affine algebraic variety, the link that exists in C™ between
closed positive (1,1)-currents T' of finite projective mass and psh functions of
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minimal growth no longer applies. Nevertheless, one can show (see the appendix,
§15) that the differential inequality dd“V > T can always be solved on M by a
psh solution V' such that the current dd°V — T is of class C*° and has polynomial
growth. The end of the proof is then almost identical. Hypothesis (c), for its part,
is used to show that the “Zariski topology” on X is quasi-compact, and hence
that X can be covered by finitely many open sets of the form X \ S (cf. §13). We
do not in fact know whether hypothesis (c) is truly indispensable.

Finally, Theorem 0.12 extends to complex spaces with isolated singularities (cf.
§9), but the extension to the general case raises difficulties that will be studied in
§14.
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A. Monge-Ampeére measures and growth of
plurisubharmonic functions

1 Currents and plurisubharmonic functions
on complex spaces.

The purpose of this section is to define currents and psh functions on a possibly
singular complex analytic space. Readers wishing to consider only the smooth
case in what follows may proceed directly to §2.

Let X be a reduced complex space of pure dimension n, and let Xeg (resp. Xging)
be the set of its regular (resp. singular) points. Since the definitions we shall
consider are local, we may, without restriction, assume that X is identified with
a closed analytic subset of an open set Q C CV by means of an embedding
j: X = Q.

We then define the space C!;”q(X) of (p, q)-forms of class C* on X, k € NU {oc},
as the image of the restriction morphism

Jt: C].f,q(Q) - C;];,q(Xreg)’

equipped with the quotient topology. If j; : X — Q; € CM is another embedding,
there are (locally) holomorphic maps f : Q@ — C™ and g : Q; — CV such that
j1=fojand j = goj;. The commutative diagram

X s ) cQ

i |1 xs

W Dog Q) —— QxQ,
g x1d
then shows that the morphisms j and j; do indeed induce the same image space
C]’,iq(X ), since Id x f and g x Id are closed smooth embeddings.

Definition 1.1. —  We denote by Dy q(X) (resp. Dk (X)) the space of compactly
supported (p,q)-forms on X of class C* (resp. C), equipped with the inductive
limit topology. By definition, the dual space D;Lq(X) is the space of currents of
bidimension (p,q) and bidegree (n — p,n — q) on X. Currents belonging to the
subspace [DE (X)) are said to be currents of order k.
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If T € [DF (X)), the current j,T € [D (Q)]' defined by
(3T, v) = <T7j*v>

for every form v € D’zf?q(Q) is supported on j(X). Nevertheless, when k£ > 1, a
current 6 € [D;f,q(Q)]’ supported on j(X)? need not come from a current T defined
on X, even if X is smooth.

The usual differential operators d, 0, 9, and the operation of exterior multiplication
by a C* form are also extended to currents by duality, exactly as in the smooth
case. It would be particularly interesting to be able to compute in general the
local cohomology groups of the operators d and 9; in fact, we do not even know
whether these groups always vanish for arbitrary singularities.

Definition 1.2. — A current T € D,, ,(X) is said to be (weakly) positive if the
current of bidegree (n,n)

T N iaq ANag A ... Niay ANy,
is a measure > 0 for every system of (1,0)-forms (a1, ..., ap) of class C* on X.
Equivalently, the current 7,7 is > 0 on €2; in particular, a current T' > 0 on X is

necessarily of order 0.

Now let F': X — Y be a morphism of analytic spaces X, Y of dimensions n, m,
respectively. To ensure that the pullback morphism

* . nk k
F*:C, (Y) = Cp (X)
is well defined, it suffices to verify the following lemma;:

Lemma 1.3. — Letj:Y — Q C CV be an embedding and o € C£7q(Q) a form
such that ayy,,, = 0. Then Frax,,, = 0.4

Proof. We may assume that X is smooth and connected. If F'(X) ¢ Yiing, then
F _1(Yreg) is dense in X, and the result follows by continuity. Thus the only
difficulty is the case F'(X) C Yiing. Arguing by induction on the dimension of ¥
and factoring F' as

X Vg & Y,

we see that it is enough to replace I’ by the inclusion morphism Yjine < Y.
Lemma 1.3 then follows from the continuity of o and the following lemma:

3[E] The support must be j(X). The expression j(Q) in the web TeX cannot be correct
because j is defined on X, not on €.
*[P] Here the regular locus is X,eg. The lowercase Zreg in the web TeX is a typo.
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Lemma 1.4. — Let a be a regular point of Ysng. Then there is a sequence of
points {a,} C Yieg converging to a such that, in the Grassmannian of m-planes
in CN, the tangent space Tg, Yreg converges to a plane containing T, Ying.

Proof. This is a consequence of the existence of Whitney stratifications of Y'; see
[Wh1] and [Wh2]. O

Suppose that the morphism £ : X — Y is proper. We then define the direct-image
map

F.: [Dz,q(X)]/ — [D;];,q(y)]l
by duality, setting, for every current T' € [D]ziq(X )]" and every form « € D’g’q(Y),
(BT, o) = (T, F*a).

If T'is > 0, then clearly so is F,T. 1\40reover, the direct-image morphism F
commutes with the operators d, d°, 9, 0. Thus, if T is closed and > 0, then F,.T
is also closed and > 0.

We now turn to the definition of psh functions.

Definition 1.5. — Let V : X — [—o00,400[ be a function that is not identically
—o0 on any open subset of X. We say that V' is plurisubharmonic on X (psh for
short) if, for every local embedding j : X < Q C CN, V is locally the restriction
of a psh function on Q.

J.E. Fornaess and R. Narasimhan gave the following fundamental characterization
of psh functions on a complex space.

Theorem 1.6 ([FN], th. 5.3.1) — A function V : X — [—o0, +00[ is psh on X
if and only if:

(a) V' is upper semicontinuous;

(b) For every holomorphic map f : A — X from the unit disc into X, V o f is
subharmonic or identically equal to —oo on A.

This result readily gives the following generalization of Brelot’s extension theorem
to complex spaces.

Theorem 1.7. — Let X be a locally irreducible complex space and Y C X an
analytic subset with empty interior in X. Let V be a psh function on X \Y,
locally bounded above near Y. Then there is a unique psh function V*° on X

[P] The published version denotes the extension by V*, in agreement with the rest of
Theorem 1.7.
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extending V, given by

V*(y) = limsup V(z), yey.
zeX\Y, z—y

Proof.

(a) Uniqueness of V*. Since V* is upper semicontinuous, for every y € Y we have

V*(y)= limsup V*(z)> limsup V(x).
zeXNY, z—y zeX\Y, z—=y

Conversely, choose a holomorphic map f : A — X such that f(0) = y and
f(A) ¢ Y. Then 0 is isolated in f~1(Y), and since V* o f is psh on A, we obtain

Vi) = VI(H0) = lmsup V(S(0) < lmsup V(a).
y L= T NY, z—y

(b) Plurisubharmonicity of V*. The result is local on X. By Hironaka’s desingu-
larization theorem [Hi], there are a smooth space X’ and a proper modification
o : X' = X; by definition, o is proper and induces, outside an analytic set Z C X,
an isomorphism

o:X'No N 2) =X\ Z

For every = € X, the fiber 0~1(z) is compact and connected. Indeed, if o~ (x)
were disconnected, the point z would have an irreducible open neighborhood U
(X is assumed locally irreducible) such that o~!(U) was disconnected; but then
U . Z would be connected and o~ 1(U) \ 0~!(Z) disconnected, a contradiction.
The function V oo is psh on X’ \ 0~ }(Y) and locally bounded above near o~ 1(Y").
By Brelot’s theorem in the smooth case, V o o extends to a psh function V'
on X’. The function V’ is necessarily constant on the fibers o=!(z), and therefore
descends to an upper semicontinuous function V* on X. We now show that
V* is psh on X by using Theorem 1.6.° Given a germ of a holomorphic map
f:(A0) = (X, z), there is in X’ a germ of a curve (I”,2’) lying over the image
I' = f(A); hence there are an integer k € N* and a germ f': (A,0) — (X', 2)
such that f(t*) = o(f'(t)). Consequently V*(f(t*)) = V'(f'(t)) is psh on (A, 0),
which implies that V* o f is also psh. ]

Proposition 1.8. — FEvery psh function V on X is locally integrable with respect
to the area measure of X (relative to any embedding j : X — Q C CV).

Proof. Since V is locally bounded above by definition, we may assume V' < 0. After
rotating the coordinates if necessary, at every point of X there is a local embedding
j: X < P into a polydisc P C C¥ such that the projections 7/ : X — P! onto

S[E] The correct reference is Theorem 1.6, whose characterization is used here. Both source
versions incorrectly refer back to Theorem 1.7.
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the coordinate n-planes with coordinates zj, j € I, I C {1,...,N}, |I| = n, are
proper with finite fibers. Thus, for every I, there is an analytic set S; C P!
such that the restriction 7/ : X ~ (7!)~1(S;) — P! \ S is a finite covering. The
function 71V defined by’

wVy)= ) Vi

ze(r) =1 (y)

is psh < 0 on P!~ S, and hence extends to a psh function V7 on all of P!. Since
the area measure of X is given by

dox = Z (71 *dcn,
|[I|l=n

where d\ is Lebesgue measure, the conclusion follows from the local integrability
of the V; on PL. O

Proposition 1.8 shows that every psh function on X can be regarded as a current
of bidegree (0,0). By regularizing a local extension of V to C¥ and passing to
the decreasing limit, one readily checks that the (1, 1)-current ddV = 2i09V is
positive on X.

Definition 1.9. — A locally integrable function V on X is said to be weakly psh
if V' is locally bounded above and dd°V = 0 in the sense of currents.

Unlike the smooth case, the assumption that V be locally bounded above is
essential. For example, consider the curve parametrized by (21, 22) = (t3,¢3) in
C?; the function V (t) = Re(1/t)® is not locally bounded above at 0, yet one may
verify that dd“V = 0 in the sense of currents (cf. Definition 1.1). Observe also
that a weakly psh function need not agree almost everywhere with a psh function,
as shown by the function on the curve z12zp = 0 in C? defined by V(21,0) = 1,
V(0, z2) = 0 if 29 # 0. We nevertheless have the following result:

Theorem 1.10. — Given a function V : X — [—00,400|, the following properties
(a), (b), (c) are equivalent:

(a) V is weakly psh on X.

b) V agrees almost everywhere with a psh function Vies on Xieq, locally bounded
g g
above near Xging.

7[P] The direct-image function is #ZV. The corresponding expression in the web TeX is
garbled.
8[P] The published version has Re(1/t). The variable ¢ was dropped from the web TeX.
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(c) There exists a psh function V9 on the normalization X of X such that V = Vo
almost everywhere, where m : X — X 1is the natural morphism.

For V to be equal almost everywhere to a psh function on X, it is necessary and
sufficient that the following condition hold: for every a € X, let V*(a) be the
essential upper limit of V(x) as x € X tends to a, and let (X;, a) be the irreducible
components of the germ (X, a); then

limsup ess V(z) =V*(a), Vj.

r€X;; z—a

Under this hypothesis V* is psh on X and V = V™ almost everywhere.

Proof. (a) = (b). This implication follows immediately from Definition 1.9 and
the well-known smooth case.

(b) = (a). Let hy = ... = hy, = 0 be local equations of Xne in X. Then for
every € > 0 the function

v Vieg +log (|h 2+ + |hm|?)  on Xieg
) -0 on Xsing

is psh on X by Theorem 1.6. Thus dd“V; > 0. Since dd°V, converges weakly to
dd°V as e tends to 0, it follows that dd“V > 0.

(b) = (c). The function Vieg o m is psh on X 7N (Xeing) = 71 (Xreg), locally
bounded above near w‘l(XSing), and X is locally irreducible. Theorem 1.7 shows
that Vieg o 7 extends to a psh function V on X.

(c) = (b) follows from the fact that 7 : X \ 7' (Xsing) — Xyeg is an isomorphism.

As for the last assertion, the condition we have given for the plurisubharmonicity
of V* is clearly necessary. To see that it is sufficient, observe that the set of
irreducible components (X, a) is in bijective correspondence with the set of points
a; of X lying over a (this follows, for example, from Narasimhan [Nar], Prop. V1.2),
and that
V(aj) = limsup ess V().
zeX;, Tz—a

Thus, by hypothesis, V* o m = V at every point of X; since every holomorphic
map f: A — X lifts to a map f : A — X, the plurisubharmonicity of V implies
that of V*. g

Corollary 1.11. — If X is locally irreducible and V' is weakly psh on X, then
the function defined by

V*(a) = limsup ess V(x), a€X,

T—a

?[P] The function on the normalization is V. The web TeX omits the symbol V.
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is psh on X and V = V™ almost everywhere.

Corollary 1.12. — IfV : X — [—o0, +00[ is continuous and weakly psh, then V
is psh.

To conclude this section, we examine the behavior of psh functions under direct
image.

Proposition 1.13. — Let F: X — Y be a proper surjective morphism with finite
fibers.

(a) If V is a weakly psh function on X, the function F.V defined by

FV(y) = > V()

reF~1(y)

is weakly psh on'Y , and moreover

dd°(F,V) = F,(dd°V).

(b) Suppose in addition thatY is locally irreducible.*’ If V is psh and the sum
defining FiV, 3 o cp-1(y) V(x), is counted with multiplicities, then F.\V is psh
onY.

Proof.

(a) We know that F'is a branched covering, i.e. there is an analytic set Z C Y
such that
F:X~FY2)-Y~Z

is a covering of smooth varieties. It follows that the definition of F.V agrees with
the definition given for direct images of currents. It is clear that F.V is locally
bounded above on Y, and the property dd®(F.V) = F.dd°V > 0 follows from the
fact that F, commutes with the operators d and d°.

(b) Under the hypothesis that Y is locally irreducible, the cardinality of the fiber
F~Yy), y € Y \ Z, is locally constant near a point of Z. If, in addition, V is
continuous, F.V extends continuously across Z to Y, and Corollary 1.12 shows
that F,V is psh. In the general case, for every fiber F~!(y) = {x1,..., 2} there
are arbitrarily small neighborhoods O; of xj, 1 < j < m, and a neighborhood U of

10[E] Local irreducibility is required for the target Y, not for X; this is exactly what the proof
uses to show that F.V is psh on Y.
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y such that F~1(U) = O U...U O,,. Write V as a decreasing limit of continuous
psh functions Vj on such a neighborhood F~(U).!! Then

F,.V = lim F,V, onU,
k—+o0

and hence F,V is psh. O

2 The operators (dd® )k and the Chern-Levine-Nirenberg
inequalities.

In this section, we recall the definition of the Monge-Ampére operators (dd®)*
introduced by Bedford and Taylor [BT1], [BT2]. This definition gives meaning to
the current dd“Vy A ... A dd°V}, when the V; are bounded psh functions. Here we
shall need to consider the slightly more general case in which one of the functions
V; need not be bounded, and in this setting we give a proof of the Chern-Levine-
Nirenberg inequalities [CLN]. Finally, as in [BT2], we study the continuity of the
operator (dd®)* with respect to decreasing limits of psh functions.

Let o1, @, ..., @i be locally bounded psh functions on X, and let V' be an
arbitrary psh function. By Bedford-Taylor [BT2], the closed current dd‘V A
dd®py A ... A\ ddpy, which is > 0, can be defined recursively in k by setting

(2.1)  dd°V Addpr A ... Addp = dd®(y, dd°V A ddSpy A ... A ddSpr_1).

The positivity of the right-hand side is clear by the induction hypothesis if
v € C°(X); the general case follows by regularizing ¢ and passing to the weak
limit in the space of currents.

Let © = {p < 0} be a relatively compact open subset of X, defined by a strictly
psh C* function p on a neighborhood ' of Q, with dp # 0 on 92. For every real
number a > 0 and every integer 0 < k < n, set

Be = |p|" T (ddp)" ™ + (k + a)|p|* T dp A d°p A (dd°p)" R

and denote by |[|v]|, the LP norm of a function v on Q with respect to the
measure [y, p € [1,+00]. The mass of the current (2.1) then satisfies the following
estimates (cf. [CLN]).

Theorem 2.2. Let V, Vi,...,V; be psh functions on X such that V < 0 and
Vi 20,1<j<k, onQ. Then there are constants C; = Cj(k,a) >0, j =1,2,3,
such that

"[P] The neighborhood here is F~*(U). The expression F~'(V) in the web TeX refers to no
defined set V.
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(a) /Qﬁkﬂ AddV Addéor A ... Addeor < C1L|IV L letlloo - - - ||k ]loo-
(b) /Q Bu A V] ddoor A ... Addopr, < Ca VI letlloe - - llokllso-
(c) /Qﬁk AdVA A . A ddVi < Cs [Vllk I Vallk - [Vlx.

Proof. By Lemma 2.4 below, we may assume that the V; and ¢; are of class C*.
A direct computation gives

d°Br = =2(k + a) |p|* 1 d°p A (ddp)" ",
dd By, = 2(k + a) [ = [p[* " (dd°p)" L+ (k= 1+ a)dp A dp A (dd“p)" ],
and hence the inequality of forms
|ddBr| < 2(k + a)Br—1-

Let I, Ji denote the integrals in (a), (b), respectively, and set ¥y = dd“p1 A ... A
ddpy. By the integration-by-parts formula of Lemma 2.5, and since

Brr1j90 = d°Bry1j00 = 0,

we obtain
Io= [ dd B A puddV A
<2(k+1+a) [prlloe /Q B AddV Ay = 2k + 1+ a) |[pxlloc k1,
10:/ V dd°B,
Q
<2(1+a) [ V]|pl(ddp)" < 2(1+a) V]
This proves (a) by induction with Cy(k,a) = 2¥*1(1 4+ a)...(k + 1 + a); the

inequality in fact remains valid even when a = 0. On the other hand, if £ > 1, we
obtain

s :/Q_‘Pkddc(vﬁk) A g1
= /Q —ok(V dd°Bi + B A ddV +2dV N d°Bi) N r—1

- /Q on(V dd°Br — By A dd°V) A b1 + 2V dpg A d°Br A e

after integrating by parts the term —2py dV A d°Bj, A g_1 in the second line. We
now suppose ¢ > 0 and apply the Cauchy-Schwarz inequality to the component
of bidegree (n —k+ 1,n — k + 1) of the current

2dipy A d°Br, = —A(k + a) [p|" " T dpy, A dp A (ddp)" T,
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which gives the upper bound

—24a c A ¢ \n—
[4(k + a) %kl p/* > 2dp A d°p + [ pl " %} A (ddp)" ",

It follows that
Ji < / okl V|| = dd°By + 4k + a)?p* =2+ dp A d°p A (ddp)"F| A ipy s
Q

& dop Nd°
+ Vol gy A SECEEE p gy

The form in brackets in the first integral equals
2(k+a)|[p/F 2 (ddep)"FH (k1 +a) p|* 2 dp Adp A (dd°p)"F] < CuBry

with Cy = Cy(k,a) = %ﬁ:jm We therefore finally obtain
depr A dpy,

Jo < Cullonllso Tt +/ V| B At A
Q Pk

Let J}, denote the integral obtained by replacing ¢, by ¢}, = exp(Byy) in Ji, and
set M = ||og|/oo. Then!?

dpy, N d°p,
I )

dd®p}, = P (B dd°py, + B> dpy A dpr) = Be PMddegy, +
Pk

d //\dc /
Be "M < Jp - /Q V[ Bk A thr—1 A W < Ca(k,a) "M Iy

k

Since infpso 5e2BM = 2eM = 2e gk, this completes the proof of (b) by

induction on k, with constant

kk+a

Cy(k,a) = (4e) .

24+a)---(k+1+a).

To prove (c), first suppose that V; =V, = ... =V, =v > 0. Since

(daeur )" > o

dd%) :

k—1

integration by parts gives

/Q BreA(ddev)F = /Q dd® By Av (ddv)F ! gz(km)(%)“ /Q ﬁkfl/\(ddcvﬁ)k_l_

12[P] The published formula has dd°y}. The subscript k was lost in the web TeX.
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By induction on k, this inequality in turn implies

/Bk/\ (dd°0)* < 28(1 + a).. (k:+a)(kk1 /50

Now replace v by

_L+ +&
1Villk I Ville
Then
— | B AddVIA . AV, < 2P(1 +a).. (k + )u Bov®
”Vi”k |Vka k 1 . kX aj... a kk—l 0 ov

while [|v]|; < k. Inequality (c) follows with
Cz(k,a) =281 +a)...(k+a). O

An immediate consequence of Theorem 2.2 (b) is that the current V ddp; A ... A
dd‘py, has locally finite mass on X; in particular, we recover the following result
due to Bedford-Taylor [BT2].

Corollary 2.3. — The coefficient measures of dd“p1 A ... A ddpi do not charge
the pluripolar sets {V = —oo}. O

Since the space X is Stein, by J.E. Fornaess and R. Narasimhan [FN] there are
decreasing sequences Vi, ¢;m,m of C* psh functions on X such that

Vi =V, Pjm — @5 for 1 <j<k.

Lemma 2.4. — There are strictly increasing sequences of integers m(v), mi(v),
., mg(v), v €N, such that, in the sense of weak convergence of measures, either
one of the following convergence properties may be obtained:

(a) ddCVm(,,) A ddcgol,ml(y) VANAN ddo@k,mk(y) — dd°V ANddp1 A ... AddCpy
(b) Vm(u) dde@l,ml(y) VANRAAN ddcgohmk(y) —V ddccpl VANTIAVAN ddcgok.lg

Proof. By Theorem 2.2, already proved for C* psh functions, the sequences (a),
(b) are locally bounded in mass, and bounded subsets of the space of currents of
order 0 are metrizable for the weak topology. In case (a), observe that

GrmddV ANddpr A ... ANdd o1 — prddV Nddpr AL A ddpr—q

3[P] Here V,,(,) and V multiply the currents that follow them; there should be no wedge
sign immediately after either scalar factor.
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by monotone convergence of ¢y, ,, as m — +oo; applying dd®, we therefore have
dd°V Ndd“p1 A ... ANddCpip—1 ANdd° P — ddV ANddpr AL ANdd o1 A dd gy,

Since the topology is metrizable, we may successively choose my(r) = v and then
mi—1(v), ..., mi(v), m(v) by induction on v (resp. m(v) = v and then m;(v),
..., my(v) in case (b)) to obtain the desired convergence.!* O

For later reference, we state here the integration-by-parts lemma used above.

Lemma 2.5. — Ifu and v are forms of class C? of respective bidegrees (p,q) and
(n—p—1,n—q—1), with p+ q even, then'®

/u/\ddcv:/ddcu/\v+ (u A d — d°u Av).
Q Q o2

Indeed, it suffices to apply Stokes’ theorem to the form
d(u ANdv —duAv) =uAddv—dduAv+dudv+ duA dv
and observe that
du A dv = i(Ou A Ov — du A Ov) = —du A dv. O

Adapting the techniques of [BT2] to the present setting, we now prove the
continuity of the operator (dd®)*¥ with respect to decreasing limits of psh functions.

Theorem 2.6. — Let {¢%}yen C Liy.(X) and {V"},en be decreasing sequences
of psh functions such that

pj = lim ¢ € L. (X), V= lim VY# —oc.

v—-+Foo v—-+oo
Then, in the sense of weak convergence of measures,

(a) ddVV Nddoy N ... Ndd°pf — dd°V Ndd 1 A ... A\ ddpy,
(b) VVdd°py A ... Ndd°p}, — V dd°p1 A ... A\ dd o,

(c) @Rdd VY Ndd°o A ... Ndd°}_y — i, ddV Nddpr A ... A ddpp_q.1

14[

P] The last index in the diagonal sequence is m(v), as in the published proof. The indices
are shifted in the web TeX.

15[P] The published version contains the full three-term integration-by-parts identity. The
web TeX omits the interior term fQ ddu A v.

'6[P] The scalar factors V” and ¢} are not followed by wedge signs. In part (c), the last
indexed function is pg_1.
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We shall prove Theorem 2.6 simultaneously with the following property, which is
a corollary of it.

Corollary 2.7. —
(a) dd°(V dd°p1 A ... Addpy) = ddV AddSpy A ... A ddpp. T

(b) The currents V dd°pi .. . Add°py, and dd°V Add°p1 A. . . ANdd°py, are symmetric
m Y1, ..., Pk

Proof. Using Lemma 2.4 and the standard diagonal-sequence argument, we reduce
to the case in which V¥, ¢, ..., ¢ are of class C*>. Since properties 2.6 (a,b,c)
are local, we may, without loss of generality, work in an open set 2 = {p < 0} € X.
We now reduce to the situation in which ¢;, ¢ are of class C> near 92 and
vanish on 0f2, so that Stokes’ formula can be applied without boundary terms.
Let R 3 (u,v) = A(u,v) be a C* function that is convex and increasing in u
and v, and agrees with max(u,v) for [u —v| > 1. Then @& = A(¢} — 2.e7%p) is
psh and C°°; moreover, for € > 0 sufficiently small,

@?Z%V-—% on Qs ={p < —3¢},

We may therefore ultimately assume that ¢¥ = ¢; = £72p on the “annulus” O~ Q.
(for all 7, v).

Proof of 2.6 (a). We argue by induction on k. By (2.1), it is enough to prove
that!®

lim [ @Y ddVY Addegt A ... Addegl_| Addy
Q

v—+00

(2.8) = /Q 0k ddV Ndd°p1 A ... ANddpr—1 N ddyY

for every form ¢ € Cp° ), ;. 1(£2) such that ¢j9q = 0 (note that by hypothesis
gol,;wQ = 0). By successively replacing 1 by p(dd®p)" %=1 and ¢ 4+ Ap(dd°p)"—*~1,
A > 0, we may assume dd“) > 0 on Q. The inequality < in (2.8) then follows

directly from the induction hypothesis

dd°VY N ddp! A .. Addeg_ — dd°V A ddCpry A ... A ddCpr_y

'7[P] Inside this current, V is a scalar factor and is therefore not joined to the following form
by a wedge sign.

18[P] Formula (2.8) follows the published version, which supplies the missing factors and
indices and gives the boundary term the correct sign.
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and the monotone convergence theorem. To prove the reverse inequality >, we
perform successive integrations by parts using Lemma 2.5:

/Q O dd°V A dd°oy A ... A ddop_y A dde)
< /Q PLAAV A ddopr A ... A ddCpp_y A ddY
= /Q O—1ddV Ndd°p1 A ... AN ddCpr—o A ddCpy, A ddy
< /Q Or_1ddV Ndd°p1 A ... ANddpp_o A ddpy A dd
= / @Y ddV A ddCgy A ... A ddeg¥ A ddCep
= / Vdd®p] ANdd°ps A ... A\ddpf A ddy
- /8Q V deQ¥ Addégy A ... A ddel A ddoy
< /Q VY ddp? A ... Addpy A ddoep — 2k /8 . V d°p A (ddp)E=1 A ddy
_ /Q OY ddVY N ddSGY A .. Addogt_ | A ddy
g2k /E)Q(V” —V)dp A (dd°p)F~1 A ddCap.

The last integral tends to 0 by monotone convergence, which completes the proof
of 2.6 (a).

Proof of 2.7 (a). Immediate consequence of 2.4 (b) and 2.6 (a).

Proof 0f 2.6 (b). Inequality 2.2 (b) implies that the sequence V¥ dd¢] A...Add°y},
has locally uniformly bounded mass on X. Moreover, every cluster value 1" of this
sequence satisfies

T <Vdd°pi A...N\ddp,

with equality on Q \ Q. (where ¢} = ¢; = £72p). On the other hand, by 2.6 (a)
and 2.7 (a),

dd°T = dd°V Ndd°p1 A ... NddCpr, = dd(V dd°p1 A ... AddCoy).
We now distinguish two cases according to the value of the integer k.

If k <n—1, Lemma 2.5 applied with v = p(dd®p)"~*~! implies that the positive
current
u=Vddpi A...Ndd°pr — T
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vanishes on 2.

If kK = n, we may regard V, ¢1, ..., p; as functions on X x C independent of
the last variable, and apply the already established result 2.6 (b) to X x C. The
proof of 2.6 (c) is identical. O

Remark 2.9. — If ¢; is > 0, we may write
c 1 c, 2 c .
do; Ndpj = §dd ©j — pj dd°pj;

consequently, the weak convergence theorem 2.6 remains valid for any product
of V or dd°V by (1,1)-forms of the type dd“p;, dp; A d°pj, or, by polarization,
dpi NdCpj +dpj N dop;.

Remark 2.10. — The reader will find an interesting discussion of the definition
and continuity of the Monge-Ampére operator in [Ki] and [Ce]. In particular,
some of the preceding results can be extended to the case in which the functions
¢; are no longer necessarily bounded, provided one assumes that the poles of
the ¢; are contained in a compact set. We shall assume that there is a compact
set K C X such that o1, ..., @ are locally bounded on X ~ K. Then Definition
(2.1), Lemma 2.4 (a), and Theorem 2.6 (a) remain valid.

To see this, observe that the problem arises only near K. Let p be a strictly psh
C function and w an open set such that K C w € Q = {p < 0} € X. After

replacing ¢; by
2

0 — = on w,
£2p on X \ €,
max (p; — %,5_2p) on  \ w,

we may assume that ¢; = £~ 2p near 9Q. We first prove by induction that
0 ddV ANdd°p1 A ... ANdd°pi_1 (and hence also dd°V A dd°py A ... A dd°py) has
locally finite mass if & < n — 1. Indeed, for every a < 0, with the notation
k.o = max(pk,a), we have:
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/ |ral dAV A ddpr A A ddCpp1 A (ddp)" "
Q
= / ol ddc(wk’addcv ANdd°p1 N ... N\ ddcgpk_l) A (ddcp)nfkfl
Q
< C/ ddc(cpk,adch VAN ddcﬁpl A... A ddc‘;@k—l) A (ddcp)nfkfl
Q

= Ce™ / ddV A (ddp)" ! < +o0,
Q

where the last equality follows from Stokes’ theorem. The proofs of 2.4 (a) and
2.6 (a) then go through without any change.

3 Monge-Ampere measures and Jensen’s formula.

To every continuous psh exhaustion function ¢ on a Stein space, we shall canon-
ically associate a family of positive measures supported on the level sets of ¢.
These measures arise naturally when one seeks to extend Jensen’s formula to
several variables. The principal ideas of this section are based on the calculations
made by P. Lelong [Lel] to prove the existence of the Lelong numbers of a closed
positive current. We use essentially the notation of [De4], [De5] (see also the
paper of H. Skoda [Sk5]).t?

Let X be a reduced Stein space of pure dimension n, equipped with a continuous
psh function ¢ : X — [—o0, R[, where R € | — 0o, +00]. For every r < R, denote
by

B(r)={z€ X; ¢(z) <r}, B(r)={z€ X; p(z) <r}

the open and closed “pseudoballs” associated with ¢ (note that B(r) is not
necessarily the closure of B(r)!).2Y We assume that ¢ is ezhaustive, that is, that
the pseudoballs B(r), r < R, are compact. Finally, for every r € [—oo, R|, set
S(r)={z€ X; ¢(z) =r} = B(r) ~ B(r),
©r = max(p,r), a = ddp = 2i 00p.

The current (ddp,)™ is well defined by (2.1) if r > —oo, and if r = —o0,
(dd¢p, )™ = (ddp)™ exists by Remark 2.10.

'9[P] The published paper cites [Sk5] here. The web TeX instead cites [Sk1], which is a
different paper.

20[P] The closed pseudoball is B(r) = {¢ < r}, as in the published text. This notation is
used consistently below.
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Lemma 3.1. — The map r — (ddp,)" is continuous from [—oo, R[ into the
space of measures on X equipped with the weak topology.

Proof. Right continuity follows from Theorem 2.6 (a), while left continuity is
obtained by writing

(dd°p, )" = (dd“max(p — r,0))". O

Since (ddp,)"™ vanishes on B(r) and agrees with (dd°¢)" on X ~\ B(r), left
continuity implies
(ddcgor)n Z 1X\B(7‘) (ddcgp)n’

where 14 denotes the characteristic function of a subset A C X. The results
below follow immediately from these remarks and justify the following definition.

Theorem and Definition 3.2. — The families of positive measures (), (1, )
supported on S(r), r € [—oo, R], defined by

Hr = (ddc(pT)n - ]-X\B(r) (ddc(p)nv
i, = (400" — 1y (A1)

are called the Monge-Ampére measures associated with ¢. The family p, (resp.
7)) is weakly left-continuous (resp. weakly right-continuous), and the following

relations hold:

I, = lim = lim 7
Hr p—r+0 s Hr p—r—0 ,LLp,

By = 1g()(ddpr)" = py + 1g() (ddp)".

Let D, C [—00, R[ be the at most countable set of real numbers r such that S(r)
has positive measure*’ with respect to (dd°o)™ on X. Then [i, = p, for every
r & Dy, and the maps v — pi, 7 — [i,. are continuous at every point r ¢ D,. O

We are deeply grateful to E. Bedford for suggesting this definition, which simplifies
the one used in an earlier version of this work. At every point where ¢ is regular,
tr and 7i,. can be described by a simple differential form on the hypersurface S(r).

Proposition 3.3. — Let x € X be a reqular point near which ¢ is of class C* and
such that dp(x) # 0. Orient S(r) as the boundary of B(r). Then the measures i,
and Ti, are defined near x by the volume (2n — 1)-form (dd°p)"~* A dcgo‘s(r).zz

21[E] The level set must have positive (dd°p)"-measure. If its measure were zero, the jump
displayed immediately above could not occur.
22[P] The published formula includes the factor d°yp, which is necessary for the displayed

(2n — 1)-form.
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Proof. Let € be a neighborhood of x on which dp # 0, and let h be a C* function
with compact support in . Write

max(r,t) = VEI_T’_IOO X (t)
where y, is a sequence of convolution regularizations of ¢t — max(r,t). We may
arrange that (x,) is a decreasing sequence of convex C* functions such that

0 < x), < 1, with lim x/,(¢) equal to 0 for t < r and to 1 for ¢ > r. Theorem 2.6 (a)
therefore gives

/ h(dd°p,)" = lim h(ddx, o )"
Q

v—+o0 JO

V—r—+00

= lim — / dh A (dd®x, 0 ©)" 1 Ad(x 0 @)
Q

— lim — / ()™ dh A (ddep)™™ 1 A dop
Q

V——+00

= / dh A (dd°p)" L A dCyp
Q~B(r)

_ / h(ddeo)" " A dop + h (ddp)
QNS(r) Q~B(r)

by Stokes’ formula. Thus, on €2, we obtain the equality of measures
(dd°py)" = (dd“p)" " A d°pis(r) + Lawp(r)(ddp)™. 0
We can now prove the Jensen-Lelong formula announced above.

Theorem 3.4. — Let V be a psh function on X. Then V is u.-integrable for
every r € | — oo, R[. Moreover,

/ dt ddV Aot :MT(V)—/ Va",
—c0 B(t) B(r)

where o = dd°p. Both sides are finite if infx ¢ > —oo or if infp) V > —oo.

Proof. The integrability of V' with respect to u, (and with respect to 7,) follows
from the integrability of V with respect to (dd“p,)™ by Theorem 2.2 (b). Also
note that the integrals [p,) dd°V A (dd°p)"~1 > 0 and Jp@ V (dd°p)™ are well
defined by Remark 2.10, the first always being convergent. The second converges
if infx ¢ > —oo by 2.2 (b), or if infg(,y V' > —o0 by 2.10. To prove formula 3.4,
first suppose

info >—oc0 and inf V > —o0,
X B(r)
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and fix ¢ > r. Fubini’s theorem implies®3

/ dt / dd°V A (ddCo)™~ / / ]ddCV/\(ddcgo)”_l
B(c) {p<t<c}

/ ©) dd°V A (ddp)" !
B(c

(3.5)

By Stokes’ formula,
/ d[(c = @) d°V A (dd°9)" "t + V (dd°p)" "t A d°)]
B(e)

_ / (= @) d°V A (ddoip,)" "1 + V (ddCp,)" " N ]

since the currents being integrated agree on the annulus B(c) \ B(r). Expanding
the first integral gives?*

/ (c—) dd°V A (dd®o)" " +V (dd°p)" + / (dV NdCo—dpNdV) A (ddp)™ !
B(c) B(c)

and, since the (1, 1)-component of dV A d°p — dyp A d°V vanishes, the last integral
vanishes. Consequently,

/ (c—¢) dd°V N(dd@)" 14V (dd )™ = c—y) dd°V A(ddCp, )" 1+ V (ddC, )™
B(c)

(
B(c)

(
Now let ¢ tend to r from the right. Since 0 < ¢ — ¢, < ¢ — r, the limit gives
/( (= )V A () V() = /( V() = (V).
B(r B(r

In view of (3.5) and the identity i, = p, + 1g()(dd°p)", this proves formula
3.4 under the restrictive hypothesis that ¢ and V are bounded below. In the
general case, write V = lim,_, 1 V,,, where V,, is a decreasing sequence of C* psh
functions on X (cf. [FN]). Fix a < r. By the preceding argument, after replacing
© by the locally bounded function ¢,, we obtain

(V) = / dt [ ddov, A (ddopa)" " + / V, (dd°pq)"
a B(t) B(r)
Passing to the limit as v tends to +o0o gives

(V) = / dt / dd°V A (dd°pa)" + / V (dd°pa)";
a B(t) B(r)

Z3[P] This identity is numbered (3.5) in the published paper. The number is restored because
the proof refers to it later.
o [P] The expanded identity in the published proof includes the missing factor dd°V'.
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indeed, the measure dd°V, A (dd‘p,)" ! converges weakly to dd°V A (dd®pq)" "
by Theorem 2.6 (a), and this measure is evaluated on the continuous function
1 (r — ¢@a) by (3.5). Stokes’ theorem shows that the measure

dd°V A [(dd°p)" ™t — (dd°p)" ]

has integral zero over B(t) for every ¢ > a, and therefore

/ dt/ dd°V A (ddp)" ™ = (V) — [V (dd°pa)"
a B(t) B(r)

This formula implies that the continuous functions a — [p(,y Vi (dd°pa)" are
increasing on [—oo,7[. Their decreasing limit a — fB(r) V (dd®pq)™ is therefore
right continuous, which allows us to pass to the limit at a = —o0. [l

Formula 3.4 immediately gives the analogous formula for the measures T,
(3.6) / dt / dd°V A (dd°p)"" = i (V) — /ﬁ V (dd°p)".
—o0 B(t) B(r)

In particular, taking V' =1 gives:

Corollary 3.7. — The total masses of p, and [i, are given by

ol = [ taaey = [ ol = [ e = [ an
B(r) B(r) B(r) B(r)

Throughout the remainder of the paper, we leave it to the reader to translate the
results obtained into the case of the measures 7i,. We now study the dependence
of the measures u, on the exhaustion ¢.

Proposition 3.8. — Let (¢”),en be a decreasing sequence of continuous psh
functions converging to ¢ on X, and let u’ be the Monge-Ampére measures
associated with @". Then py converges weakly to p, for every r € | —oo, R[N\ Dy,.

Proof. 1t suffices to apply Definition 3.2, which gives

MZ = (ddcgpg)n - 1X\B”(r) (ddcgpl/)n

with
o =max(p”,7),  BY(r)={ze X; ¢"(z) <1},

and to observe that B(r) = |J BY(r). Theorem 2.6 (a) then implies

(dd°p”)" — (ddp)",  (dd¢y)" — (dd°pr)". O
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The following proposition shows that the measures u, are essentially the dis-
integration measures of the current (dd°p)" ' A dp A d°p over the family of
pseudospheres S(r).

Proposition 3.9. — Let h be a bounded Borel function with compact support in
the open set X \. S(—o0). Then

R
(a)/ ,ur(h)drz/ ha" Y Adp A dép.
00 X

b) If, in addition, h is of class C', then
(

u,(h):/ (ha™ +dh A dp A a™ 1),
B(r)

Proof. (a) Both sides define positive measures acting on h. It is therefore enough
to prove the equality when h is continuous with compact support. By Proposition
3.3 and Fubini’s theorem, the formula holds when ¢ is of class C*°: indeed, Sard’s
theorem shows that the set of critical values of ¢ is negligible. The general case
follows by applying Proposition 3.8 to a sequence ¢” of regularizations of .

(b) By 3.3, the formula holds if ¢ is C*>® and 7 is not a critical value of . Proposition
3.8 extends the result to the case where ¢ is merely continuous, provided that
r ¢ Dy. It remains only to observe that both sides are left-continuous functions
of r.

O

Let x : | — 0o, R[ — R be a nonconstant increasing convex function. The measures
iy associated with the exhaustion ¢* = x o ¢ are related to the measures p, by
the following change-of-variables formula:

Proposition 3.10. — For every r € | — oo, R[, one has

fiyry = X ()" ey Ty = X4 ()" 7,

/

where X'y, X' are the right and left derivatives of x, respectively.

Proof. The equalities follow from Proposition 3.3 when ¢, x are of class C* and r
is a regular value of . Proposition 3.8 gives the general case for r ¢ D, after
passage to a decreasing limit in ¢ and x. The result follows by continuity for
r € Dy. ([l
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4 Residual measure of (dd€p)™ on S (- o).

If V is a psh function > 0, Theorem 3.4 shows that the function r — p,(V) is
increasing and > 0. Moreover, since the double integral

/ dt/ dd°V A" < (V)
—o0 B(t)
converges, we obtain

lim p (V)= lim Va”:/ Va
B(r) S(—00)

T——00 r——00

Theorem and Definition 4.1. — The measure fi_,, = 1g(_o)@" supported
on the compact set S(—o0) is called the residual measure associated with ¢. For
every psh function V> 0 on X,

foso(V) = lim_p(V),

T——00

and i, converges weakly to Ji_,, as T — —00.2°

The last assertion follows from Theorem 3.2, or from the fact that every function
h of class C? on the Stein space X can be written as h = hy — ho, with hq, hy >0
psh and of class C2.

The purpose of this section is to state some general properties of the residual
measures fi_.,. To evaluate fi_., in concrete examples, we have the following
comparison theorem, inspired by the results of [De4], [De5] on Lelong numbers.

Theorem 4.2. — Let ¢; : X — [—o0,R;[, j = 1,2, be two continuous psh
ezhaustion functions, and let pi,; be the respective associated measures on Sj(r) =

{gj =r}. Set

(= lmint 202
p1(2)——00 @1(2)

Then, for every psh function V = 0,

ﬁfoo,2(v) =2 o ﬁfoo,l (V)

In particular, if p2 ~ @1 as p1(z) = —o0, then

ﬁfoo,2(v) =" ﬁfoo,l (V)

25[E] The limiting variable is 7, as in the statement and the limit that follows. Both source
versions switch to a different variable here.
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Proof. Tt suffices to show that fi_., (V) = £"Ti_, 1(V) under the hypothesis
liminf @y/p1 > 1. Fix r < Ry and set ¢ = max(p; — A, v2), where A is chosen
sufficiently large that ¢ agrees with ¢o near So(r). Let p, be the measures
associated with ¢. The hypothesis lim inf ¢3/¢p1 > 1 implies that there is a t < r
such that ¢ agrees with ¢; — A on By (t) = {¢1 < t}. Thus

fionea (V)= Jim 7, (V) = lim (V) < (V) = pra(V),

and hence

ﬁfoo,l(v) < ngloo ﬁr,Q(V) = ﬁfoo,Q(V)' O
Under the preceding hypotheses, one may conjecture that the inequality of mea-
sures
Fi_oo2 2 " i_s 1 always holds, but Theorem 4.2 does not enable us to prove it.
We do, however, have the following special result:

Corollary 4.3. — With the notation of Theorem 4.2, let A C Si(—00) be a
Borel set that is a union of connected components of S1(—o0), and let 14 be the
characteristic function of A. Then, for every psh function V > 0,

ﬁ—oo,Z(lAV) Z o ﬁ—oo,l (1AV)

In particular, if S1(—o0) is totally disconnected, then [i_, o > " [i_ 1-

Proof. There is an increasing sequence of compact sets K, C A such that
oo j(ANKy) <277, j = 1,2. The equivalence relation whose classes are the
connected components of S1(—o0) has a closed graph (since Sj(—o0) is compact).
The saturation K, of K,, is therefore a compact subset of A; moreover, K, is the
intersection of a decreasing sequence of subsets that are both open and closed in
S1(—00) (cf. Bourbaki [Bo], chap. I, §4, no. 4). We may therefore assume that
A is open and closed in S;(—o0). There is then an open set U € X such that
A=UnNS1(—o0) and OU N S1(—o0) = 0. Let ro = infyy p1 > —oo and

Q={z€U; pi1(z) <ro}.

The open set €2 is a union of connected components of B(rg), and hence € is
Stein; moreover, @1 :  — [—o0, rg| is exhaustive. Set

¢ = max (2, v(p1 — 10 + 1)).

For v > supq ¢2, the map ¢, : Q — [—o0,v[ is exhaustive, while for v > ¢ we
have

liminf 223 _jiming €2 — 4,
e1(z)—>—00 ©1(2) ®1
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By Theorem 4.2 applied to ¢ and ¢, on €2, we obtain

ﬁ—oo,u(lQV) > " ﬁ—oo,l (]-QV)

If ¢ is > 0 (the only case of interest), then S(—o0) D S1(—00), and therefore
Sy(—00) = S1(—00) and QN Si(—o00) = U N S1(—o0) = A. Consequently,

(ddpy)"(1aV) =i, (14V) 2 0" li_ o 1(14V).

Now observe that the sequence ¢, decreases to 2 on the open set Bi(rg — 1) as
v — 400, so that (dd®p,)" converges weakly to (dd®p2)™ on Bi(rg—1) by 2.6 (a)
and 2.10. Since A is compact, A C S1(—00) C By(ro — 1), and 14V is upper
semicontinuous, we conclude in the limit that

fiooo2(1aV) = (dd®p2)" (14V) 2 " [i_oc 1(14V). O

In the classical computation that follows, we shall need to evaluate the mass
|fi—oo|l from the function ¢* = e¥. For this purpose, Proposition 3.10 gives
oy = [iog r, and hence

— T —n .k . —n C, X\
(4.4) meﬁgrwwﬂW!@mW¢%
Proposition 4.5. — Let p = log¢™* be a continuous psh function on C™, where

©* is homogeneous of degree £ > 0 and (¢*)~(0) = {0}. Then 26
(ddp)"™ = (270)"do
where dg is the Dirac measure at 0.

Proof. The homogeneity of ¢* implies (dd¢)™ = 0 on C" \ {0}. In the special
case p*(z) = |z|?, one finds (dd°p*)" = 4" n!d\ (d\ = Lebesgue measure), and
hence fi_(1) = (4m)"™ and (ddp)™ = i_,, = (47)"dp. The general case follows

from Theorem 4.2. D

Example 4.6. — To illustrate the preceding results, consider the case where
©(z) = logmax(|z1],...,|zn|) on C". Since ¢ depends on only n — 1 variables
near every point in the complement of the “diagonal” A = {|z1| = -+ = |z,]|},

the homogeneity of e® implies that (dd°p)” ' = 0 on C* \. A. Proposition 3.3%7
then shows that the measure p, is supported on the distinguished boundary

D) = {aal =+ = lzal = ¢’} = () N A

26[E] The zero set is {0}. The equality printed in the source versions is incorrect.
2T[E] The result used here is Proposition 3.3. Both source versions cite a nonexistent Corollary

3.7.
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of the polydisc B(r). Since p, is invariant under the rotations preserving B(r), and
since ||| = (27)" by 4.5, it follows that u, = dfy A ... A dfy, where z; = "+
1 < 7 < n. We also obtain:

(dd°p)™ = (2m)"dp ,
(dd°o)" " ANdp ANd°o =dr Ndfy A ... ANdB, on A~ {0}. O

We now return to the general case. Let x € X be any point and let w =
(w1, ws,...,wy) be the N coordinate functions associated with an embedding of
a neighborhood U C X of x into CV, with w(x) = 0. There are a neighborhood
Q € U of z and 79 < 0 such that the function ¢1(2) = log |w(2)|? : @ — ] — 00, 1]
is exhaustive. Formula 4.4 then gives (cf. [Deb)):

oo, (1) = (4m)" v([X], 2)

where v([X], z) is the Lelong number at x of the current of integration over X
in CV, equal, by P. Thie [Th], to the algebraic multiplicity m(X,z) of X at x.
We conclude that

(4.7) foo1 = (4m)"m(X,z) 0, .

For an arbitrary function ¢, we obtain the following result, which is well known
at least when X is smooth.

Corollary 4.8. — Denote by v(p,x) the Lelong number of ¢ at any point z € X.
Then

(ddp)" > Hi_oe = (2m)" Y m(X, x) v(p,2)" b, .
zeX

Proof. With the preceding notation, one of the equivalent definitions of the Lelong
number is (2)
o ©(z
v(p,x) = hgl)larjlf Tog [w(2)]"
Set ¢1(2) = x(2) log |w(z)|? + Avy(2), where x is C*° with compact support in €,
x = 1 near z, 9 is strictly psh of class C? on X, and A > 0 is sufficiently large.
By Corollary 4.3 and formula (4.7), we have

_ee(z) 1
lim inf = —v(p,x),

and hence

1

Moo > (57(0.2) st 2 (21)" m(X,2) v(p,2)" . O
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5 Maximum principle.

Let ¢ be a continuous psh exhaustion function on a complex space X. We shall
see that plurisubharmonic functions on X satisfy the maximum principle with
respect to the Monge-Ampeére measures associated with .

Theorem 5.1. — If B(r) = {¢ < r} # 0, then |u-|| > 0, and for every psh
function V on X one has:*®

sup V' = essential supremum of V with respect to .
B(r)

Example 4.6 shows that the plurisubharmonicity assumption on V' in Theorem
5.1 is relevant.

Proof. There is no loss of generality in assuming that V > 0.2 We shall then
prove that supg) V' = ||V r(,,) by applying Jensen’s formula to a suitably
chosen exhaustion function ¢'.

Let ¢ be a strictly psh function of class C2 on X, let zg € B(r) N Xyeq be a regular
point, and let U € B(r) N X;eg be a neighborhood of zy. For € > 0 sufficiently
small, the function

¢'(2) = max (¢(2), p(20),m — Ve + e(2))

is equal to ey (z) + Const. on U and coincides with ¢ in a neighborhood of S(r).
The measure u, may therefore equally well be defined using (', which gives

pr(V) = / dt / ddV A (dd°o )" + / V (dd¢’)™
—o0 B(r)n{¢’'<t} B(r)
> e / V (dd°g).
U

In particular, ||u,|| = pr(1) > 0. Now replace V' by VP and let p tend to +oo. We
obtain:

Vi) < I

}1/

1/p »
Jvraaer] < b )] = Vg,

p—>—+00

Consequently, we obtain

supV = sup V <[V poo(y,)-
B('r) B(T)ﬁXreg

28[P] The published statement ends with sup B(r) V> which is the quantity being characterized.
2°[P] The proof begins by replacing V by a nonnegative function, so the correct assumption

is V' > 0. The signs in the two source versions are inconsistent.
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In the other direction, the inequality

IVllzee () < supV
(pr) S0

is obvious. Thus, if we prove the left-continuity of the function 7 — [|[V[| oo (.,
we will have

Vg <, Jim sup V' < sup V.
H HL (pr) t<r,t—r S(t) B(r)

Lemma 5.2. — For every psh function V. > 0, the map 1 +— ||V poo(y,) 45
increasing and left-continuous.

Proof. Formula 3.4 shows that the function r — p, (V') is increasing and left-
continuous. On every interval | — oo, rg], 79 < R, the functions

_ 1
v [l e (VP)] P

are therefore increasing and left-continuous, and form an increasing family with
respect to p by Hélder’s inequality (the measure ||y, ||~ p has mass < 1). The
limit as p — +oo, namely r + ||V foc(,,), is therefore increasing and left-
continuous on | — oo, ro].
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6 Convexity properties of psh functions.

A well-known result of P. Lelong (cf. [Lel]) states that the supremum, the mean,
and more generally the LP mean of a psh function on the Euclidean sphere of
radius 7 in C" are convex functions of log r. We propose to extend these properties
to a much more general setting.

Let X be a Stein space of pure dimension n, and let ¢ : X — [—o0, R[ be a
continuous psh exhaustion function. We assume that ¢ is homogeneous Monge-
Ampere, i.e. that there exists A € | — oo, R| such that

(6.1) (dd°@)™ =0 on the open set {p > A}.

For every psh function V on X and every r > A, Theorem 3.4 then shows that
the left derivative

d
(6.2) — (V) = / ddV A o™t
dr- B(r)

is positive and increasing in r, whence the following

Theorem 6.3. — The mean-value function r — My (r) = p,.(V) is increasing
and convex on |A, RJ.

The classical case mentioned at the outset corresponds to the ball of radius e in
C™ with ¢(z) =log|z|, A = —oo. More generally, we have a convexity result for
the LP means defined by

}1/17

M@(T)Z[Mr(Vf) ,  pe€[l,+oof.

Theorem 6.4. — The function r — M, (r) is increasing and convez on ]A, R].

Proof. By regularization, we reduce to the case where V is a psh function > 0 of
class C*. Given ¢ > 0, consider the function3®

he(r) :/ Mt(Vp)dt:/ VP o™ L Adp A do, relA+e R|
r—e B(r)\B(r—e)

the last equality follows from Proposition 3.9 (a)). Since pu, (V?) = lim._oe th.(r),3!
I

it suffices to prove that h;/ P is convex for every ¢ > 0. We must therefore verify

30[P] The published formula includes the integration factor dt and the full annular form
o™ P Adp A dép.

31[P] The factor ¢! is required when recovering j,.(V?) from the integral over the interval
[r—e,r].



36 J.-P. Demailly, Mémoires de la Société Mathématique de France, no. 19, 1985

the inequality??
1
(6.5) heh? = (1- Z;)h’f >0

where the second derivative h” is, say, computed from the left. By Proposition
3.9 (b) and assumption (6.1), we obtain

h;(?“) = :U'T(Vp) - Mr—e(vp)

= d[VP a1 A dy]
B(r)~\B(r—e¢)

= pVP=Lav A a1 A dp.
B(r)~B(r—e¢)

Formula (6.2) also implies

he(r) = / dd*(VP) Aot
B(r)~B(r—e¢)
By the Cauchy-Schwarz inequality, we obtain

Wiy < [

VP L Adp Adlyp / P2VP2AV AdV Ao,
B(r)~B(r—e¢) B(

r)\NB(r—e)
and the desired relation (6.5) follows from the inequality>3

dd®(VP) = p(p — 1) VP=2dV A d°V. O

Corollary 6.6. — The functions defined by
(a) MEP(r) = log (e,

(b) MiF(r) = supr) V.,

are increasing and convex on |A, R].

Proof. Property (a) follows from Theorem 6.4 and the equality

log pir(e") = lim p{ [ (14 Z)i]l/p - 1}.

p——+00

On the other hand, the maximum principle (Theorem 5.1) yields

— 1 1 AV
BV = g R )

32[P] The published paper numbers this convexity inequality as (6.5). The number is restored
because it is used later.
33[P] The coefficient in this Cauchy-Schwarz estimate follows the published calculation;

without it, the deduction of (6.5) is incorrect.
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hence (b) follows from (a). O

With a view toward applications to the study of fiber spaces, we now prove a
version of Theorem 6.4 with parameters. Let 7 : X — Y be a morphism of analytic
spaces of pure dimensions dim X = m+n, dimY =m, and let ¢ : X — [—00, +00|
be continuous psh, let R : Y — | — 0o, 4+00] be lower semicontinuous, and let
A:Y — [—00, +00[ be upper semicontinuous, satisfying the properties below.

Assumptions 6.7. —
(a) 7 is surjective, and the fibers 7= (y), y € Y are of pure dimension n.

(b) 7 is a Stein morphism, i.e. Y has an open covering (Q;);es such that 7=1(Q;)
is Stein for every j € J.

(c) p(z) < R(n(x)) and A(y) < R(y) forallz € X,y€Y.

(d) For everyy € Y and every r < R(y),* there exists a neighborhood U of y in
Y such that 7= Y(U) N B(r) € X.

(e) (dd°p)™ =0 on the open set {x € X ; p(x) > A(nw(z))}.

We again write B(r) = {¢ < r}, S(r) = {¢ = r}, and a = dd°. Under
assumptions (c) and (d), §3 associates with each fiber 771(y) a family of measures
fy. supported on w1 (y) N S(r) for r € ] — oo, R(y)[. Given a psh function V on
X, we introduce the mean values

MV(y7T) = :U’y,T(V)7
M (y,7) = [y (VD)]P it p € [1,400],

My (y,7) = log iy (e"),

My (y,r) = sup V.
™ (y)NB(r)

Proposition 6.8. — For every fized v, the maps y v+ (V) and y — M}, (y,r)
are weakly psh in the sense of Definition 1.9 on the open set {y € Y ; A(y) <r <

R(y)}-

Proof. Since the result is local on Y, assumption 6.7 (b) allows us to assume
that X and Y are Stein. Passing to a decreasing limit then reduces us to the
case where V is psh of class C*; if p > 1, we may further assume that V' > 0.

34[P] Assumption 6.7(d) concerns each radius 7 < R(y). The variable r is missing from the
web TeX.
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Let € > 0 be arbitrary, and let x : |r —e,r[ — R be a nonzero C* function with
compact support such that x > 0. In analogy with Theorem 6.4, introduce the
auxiliary function3?

h(y) = / py,e(VP) X (1) dt = / y )Vpx(w) a" "t Ndp Adop
r—e Ty

defined on the open set
U.={yeY; Aly) +e<r < R(y)}.

To conclude, it suffices to show that h'/? is weakly psh on Us.. If p > 1, we must
therefore show that

hddh — (1 - ;)dh/\dch > 0.

Let u, v, and w be real differential forms of class C* on Y, compactly supported
in Ug, of respective bidegrees (m,m), (m,m—1)® (m—1,m), and (m —1,m —1).
By Fubini’s theorem, which we first apply under the assumption that ¢ is of class
C™, we obtain

/ hu:/ VP x(@) ™ L Adp A dép A mru;
Y X

the case where ¢ is merely continuous follows by taking a decreasing limit (Theo-
rem 2.6). We now observe that the integrand is supported in

7 (Suppu) N (B(r) ~ B(r —¢)) € X

(assumption 6.7 (d)) and that the current x(p) a1 A dp A d°p is d-closed (as-
sumption 6.7 (e)). By an integration by parts on Y and another one in the reverse
direction on X, we successively obtain

(6.9) / dh Nv = / d(VP) A x(p) @™t Adp A dép A T*v,
Y X
(6.10) / dd°h Nw = / dd°(VP) A x(p) o™t Adp A dCp A T w.
Y X
Assume that the (m — 1,m — 1)-form w is > 0. Equality (6.10) already shows

that [, dd°h A w > 0, hence dd°h > 0 on Ug, which settles the case p = 1. In the
general case p > 1, let v be a real C* 1-form on Y, and set ¢ = i(y%! — 410).

35[P/E] In this definition of A, the scalar factors have been grouped correctly and the annular
measure includes the full wedge product.
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Equality (6.9), combined with the Cauchy-Schwarz inequality, yields3®

/dh/\vc/\w:/ pVPEV A A x (@) @t Adp A dCp A Trw
Y X

1
S 3 / (VP (y AYS) + P2 VP2V A dV) Ax(p) @™t Adp A dp AT*w
X

< ;/Y(hfymwpfldd%)Aw,

since dd°VP? > p(p — 1) VP=2dV A d°V. Since this holds for every form w > 0, we
deduce the following inequality in the sense of currents:

dhA»yCJr»yAdChgmM%Z%dd%.

Observe that h is everywhere > 0 on U, by 4.1; letting 7 tend to dh/h, we obtain
the desired inequality

h

To see that h is locally bounded above on Y, it suffices to consider the case where
V = 1. Equality (6.9) then shows that dh = 0, so h is locally constant on Yreg.37
O

Yo nan < P aqen,
p—1

Proposition 6.8 in fact contains the following more general result, which was our
main objective.

Theorem 6.11. — The functions on'Y x C defined by*®
(y,z) = MV(vaez)v M\[;(vaeZ)v M\e/xp(y>Rez)v M\c;o(?%Rez)
are weakly psh on the open set

{(y,2) €Y xC; A(y) <Rez < R(y)}.

Proof. Consider the morphism
T=rmxId: X xC—=Y xC

and equip X x C, Y x C with the functions

¢(x,2) = p(x) —Rez, R(y,z) =R(y) —Rez, A(y,z)=A(y) — Rez,

36 [P/E] The displayed estimate includes the factors and parentheses needed for the Cauchy—
Schwarz argument that follows.

57[E] Here the regular locus is Yieg. When V = 1, the identity dh = 0 shows that the resulting
function A is locally constant there.

38[E] All four mean-value functions depend on the same base variable y. The source versions
change this variable inconsistently.
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so that assumptions 6.7 (a-e) are satisfied with respect to these data. If V(z, z) =
V(x), then by construction

ﬂ(y,z),o (V) = My Rez (V)7

and Theorem 6.11 therefore follows from Proposition 6.8. U

Corollary 6.12. — Let (X;)i1<j<r be Stein spaces of pure dimension nj;, and let
@; + X;j = [—00, Rj[ be continuous psh exhaustion functions such that (dde;)™ =
0 on the open set {z € X;; pj(x) > A;}. If V is psh on Xq x --- x X}, the
functions

Mv(Tl, - ,T’k) = U1, Q& Mk,rk(v)a

M‘I;(T‘l, CeyTE) = MVf(Th ... ,T‘k)l/p,
M®(r1, ... r) =log Myv (r1,...,7%),

MF(r1,... 1) = sup Vv
B(T1)><-~~><B(7’k)
are jointly convex in the variables (r1,...,71x) € [l1<j<x |4, Bi[, and increasing
with respect to each ;.

More generally, if Xg is an analytic space of pure dimension n and if V is psh on
Xo x X1 X - x Xy, the function®

M{}(xo,Rezl,...,Rezk):Mg (Rezi,...,Rez)

(‘T07')

(resp. p =0, exp, o0) is psh on the open set
Xo X H {AJ <Rer <Rj} C Xo X(Ck.

1<j<k

Proof. Tt suffices to prove the last assertion. We argue by induction on k. For
k =1, Theorem 6.11, applied to 7 : X = Xy x X7 — Xp =Y and ¢ = ¢1, shows
that the function

(zo, 21) = M} (20, Re 21)

is weakly psh. If, in addition, V is continuous, this function is separately continuous
in xp and convex in Re z, hence continuous in (zg,Rez;). By Corollary 1.12,
M7, (z0,Re z) is therefore psh. The case of arbitrary V follows by writing V as a
decreasing limit of continuous psh functions.

For k£ > 1, the assertion for k follows from the cases 1 and k — 1 by setting

— p
W(x[), TlyeoeyTh—1, Zk) = MV(:EO,---,xk_1,O)

(Re zg)

39[P] The parameter is o, in agreement with the product Xo x X3 x - -+ x Xj.
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and observing that

MY (z0,Re 21, ..., Rez,) = My, k)(Rezl,...,Rezk,l). O

(z0,0,2
We conclude this section by reconsidering, in light of the preceding results, P.
Lelong’s convexity inequality, which precisely measures the variations in the
growth of a psh function on a fiber space along the different fibers. This inequality
was used by H. Skoda [Sk2] to construct the first counterexample to the problem,
posed by J.-P. Serre in 1953, of determining whether a fiber space with Stein base
and Stein fiber is itself Stein; see also [Del], [De2] for other counterexamples and
[De3] for a simple and rapid construction.

Let © be an irreducible Stein space of dimension m, which will serve as the
base of the fiber space, and let X be a Stein space of pure dimension n, which
will be the fiber. Assume that there exist continuous psh exhaustion functions
P Q — [—oo,R[, p: X = [—00,400] such that

(ddp)™ =0 on {>A},  (dd)"=0 on {p >0}

For example, if X is an affine algebraic variety of dimension n, there exists a finite
morphism F': X — C" (the Noether normalization theorem), and it suffices to
take p(z) = log ||F(2)||, where || || is a norm on C"; the same argument applies
locally on € to establish the existence of 1.

Let V be a psh function on 2 x X, and let a,b, ¢, be real numbers such that
A<a<b<c< Randr > 0. The convexity property in Corollary 6.12 shows
that

MP(b,r) < MF(a,om) + (1 - %) (M7 (e, 0) - M®(a,0m)

with o = 2=7. It follows from Theorem 7.5, proved in the next section, that

M®(a,r) — 400 as r — 400, provided that V is nonconstant on at least one
fiber {z} x X, z € B(a). There then exists a constant ro depending on a,b, ¢,V
such that

cC—a

c—b

(6.13) MyP(b,r) < My°(a,or) for r > rg, where o =

If w is a relatively compact open subset of 2, we now set

My (w;r)= sup V.
wxB(r)

By an elementary compactness and connectedness argument (cf. [Le2], Theorem
6.5.4), we then deduce from (6.13) the following result:

Corollary 6.14 (P. Lelong’s inequality). — Let Q be an irreducible complex
space, let wy, we be two relatively compact open subsets of 2, and let V' be a psh
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function on Q x X, assumed to be nonconstant on at least one fiber {z} x X.
Then there exists a constant o > 1 depending only on wi,ws, §2, and a constant rq
depending additionally on V, such that for every r > rqy one has

My (was 1) < MyP (wy s or).

In practical applications, one faces the problem of explicitly computing the
constant 0. Inequality (6.13) provides a complete theoretical answer to this
problem. If wy,ws € Q are open subsets of C, one seeks a harmonic function ¢ on
)\ w that tends to 0 on dw; and to 1 on I (resp. to +o00 if I has capacity 0);
one extends 1 by 0 on w; and sets b = sup,, ¥. Any constant o > ﬁ (resp.
o > 1) then answers the question. The case where the base {2 has dimension
m > 1 amounts to solving an analogous Dirichlet problem for the Monge-Ampeére
equation (dd®))™ = 0 on Q \ w;. It is easy to see that the constant o thus
obtained is the best possible. Indeed, an elementary calculation shows that the
function

r 1
x(t,7) = exp (1 — + fl —t)2)
is increasing and convex on [0, 1[ X [0, +o0c[. The psh function V' = x (¢4, ¢4)

then contradicts (6.13) for every o < lib'

7 Growth at infinity of psh functions.

Let X be an irreducible Stein space of dimension n, and let ¢ : X — [—o0, +00]
be a continuous psh exhaustion function (thus, here R = +00). We write

)=l = [ a”

where a = dd®p; this is the volume of the pseudoball B(r) = {¢ < r}. Jensen’s
formula 3.4 then relates the growth of the current dd“V to the growth of V. More
precisely:

Proposition 7.1. — Let V be a psh function on X, ro € R, and e €]0,1[. There

exists a constant C' > 0 depending on V,e,ry such that, for every r = rg, one
has*0

(1—e)r /B( AV N < (V) 4 O,
T0

0TP] The published estimate contains the factor 1 — ¢ and integrates over the fixed pseudoball
B (7"0 ) .
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Proof. Set V,, = max(V, —v), v € N. The measures ddV;,, A "1 converge weakly
to dd°V A o™ ! as v — +00; hence

lim inf ddV, A" 1 > / dd°V A o™ L.
V=100 JB(rq) B(ro)

There therefore exists v € N (depending on Ve, 1) such that

/ ddV, Aot > (1 - 5)/ ddV A o™t
B(ro) B(ro)

On the other hand, Formula 3.4 applied to V,, gives*!
(r—ro) / ddV, A o™t < (V) — / Voo™ <pr (Vi) +vr(r).
B(ro) B(r)

Combining these two inequalities yields Proposition 7.1 with

(1 — 8)7"0

C=v+
Y ()

/ dd’V A a™ 1. 0
B(To)

Throughout the remainder of this section, we impose a moderate-growth assump-
tion on the volume of X.

Assumption 7.2. — lim @ =0.

r—+oo 1

We then obtain the following fundamental inequality as an immediate consequence
of Proposition 7.1:

Corollary 7.3. — Under assumption (7.2), one has, for every psh function V :

1
/ ddV A o™t < liminf —p,(V4).
X T

r—-+00

This inequality will be used mainly through the following lemma:

Lemma 7.4. — Let ¢ be a strictly psh function of class C* on X, and let 1 < 7o
with B(rg) # (0. Then there exists a constant C(ri,73) > 0 such that, for every
psh function V', one has:

/ dd°V A (dd“)" ™1 < Oy, 1) / dd°V Aa" L
B(r1) B(rz)

“1[P] The second comparison is an upper bound, as required to derive Proposition 7.1.
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Proof. Set ¢’ = max(p,r1 + ¢ + /), where € > 0 is chosen sufficiently small
that ¢’ = ¢ in a neighborhood of S(r2) and ¢’ = r1 + ey + /€ on B(r1). Stokes’
theorem gives®?

/ dd°V A(dd°p)" " = / dd°V A(dd°g)" ! > en ) / dd°V A(dde)" .
B(r2) B(r2) B(r1) .

Theorem 7.5. — FEvery psh function V on X satisfying one of the growth
assumptions below is constant:

1
(a) liminf ;ur(‘@) =0.

T—+00

r
(b) supV =o( ——=) asr — +oo.
)B(r) (T(T))

Proof. Theorem 5.1 gives

e (Vi) < [l [ sup Vi = 7(r) sup V4.,
B(r) B(r)
so assumption 7.5 (b) implies 7.5 (a). Under assumption 7.5 (a), Corollary 7.3
and Lemma 7.4 show that dd“V = 0, i.e. V is pluriharmonic. For every z € X,
the function z — V(z) = max(V(z), V(z)) still satisfies 7.5 (a), and is therefore
pluriharmonic. By the maximum principle, —V is constant on X (since X is
assumed irreducible), i.e. V' < V(x); thus V is constant. O

In the usual setting of the Hermitian space C" and the exhaustion function
©(z) = log |z|, Theorem 7.5 recovers (with a slightly simpler proof) a result due to
N. Sibony and P.-M. Wong. Define the logarithmic order p(V') of a psh function
V in C" (resp. of an entire function F') by

logsupy,|<, V(2)
1 =1i
o) = e g log

, (resp. p(F) = p(log |F).
In other words, V' and F have logarithmic order < p if, for every € > 0, one has
Vi(2) S@(2)' P75, (vesp. [F(2)] < exp (p(2)'777))

when |z| is sufficiently large. In particular, every polynomial has logarithmic order
zero, and every entire function of finite logarithmic order has order zero in the
usual sense.

Corollary 7.6 ([SW]). — Let F' be a nonconstant entire function of logarithmic
order p < 1, and let X be an irreducible component of the hypersurface F~1(0).

“2[P] The last integral is over B(r1), precisely the region on which ¢’ = rq 4+ & + /e
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Then every psh function V. on X of logarithmic order < 1 — p is constant. In
particular, bounded psh and holomorphic functions on X are constant.

Proof. Theorem 7.5 reduces the problem to estimating the volume of X with
respect to ¢, which is a classical problem. Indeed, the current of integration over
X is bounded above by %dde log | F'| by the Lelong-Poincaré equation (cf. [Lel]);
hence

1
7(r) = / (ddép)" 1 < / —dd®log |F| A a™ L.
Xn{p<r} {p<ry 2m

After a possible translation, we may assume that F'(0) # 0. Proposition 4.5 and
Formula 3.4, applied to V = % log |F'| in C", then give

T 1 1
/_ r(t) dt < pir (- log |F|) — (2m)" o log | F(0)| < Cr¥#%e, 1 > ro(e).

Since the function 7 is increasing, it follows that

1 2r
7(r) < f/ T(t)dt < C'rPte.

r

The conclusion now follows from 7.5 (b). O

8 Holomorphic ¢-polynomial functions.

We retain the notation and assumptions of §7: X denotes an irreducible Stein
space of dimension n, equipped with a psh exhaustion function ¢ satisfying the
volume-growth condition (7.2).

Definition 8.1. — If F' is a holomorphic function on X, the degree of F with
respect to o is the number®

1
0,(F) =limsup — pr(logy |F) € [0, 400].

r—4oo T

The obvious inequalities log, |[FG| < log, |F| + log, |G| and*

log,, [AF + uG| < log,, [F| +log,, |G| +log,, (IA] + |ul).

43 [P] The definition in the published paper contains the factor 1/r. Without it, the quantity
would not be the degree used below.

*[E] The constant in the sum estimate is log_ (|| + |u|). The corresponding expression in
both source versions is malformed.



46 J.-P. Demailly, Mémoires de la Société Mathématique de France, no. 19, 1985

together with (7.2), imply, for all scalars A\, u € C:
0, (FG) < 0,(F) +0,(G), Sp(AF + puG) < 6p(F) + 0,(G).
Thus the set of holomorphic functions of finite degree is an integral C-algebra.

Notation 8.2. — We denote by:

(a) Ay(X) the algebra of holomorphic functions of finite degree, which will be
called p-polynomial functions.

(b) K,(X) the field of quotients F/G with F,G € Ay(X), called the field of

p-rational functions.

The terminology is justified by Theorem 8.5 below. In all examples known to
us, the equality A,(X) = K, (X) N O(X) holds, but we do not know whether
this property holds in general. On the other hand, if X is normal, A,(X) is an
integrally closed subalgebra of K,(X) (an immediate verification).

With these definitions, we have the following fundamental inequality, which follows
from Corollary 7.3%° applied to V = log|F|.

Proposition 8.3. — Let [Zp] = 3=dd°log|F| be the zero divisor of a function
F e Ay(X) that is not identically zero. Then

2 / [Zr] A @ < 8,(F). O
X

Corollary 8.4. — Let a be a regular point of X. Denote by ord,(F') the order
of vanishing of a holomorphic function F at a. There exists a constant C(a) > 0
such that, for every nonzero function F' € A,(X), one has:

ord, (F) < C(a) 6,(F).

Proof. Let (z1,z29,...,2,) be a system of local coordinates on X, centered at a,
such that the ball |z| < ¢ is relatively compact in X. Lemma 7.4 implies the
existence of a constant Cy > 0 such that

/ [Zp] A (dde]22)") < 01/ Zp] Ao L.
|z|<e X
Corollary 8.4 then follows from Proposition 8.3 and the classical inequality of

P. Lelong [Lel]:

1

—— [ZF] A (dd€)2]2)" 7 > ord, (F). O
(4me?)" =1 Jlei<
Z|IKE

45[E] The estimate follows from Corollary 7.3. The cross-reference in the source versions
points to the wrong result.
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Using a classical argument going back to Poincaré and developed by Siegel [Sil],
[Si2], we shall now deduce a very general algebraicity theorem.

Theorem 8.5. — The transcendence degree over C of the field K,(X) of o-ra-
tional functions satisfies:

(a) 0 < degtrec Ky(X) <n=dimX.
(b) If degtrc K, (X) =n, then K (X) is a finitely generated extension of C.
Proof. Let Fi,...,Fn be p-polynomial functions, let (k1,...,kx) be an N-tuple

of integers > 0, and let P € C[X},..., Xn] be a polynomial in N variables such
that degx, P < kj and P(Fy,...,Fn) # 0. Then

log, |P(F1,....Fn)| < > kjlog, |Fj|+ Const.,
1<G<N

Sp(P(FL,... . FN)) < Y kjbu(F)).

1<j<N

Corollary 8.4 therefore gives the inequality

(8.6) ordg P(Fy,...,FN) < C(a) > k;b,(Fy).
1<GEN
Assume that Fy,..., Fy are algebraically independent. Then the dimension of

the vector space of polynomials P(Fi,...,Fy) is (k1 +1)...(kny + 1). For every
integer s > 0 and every given point a € X, the homogeneous linear system

BV
ozv

has a nonzero solution as soon as this dimension exceeds the number of equations,
which is ("7®) < 4;(n+s)". The function P(F},..., Fy) then vanishes to order at

n

least s + 1 at the point a, and choosing s such that s < C(a) > kj6,(F)) < s+1
contradicts inequality (8.6), unless

P(F1,...,FN)|Z:a:O, I/GN”, ‘I/‘gs,

+ 1 "
(k1 +1)...(ky +1) < (” S) < ‘[n—i-C(a) 3 kjaw(Fj)} .
s n! 4
1N
Now take k1 = --- = ky = k and let k£ tend to +00. The preceding inequality
shows that (k + 1) < Const.(k + 1)"; hence N < n, proving property (a).

Now assume that degtrc K, (X) = n, and let Fy,..., F, be n algebraically inde-
pendent functions in A, (X). To prove (b), it suffices to bound the degree of the
algebraic extension [K,(X) : C(F,...,F,)].4 If F,41 € Ay(X) is algebraic of

46[P] A closing bracket is missing from this extension degree in the web TeX; it has been
restored.
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degree d over C(F1,..., F,), the monomials Ff UL Eb Fﬁiﬁl are linearly indepen-
dent whenever ¢,,,1 < d. The preceding argument, applied with &k, = d — 1,7

therefore gives

n

(14 1) (kn+1)d < Hn @) Y ka(Fy) + (d— 1) 6p(Fas)

1<j<n

Take k1 ~ qik, ..., k, ~ gk, where q1,...,q, are real numbers > 0 and k — +oc.
In the limit, we obtain
n

I

0o 0d < 0@ X 455 + (- ) 5u(Fun)

1<jsn

and the choice ¢; = 1/d,(Fj) gives the desired explicit upper bound for the degree:
(nC(a))"

d <
n!

5o(F1) - 8(F). O

We point out that Theorem 8.5 (b) says nothing about the algebra A, (X) itself;
as we shall see in §10, it may very well happen that the algebra A,(X) is not
finitely generated.

As an application, consider the special case where X is a (closed) analytic sub-
set of pure dimension n in CV, equipped with the usual exhaustion function
©(z) = log(1 + |z|?). The associated metric a = dd°y is identified with the Fubini-
Study metric on projective space PV, while the metric 8 = dd®e¥ coincides with
the flat Hermitian metric on CV. Proposition 3.10 implies the relations*®

/ = [ a”,
Xn{|z|<r} Xn{p<log(1+r2)}

1
Vol (X :/ a” = lim 7/ "
X0 X r—+oo (1 +r2)n Xﬂ{|z|<r}6

Theorem 8.5 then gives an elementary proof of the following classical result due
to W. Stoll [St1].

Corollary 8.7. — Let X be a closed analytic subset of pure dimension n in CV,
whose projective volume Voly(X) is finite, i.e. whose FEuclidean volume satisfies
the estimate

Volg(X n{|z| <r}) < C-r?", C >0.

Then X is algebraic.

47[P] The relevant index is kn+1, corresponding to the algebraic element Fj, 1.

“8[E] The limiting Euclidean-volume formula requires the exact factor (1 + r?)™™.
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Proof. Every irreducible component of X has volume at least equal to the volume
of an n-plane (cf. [Lel]), so there are only finitely many such components, and we
may assume that X is irreducible.

We now observe that the polynomials P € C|z1,...,zy] induce p-polynomial
functions on X in the sense of Definitions 8.1 and 8.2. Indeed, the obvious estimate
log, |P| < 3 deg(P) ¢ + Const. yields

do(P) = limsup }ur(long |P|) < %Vola(X) - deg(P).
T

r—+00

Now consider the restriction morphism
(C[zl, R ,ZN] — Aap(X)

and let I be its kernel. Since A,(X) is an integral domain, I is a prime ideal;
moreover, by definition, the irreducible algebraic zero set V(I) contains X. The-
orem 8.5 (a) shows that C[z1,...,2n]/I C A,(X) has transcendence degree at
most n = dim X; consequently, dim V' (I) < n and X = V(I). O

Remark 8.8. — In the situation of the corollary, there is an isomorphism
Cle1, - .-y 2n]/T > Aup(X),

in particular, A,(X) is finitely generated. Otherwise, there would exist a finitely
generated algebra B such that Clzi,...,2n]/I € B C Ay(X). Let M = Spm B
be the affine algebraic variety associated with B (see [Di], vol. 2, chap. I, for the
basic formalism concerning algebraic varieties); the preceding inclusions would
then induce, respectively, an algebraic morphism M — V(I) and an analytic
morphism V' (I) = X — M, inverse to each other. Consequently, the morphism
V(I) — M would be algebraic, and we would have C[z1,...,zyx]/] = B, contrary
to the assumption. O

We now show how these results carry over to the case of “polynomial” sections of
a line bundle. Let L be a Hermitian line bundle over X, let D be the canonical
Hermitian connection on L, and let ¢(L) = D? be the curvature (1,1)-form of L.

If o is a nonzero holomorphic section of L, then, for every ¢ > 0, we obtain:*?

(o, DO’>] _ &(Dao, Do) o |? ie(L).

P 2y _
100 log(e + |o| )_Za[g+|0'|2 - (E+’U|2)2 5_|_|0-‘2

“°[E] The curvature term in this identity is ic(L). The notation in the source versions is
inconsistent with the preceding definition of ¢(L).
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Jensen’s formula 3.4 applied to the function V = 3 log(e + |o|?) then gives, taking

into account that V > loge!/2:

/ / e(Dao, Do) 1
5 N
(e + |o]2)2
/ / 9P D) n a4 s (V)—uo(V)—/ Van
B(t) €+ |U|2 " B(r)~B(0)

<r /X fie(L) A ™), + (V) + 7(r) loge™3,

-

where [ic(L) A " 1]; denotes the positive part of the measure ic(L) A o™}
Divide this inequality by r and let r tend to +o00. Since V < log, |o|+ % log(1+¢),
we obtain

e(Do, Do) 1 1 . 1
7 L AQ" " <limsup - u,-(log. |o +/ ic(L) Ao .
fe Eriopr e paelogeloh + f el nat,

(<_?_‘|7 |D372> converges weakly to the integration current

As ¢ tends to 0, the term

27[Z,] associated with the zero divisor of 0. We therefore obtain the following
generalization of inequality 8.3.

Proposition 8.9. — For every holomorphic section o # 0 of L, one has
o / Zo] A 0™ < 6,(0) + 6,(L)
X

where d,(0), 6,(L) denote the respective “degrees” of o and L:

1
d,(0) = limsup ur(logJr lo|),

r—-+00

dp(L) = /X [ic(L) A a”_1]+.
The algebraicity theorem can now be stated as follows.

Theorem 8.10. — Denote by K,(X, L) the field of meromorphic functions on
X of the form o1/oy with oj € HO(X,O(L™)), m € N, d,(0j) < +o0, j = 1,2.
If the bundle L has finite degree d,(L), then:

(a) 0 < degtrec Ky(X, L) < n=dimX;
(b) If degtrc K, (X, L) =n, the field K (X, L) is finitely generated.

Proof. Let Fy =o}/o1,...,Fn = JN/UN be elements of K, (X, L) with O'j,U €
HY(X,0(L™i)),%° and let P € C[Xy,..., Xn] be a polynomial such that degx, P <

0[E] Both the numerator and denominator are global sections of L™i, so they both lie in
H°(X,0(L™)).
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kj . Set

o o

U:P( )O’lfl--'O'i/N c H'(X,0(L™)), m =Y kjm;.

ey
o1 oN

Inequality (8.6) then generalizes as follows:

(8.11) ordy(0) < Ca) Y ki | max(3p(05), 8,p(0})) + mydp(L)]

1<j<N

and the rest of the proof is identical to that of 8.5. O

51
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B. Geometric characterization of affine algebraic
varieties

9 Statement of the algebraicity criterion.

The purpose of the following sections is to show that affine algebraic varieties
are characterized among Stein spaces by simple geometric conditions, namely
finiteness of the Monge-Ampeére volume and a suitable lower bound on the Ricci
curvature.

Recall that an affine algebraic variety is, by definition, a closed algebraic subvariety
of some CV. In the case of a space X with isolated singularities, we obtain the
following necessary and sufficient characterization.

Theorem 9.1. — Let X be a complex analytic space of dimension n, with only
finitely many singular points. Then X is analytically isomorphic to an affine
algebraic variety if and only if X admits a strictly psh exhaustion function ¢ of
class C* having the properties (a), (b), (c) below.

(a) Vol(X) = /X (dd°p)" < +o00;

(b) The Ricci curvature of the metric f = dd°(e¥) admits a lower bound of the
form

1
Ricci(B) > —iddcw,

with ) € LL (X, R)NCY(Xreg, R) and v < Ap+B, where A, B are constants >
0;

(c) ¢ has only finitely many critical points on Xyeg.

If these conditions are satisfied, the ring R,(X) = K, (X)NO(X) (c¢f. Defini-
tion 8.2) is a finitely generated C-algebra of transcendence degree n. The algebraic
structure X,1g is then defined as the unique algebraic structure on X whose ring
of regular functions is R,(X).

Extending this characterization to analytic spaces with arbitrary singularities
presents difficulties that will be examined in §14.

The roles of the various assumptions in Theorem 9.1 are divided, roughly speaking,
as follows. The existence of a strictly psh exhaustion function ¢ guarantees that
X is a Stein variety, by H. Grauert’s solution of the Levi problem [Gr].
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Under assumption (a), Theorem 8.5 further implies that the field of ¢-rational
functions has finite transcendence degree. Assumption (b), in turn, ensures the
existence of sufficiently many ¢-polynomial functions, thanks to the L? estimates
of Hérmander-Nakano-Bombieri-Skoda for the & operator. We point out that
condition (b) cannot be replaced by a condition on the curvature of the metric
ddp (cf. Remark 10.2). On the other hand, one obtains an equivalent condition
by replacing § with any metric vy such that

exp(—A1p — By) <7 < exp(Azp + Ba),

for example, the metric v = dd®log(1 + €®) or vy = dd®(¢?).

Finally, assumption (c) implies, by Morse theory, that X has the same homotopy
type as a finite cell complex, and hence that the cohomology of X is of finite type.
We do not in fact know whether assumption (c) is really indispensable once X is
assumed irreducible. Without assumption (c), one can already show that X is the
union of an increasing sequence of quasi-affine algebraic varieties ( = Zariski-open
subsets of affine varieties), cf. Proposition 13.1. This result yields the following
improvement of Theorem 9.1.

Theorem 9.1'. — Theorem 9.1 remains valid if assumptions (a,b,c) are weakened
as follows:

(a7) = (a) = Vol(X) = [x(dd¢)" < +00;

(b") Ricci(B) = —3ddy, where 1 € L (X, R) N C%(Xyeg, R) satisfies an estimate
of the form

/ exp(cy) — Agp) B" < o0, c>0, A>0;
X

(¢)) the even-degree cohomology spaces H*1(Xyeq; R) are finite-dimensional.

Assumptions (a’), (b’) still imply that X = ey Xi with X}, quasi-affine, X, C
Xk+1, and assumption (c¢’) implies that the sequence X}, is necessarily stationary;
consequently, X is algebraic. Observe that assumption (c’) is always satisfied if
n =1; when n = 2 or n = 3, it is equivalent merely to assuming dim H?(X;R) <
+00, since the groups H?(X;R) always vanish for ¢ > n when X is Stein.

The plausibility of Theorems 9.1 and 9.1” was suggested to us in part by the work of
W. Stoll and D. Burns on parabolic varieties. We recall here the fundamental result
of W. Stoll (1980), which characterizes strictly parabolic varieties of arbitrary
radius.

Theorem 9.2 (cf. [St2] and [Bu]). — Let M be a connected complex analytic
manifold of dimension n. Assume that there exist a real number R € ]0,+0o0]
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and a strictly psh exhaustion function T : M — [0, R?[ of class C*°, such that
log 7 is psh and satisfies (ddlog 7)™ = 0 on M ~ 771(0). Then there exists a
biholomorphic map F : B(R) — M from the ball of radius R in C" such that
F*1(2) = |2]2.

If the strict plurisubharmonicity assumption on 7 is dropped, it is easy to see
that every affine algebraic variety M still satisfies the condition of Theorem 9.2
(with R = +oc0): it suffices to choose 7(z) = |m(2)[?, where 7 : M — C" is
a finite proper morphism. This observation led D. Burns to pose the problem
of characterizing such varieties in terms of exhaustion functions with special
properties. We mention, in particular, the following open problems.

Problem 9.3. — Consider a Stein manifold M of dimension n, admitting a
psh exhaustion function T : M — [0, 4+00[ of class C* such that logT is psh and
satisfies (ddlog 7)™ =0 on M ~ 771(0). Is the manifold M affine algebraic?

Problem 9.4. — Characterize the manifolds M admitting a strictly psh exhaus-
tion function T : M — [0, +oo] such that log T is psh and satisfies (dd¢log )™ =0
outside a compact set.

D. Burns showed that there exist affine algebraic varieties that do not satisfy
condition 9.4: this is the case for M = (C*)", n > 2. Nevertheless, condition 9.4
is satisfied by a “generic” affine variety, namely a variety embedded in CV whose
projective completion is smooth and transverse to the hyperplane at infinity.

Shortly after proving Theorem 9.1, we learned that N. Mok had previously obtained
a geometric condition sufficient (though not necessary in general) for a manifold
to be affine algebraic.

Theorem 9.5 ([Mok 1,2,3]). — Let X be a complete Kihler manifold of dimen-
sion n, with positive bisectional curvature. Fix xg € X, let B(xg, ) be the geodesic
ball, and let d(xo, x) denote the distance. Suppose that there are constants ¢,C > 0
such that

(a) Vol(B(zq,7)) = cr?",
(b) 0 < scalar curvature < C/d(zo, ).

Then X is biholomorphic to an affine algebraic variety.

N. Mok deduced from this theorem that every surface X of positive Riemannian
curvature satisfying assumptions 9.5 (a), (b) is in fact isomorphic to C2. The
analogous result in dimension n > 2 remains a conjecture. Theorem 9.5 relies
essentially on work [MSY] of Mok, Siu, and Yau on solving the Poincaré-Lelong
equation on Kéhler manifolds with bisectional curvature > 0. Apart from this
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result, N. Mok’s proof follows, in broad outline, an approach substantially parallel
to ours.

The assumption of positive bisectional curvature nevertheless appears rather
restrictive and does not, in general, cover the case of affine algebraic varieties (the
Euclidean curvature of such a variety is always negative, cf. §10). We mention,
however, some results known when the curvatures are not necessarily positive.
Siu and Yau [SY] proved that a simply connected complete Kéahler manifold X
whose sectional curvature satisfies

————— < sectional curvature < 0
d(.ro, :E)2+5

is biholomorphic to C™. The same holds if the curvature satisfies®

G
d(zg,x)te

with a sufficiently small constant C; (cf. [MSY]).

‘sectional curvature‘ <

10 Necessity of the volume and curvature conditions.

We shall prove here that conditions (a), (b), (c) of Theorem 9.1 are satisfied by
every irreducible algebraic subvariety X C CV of dimension n.

In this case, choose ¢(z) = log(1 + |2]?), so that the metric a = dd°p coincides
with the Fubini-Study metric on projective space PV. Since the closure X of X
in PV is a compact algebraic subvariety, we obtain

/ (dd°p)" = La” < 400,
X X

and consequently condition (a) is satisfied.

By the Bertini-Sard theorem, the set of critical values of ¢ on X, is finite.
Hence the critical set of ¢ is compact. By slightly perturbing ¢ in C*°(X,R) in
a neighborhood of this compact set ([Mi], Cor. 6.8), we construct a function ¢’
whose critical points are nondegenerate. The critical points of ¢’ are then finite
in number [assumption (c)].

It remains to show that X satisfies curvature condition 9.1 (b) with respect to
the metric

N
B =dd(e®) =dd°|z|*> =20y dz; Ndz;,
J J

j=1

51[P] The published estimate places absolute-value bars around the sectional curvature. They
are necessary because the estimate controls its magnitude.



56 J.-P. Demailly, Mémoires de la Société Mathématique de France, no. 19, 1985

which we shall verify by an explicit calculation of Ricci(3x) and 1.

Let (P1,..., Py) be a system of polynomial generators for the ideal I(X) of the
subvariety X in Clz1,...,2n], and let s = codim X = N — n. For every pair of
multi-indices

K={k <...<ks} C{1,...,m}, L={H<...<ts}CA{l,...,N}

of length s, consider the partial Jacobian

Jr.1(2) = det (apki/azej)l o

<4,J<s

and set
1/)(2) = log < Z |JK,L|2> .
|K|=|L|=s

The functions Jx 1, are polynomials; in particular, there exist constants A, B > 0
such that ¢ < Ap + B. The following proposition shows, moreover, that ¢,
satisfy curvature inequality 9.1 (b).

Proposition 10.1. — Denote by Ux = Uy, .. i, the open subset of X on which
the differentials dPy,, . ..,dPy, are linearly independent. Then:

1
(a) Ricci(B1x) = D) dd‘ log ( Z JK,L|2> on Uk,
|L|=s

1
(b) Ricei(fix) > —; dd”log ( > kL

2) on Xreg -
|K|=|L|=s

Proof of (a). Let z € Ug. Order the coordinates of CV so that (z1,...,2,) is a
system of local coordinates on X at the point z. In the K&hler case, the Ricci
curvature of X is the negative of the curvature of the canonical bundle A"T*X.
Thus, in a neighborhood of z, we have®?

Ricci(8x) = dd°log g,

where g is the norm, with respect to /3, of the holomorphic (n,0)-form dz A. . .Adzy;
g is given by

1
idey NdZy A .. Nidzg NdZy x = g — Blx-
.

52[P] The published formula is Ricci(f)x) = dd“log g. The expression dd°log g% in the web
TeX is twice as large.
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Let Lo ={n+1,...,N}, let L be any multi-index of length s = N — n, and let
CL be its complement in {1,..., N}. If we set

dPyg = del A...NdPg,,
then, by the definition of Jg 1

dPy /\dZBL = :l:JK,L dzi AN ... Ndzy,
AP A dP Adzgy Adzg, = |JxplPida AdZ AL Niday AdZy

_ 1
i*dPx NdPi N — " =2" 3" |Jx o[ idzy AdZL AL Nidey AdZy
n.
|L|=s

= 2" Jxnol 2 Y [ Jinl? i AP AdPg Aidz Adzi A Nidz A dZn.
|L|=s

“Canceling” dPy A dP, we therefore find

92:2_n|JK7L0‘2< ) 2)
|L|=s

and since Jg 1, is a holomorphic function invertible at z, formula (a) follows.

-1

Proof of (b). Part (a) shows that the function

10g< Skl /) Y \JKO,L!2>

|L|=s |L|=s

is pluriharmonic on the open set Ux N Uk,. It is moreover locally bounded above,
hence psh, on Ug,. It follows that the function

log (Z \JKL|2/Z | Tio,|”
ddyp > dd°log » | Jiq,2|* = —2 Ricci(B)x). O

is psh on Ug,, and on this open set one therefore has:
L

Remark 10.2. — When X is a closed analytic subvariety of CV and ¢(z) =
log(1 + |2|?), condition 9.1 (a), the finiteness of the volume, is by itself a sufficient
condition for the algebraicity of X (W. Stoll’s theorem, cf. Corollary 8.7). Nev-
ertheless, the following example shows that, in general, the curvature condition
9.1 (b) cannot be dispensed with, even if 9.1’ (¢’) is satisfied.
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Choose X = C \ E, where E = {z;; j € N} is an infinite closed countable set,
and set
|

|z — z;
1+ |z

—+o0
o(2z) =log(1+[z*) = > e;log
=0

where ;;Og €j = 1 is a series with positive terms converging rapidly enough that

¢ belongs to C>°(C \ E). Since

|z — 2]
SN

< log(1 +[2]),

we obtain

1+ 2)?
z) = lo ;
p(z) > log T 2]
moreover, lim, .. ¢(z) = +oc for every z; € E. Thus ¢ is an exhaustion function
on X. Furthermore, dd®p = dd¢log(1+|z|?), hence [y dd‘p = 41 < +o0o. However,
X is not algebraic. O

This example also shows, incidentally, that condition 9.1 (b) cannot be replaced
by a condition on the curvature of the metric ddp.

It is also easy to see that the algebras A,(X) and R,(X) = K,(X) N O(X)
coincide with the algebra Apg of rational functions in C(z) whose poles lie in E.
Indeed, every element f € Ap clearly admits the upper bound log | f| < C1p + Co,
hence Ap C A,(X) C R,(X); conversely, every element of K, (X) is algebraic
over C(z) by Theorem 8.5, so

R,(X) C C(2) NO(X) = Ap.

It is clear that the algebra Ag is not finitely generated.

11 Existence of an embedding on an open subset
of an algebraic variety.

The following sections 11-14 are devoted to proving the sufficiency of the alge-
braicity criterion 9.1 We assume here that X is a smooth connected manifold,
and that the given functions (¢, ) satisfy conditions 9.1’(a’,b’). We also make
the nonrestrictive additional assumption ¢ > 0. As before, set a = ddp > 0,
B = dd°(e¥); the measures p, are defined as in §3.

Definition 11.1. — Let p € |0, +oc]. We denote by
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(a) LE(X) the vector space of measurable maps f : X — C for which there exists
a constant C' > 0 such that:

/ |[fIPe™C B < +oo, if 0 < p < 400,
X
1f] < eCUH9) almost everywhere, if p = +oo;
= U 18(x)
p>0
(c) AL(X) = LE(X)NO(X), ifp € [0,+oq].

The usefulness of this definition appears in the two technical results below, which
will be used repeatedly in what follows.

Lemma 11.2. — The following properties hold:
a)
b)
c)
d) A X) is an integrally closed subalgebra of Lg(X).

(a) 1€ AL(X) for every p > 0;

(b) LE(X) C LL(X) and AL(X) C AL(X) for allp > q > 0;
( g(X) is a C-algebra ;

(

Lemma 11.3. — One has the inclusion A)(X) C A,(X). More precisely, if
fe Ag(X) satisfies

[ 1P exp(-Cg) B < +o0,
X

then
() 3,(£) < E= Vol (x);
/ |df|ﬁexp f—C)go} f" <400 ifpel0,2],

where the norm |df |z is computed with respect to the metric [3.

Proof of 11.2. Proposition 3.10 successively yields

v(r) = / " = e”"’/ a™ < " Vol(X),
{p<r} {e<r}

+o0 +o0
/ e~ gr — / e~ dy(r) = (n +1) / e~ p(r) drr < 400,
X 0 0
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which proves (a). Property (b) then follows from Hoélder’s inequality. The same

inequality implies
_a_ p_
_c pt+aq _c n p+q
Joaswecesr] | [ lglreces
X X

for all p,q > 0. Thus we obtain the inclusion

/X fg|7e=Ce gn <

_Ppa_
(11.4) LZ(X) -L?O(X) C LE(X),
and property (c) follows. We now verify assertion (d). Let f be a meromorphic
function on X satisfying a monic equation over Ag(X ) of the form
flrafi+ dagf+aqs=0, a]-EA?O(X).

From this equation, we deduce the upper bound

< (|1/3
IF1 <2 max [a;[ 77,

otherwise the equality
“l=aif '+ taaf

would lead, upon taking absolute values, to the absurd inequality
1<27l4... 4274
Consequently, since X is smooth, f extends to a holomorphic function on X, and
it is clear that f € Ag,(X). O
Proof of 11.3.

(a) One has 8" > €™ (dd°p)" ! A dp A d°p; consequently (Proposition 3.9 (a)),
the integral

+oo
| e gy ar = [ 15pet 0 (dat eyt ndgnacp < [ 1gpece

[e.9]

is finite. Since the map r — pu,(|f|P) is increasing, we deduce that

pell1P) < exp (€ =)+ 1) [ €O ) e < e

with a constant C7 > 0. By Jensen’s inequality and the inequality ||u,| < Vol(X),
we obtain

< (C —n)r+ Cy,

pr(log(1+f17) _ log lur(l + | f1P)
Il o | h || |

C—n

5,(f) = limsup ~ iy (log, |f1) < <2 Vol(x).

r—+oo T
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(b) To bound |df|g, observe that

2
dde(|f) A 8"t = 2= (172 df[ 6™

By Stokes’ theorem, this equality implies, for every r > 0:

D O K AR (S R P

B(r)

An easy calculation gives, on the other hand, the following bound on B(r) = {¢ <
r}, uniform in 7:

c ©\? 1-c) N2 _¢
dd®|(1—- =+ 21 < 14+ - ?p, .
[( T)e } Cg(—i—r)e B r>0
Passing to the limit as r — +o00, we therefore obtain
[ 1sp2idr -0 g <y [ |fecep
X X

Property 11.3 (b) now follows by applying Holder’s inequality to the measure
|fIPe=C¥B" and the functions

- p
|f] p|df|gexp(§<p) and 1,

with conjugate exponents (£, %) O

N

The existence of nonconstant holomorphic functions in LZ(X) will follow from
the classical estimates of L. Hérmander [H61] for the operator &.

Proposition 11.5. — The following properties hold.
(a) Let T € LL (X) be a function such that

i 90T + Ricci(B) = \B

2

where X\ is a continuous function > 0 on X. Let u be a (0,1)-form with Li

coefficients on X such that Ou = 0 and
/ A ul?e™™ B < 4o0.
X

Then there exists a function g € L2 (X) such that Og = u and

loc

[l am < [ AT Hule 7 < +oc,
X X
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(b) Let 1, c, A be the data of 9.1°(b"). If p is psh on X and u satisfies Ou = 0 and
[ e g < oo,
X
then there exists g € L2 .(X) such that g = u and

[l <o [ e g
X X

(c) Let {x1,z2,...,xm} C X be a finite set, and let p be a psh function on X such
that e~ is integrable in a neighborhood of xr1,xo, ..., Tm. Then there exists
a holomorphic function f having a prescribed jet of order s at each point x;
and such that

/ |f]2e P~¥=C9 g1 < oo, where Cy > 0.
X

In particular, if p = 0, one obtains [ € AZ(X) with b = 1%: and ¢ as
in 9.1°(b").

(d) AZ,(X) is dense in O(X) for the topology of uniform convergence on compact
subsets.

Proof.

(a) is classical; see, for example, H. Skoda [Sk3].

(b) Apply (a) with 7 = p + ¢ + 2log(1l + e®). Since ¢ > 0, one has 7 <
p+ ¥+ 2p +log4, and assumption 9.1°(b’) yields

e? dd°p  e¥ dp N\dp

. VaY . . >
i 00T + Ricci(B) > T ev 1+ c7)?

=2 A3

with A = (1 + e¥)~2. Estimate (b) follows.

(c) follows from (b) by a classical argument due to Bombieri and Skoda [Sk1].
Let Uy, ..., U, be pairwise disjoint open neighborhoods of z1, ..., z,, on which
e~ ? is locally integrable. Equip U; with a system of local coordinates 20 =
(z{, z%, ..., 2)) centered at x;, and set

m
pr=p+n+s)| > xlog|zVf +Cjop
P

where x; is a function > 0 of class C*°, compactly supported in U; and equal
to 1 in a neighborhood of z;, and Cj is a sufficiently large constant > 0 for p;
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to be psh on X. The constant n + s is chosen here so that the jet of order s of
a function g of class C* that is locally integrable with respect to the measure
e~ Pt 8" necessarily vanishes at the points ;. Now let Pj(z(j )) be a polynomial of
degree < s having the prescribed jet at x;. Set

h = ZX]‘ PJ(Z(j))
7=1

The (0, 1)-form

is of class C*°, vanishes in a neighborhood of z1,...,z,,, and by construction
/ lu2e=P17% B < 400;
X
here we used the fact that v is locally bounded. By (b), there exists g € C*°(X)

such that g = u and
[ lgltem e gn oo,
X

The function f = h — g then has the required properties. If p = 0, we may write

1 1
|fl = [!f\ exp ( - ?ﬁ)] exp (51/1>
where |f|exp(—3¢) € L2(X) and exp(3v) € LZ(X). It follows from (11.4) that

b
fe L¢(X ).
(d) follows from (b) exactly as in Lemma 4.3.1 of [H62]. O

We now use Proposition 11.5 to construct many holomorphic functions on X, and
thereby obtain a partial embedding of X into CV. Let zq € X be a fixed point.
By 11.5 (c), applied with p = 0, there exist functions fi,..., f, € AZ(X) such
that

dfi A\ ... Adfy(x0) # 0.

In particular, fi,..., f, are algebraically independent in A,(X). Theorem 8.5 (b)
therefore applies, giving:

Proposition 11.6. — The field K,(X) of ¢-rational functions is a finitely
generated extension of C, of transcendence degree n. U

As we shall see, it is easy to deduce from the preceding results the existence of a
morphism F': X — M from X to an algebraic variety M of dimension n which,
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outside an algebraic hypersurface S C X, is an isomorphism from X ~ S onto
an open subset of M. The main remaining difficulty will be to prove that F' is
quasi-surjective, i.e. that F/(X \ S) is a Zariski-open subset of M.

Proposition 11.7. — The following existence properties hold.
(a) There exists a function fpi1 € A?D(X) such that

fn+1($0) =1 and /X |fn+1‘2 ‘dfl N.. ./\dfn‘g2 exp(—21/J—Cgo) 8" < +oo.

In particular, {x € X ; dfi A... Ndfp(x) =0} C f,f_&l(())

(b) There exist functions fnyo,...,fN € Ag(X) and an irreducible algebraic
subvariety M C CN of dimension n such that the morphism F = (f1,..., fn)
maps X into M and is an analytic isomorphism from X ~\ f,;_&l(()) onto a smooth
open subset of M.

Proof.

(a) It suffices to apply 11.5 (¢) to the psh function
p=14log|dfy A...N\dfn)?.

If Z is the zero divisor of the holomorphic n-form df; A ... A df,, viewed as a
section of A" T*X, then assumption 9.1’(b’) indeed gives:

dd®p = dd“ + 2 Ricci(B) + 4n [Z] > 0,
and p is continuous in a neighborhood of xzy. Hence there exists f,+1 € O(X)
such that f,.1(z0) = 1 and satisfying the stated L? estimate. This estimate

implies that f,,4+1 vanishes on the support of Z, and by Lemma 11.3 (b) one has
|df;| € LZ,(X)7 whence

ol < (Ifnal 1A Ao Adfal ™ e™) [dfa] - |dfa] € € LE(X).

(b) We first construct, by induction on j, functions fi,..., fy; € Ag(X) with
No=n+1< Ny < Ny < --- (this has been done for j = 0).
By 11.6, the image of the morphism

Fy=(fi,.., fn;): X = CY
is contained in an irreducible algebraic variety M, C CNi of dimension n. Let Mj
be the normalization of M;. There is a commutative diagram

Mj — (CNj > (Zl”"’ZNj)
l l L
M; — CcNi > (21,...,2Nj) .
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Since the variety X is smooth (and hence normal), the morphism Fj : X — M;

lifts to a morphism
Fj = (fl""7fNj) :X—>Mj.

By construction, the coordinate functions zy;11,. .., Zy, (resp. fNn;+1,--- vaj)

are integral over the ring C[z1, ..., zn,]/I(M;) (resp. over C[f1,..., fn,]), hence
INjr1s- ) € AY(X) by 11.2 (d). Moreover, the restriction

Fy X N f4(0) — M;

is étale, since dfi A ... Adf, # 0 on X f;ﬁl(O) by (a). Since Mj is locally
irreducible, the image Fj(X ~ f,, Jil(())) is necessarily contained in the set of
smooth points of ]\Z{j. If Fj is injective on X ~ fn_jl(O), the construction is
complete with F' = F;, M = M;, N = Nj.

Otherwise, let 21 # 22 be two points in X \ f,};(0) such that Fj(z1) = Fj(22).
Proposition 11.5 (c) shows that there exists a function g € Ab@(X ) such that
g(z1) # g(22). Set Nji1 = ]\7]- + 1, fNj+1 = g. By 11.6, g is algebraic over

Clfr,---»f NJ_}, and therefore satisfies an irreducible equation of the form
d ~ ~
(11.8) Zak(Fj)gk =0, a E(C[fl,...,fNj], ad(Fj) 5_’50
k=0

Since 1*:'] is étale in neighborhoods of z; and zs, there exist points wy near z; and
wy near z; such that Fj(wq) = Fj(ws) ¢ a;*(0) and g(w1) # g(ws). This implies
that equation (11.8) has degree d > 2. Since K, (X) is a finite-degree extension
of C(f1,.-., fn), the process must terminate after finitely many steps. O

12 Quasi-surjectivity of the embedding.

We retain the notation of Proposition 11.7. The purpose of this section is to prove
that the image of the morphism F : X \ f,};(0) — M is a Zariski-open subset
of M. Let Q € C[zy,...,2zn] be a polynomial that is not identically zero on M,
divisible by 2,1, and such that the hypersurface @~'(0) contains the singular
locus Mging. Set

M=M~Q'0), X=X~\QF) ! 0)c X~ fl0),
so that M is smooth and the restricted morphism

F:X—>M
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is an isomorphism from X onto the open set = F(X ). The variety M may be
(and will be) identified with an affine algebraic subvariety of CVY*! via the map
M — CN*1 defined by

(Z1,.- - 2n) V= (21, 2N, 2N = Q(71, - .,ZN)fl);

the morphism F : X — M C CN*! is then given by F' = (F,Q(F)~"). One of the
crucial points in the argument is to show that the closed positive current F*ddcgo
extends from the open set () = F(X’ ) to the entire variety M .53 For this we need
precise mass estimates, which are provided by the following lemma.

Lemma 12.1. — Let G = (g1,...,9m) € [A%X)]" and v = ddlog(1 + |G|?).
Then for every integer k > 0, one has:

@)/OM%W*Avk<+m, 0<k<n,
X

(b) / dip Ado A (ddSp)"*E AR < O, 0<k<n—1,
B(r)

where C is a constant > 0.

Proof. Apply Theorem 2.2 (c) with p = ¢ — 7, Q@ = {p < 0} = B(r) and
Vi=...=V;=log(l+|G|?) > 0. This gives

k
/ &A%<@/ (log(1+|GJ*))" Bo
B(r) B(r)
where, for ¢ > 0 and k£ > 0, we have set:

B = (r— @) (dd°p)" " + (k + a)(r — )" T dp A dp A (dd )"

‘We have:

Bo =2(r —¢)* (dd°p)" + dd®B,.

2(1+a)

Stokes’ theorem therefore gives, for every r > 0:
/ Bo = 2/ (r—¢)* (dd°)" < 27" Vol(X).
B(r) B(r)

On the other hand, the function ¢ — (log(e* +t))* is concave on [0, +o00[. Hence,
for every p > 0, we obtain Jensen’s inequality:

J(r) (log(e® + GP)” i S {1og I 1GI” ﬁo] }k
fB(T) Bo h fB(r) Bo '

P] The current is extended to M , as in the published statement.

ek+

53[
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Since g; € AY(X) [cf. Definition 11.1], there exist p > 0 sufficiently small and
Cy, C5 > 0 sufficiently large such that

/ |GIP By < exp(Cur + Cs).

B(r)

The preceding inequalities then imply
/ B AyF < Cﬁ/ (log(e” + \G!p))k Bo < Cprkta,
B(r) B(r)

In view of the definition of i, this proves Lemma 12.1 after substituting 27 for r.
O

Equip CN*! and M ¢ CN*! with the Fubini-Study metric w = dd¢log(1 + |z|?).
We then have the following extension theorem, whose proof is inspired by H. Skoda
[Sk5] and H. El Mir [EM]; see also the survey article by N. Sibony [Sib].

Proposition 12.2. — Let T be the trivial extension to M of the current F*ddccp,
defined by

T = F.dd°¢ on F(X), T=0 onM~ F(X).
1

Then T is a closed positive current on M with finite total mass Sy T AW,

Proof. First compute the mass of T

/v TAW" = [  EddpAw" ! = / dd®p A (F*w)" L.
M F(X) X

The (1,1)-form F*w is given here by

F*w = dd®log(1 + |F)?) = dd°log(1 + |F|> + |Q(F)|72)
= dd’log(1+|Q(F)* + [F*|Q(F)I*).

The finiteness of the mass now follows from Lemma 12.1 (a). For every real
1-form v of class C* with compact support in M>* and all multi-indices J, K C
{1,..., N + 1} such that |J| = |K| = n — 2, we now show that

I:/v dvANT Ndzy Ndzg = 0.
M

4[P] The test form v is defined on M, where the current T lives.
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This will prove that dT" = 0. Let x be a function of class C*° on R such that
0<x <1, x(t)=1ift<0,x(t)=0ift > 1, and |x'| <2. 5 By the definition
of T', we obtain

I= / F*(dv) A dd®o A dFE; A dFg
X

1 f [% c n n

= lim_ XX(T) d(F*v) Add°p A dEy A dFy .
The form x (%) d(F*v) is supported in F~(Suppv) N B(r) € X. Integration by
parts therefore gives

¥

I'= lim + VF*’U/\X/<*
X r

r—+00

d . —
)T‘PAddcgoAdFJAdFK.

By the Cauchy—Schwarz inequality, the last integral is bounded by %\/ LiIx(r),
where?®

L :/v dd®o N F*(v Av Adzy Adzy),
X

L(r) = do Ad°p A dd®o A dEx A dE .

/F‘—I(Supp v)NB(r)
Since v has compact support in M , there exist constants C1,Cy > 0 such that
vVAVEANdzy Ndzy < Ciw" T,

dFg N dEFg = F*(dzg A dzg) < Co(F*w)" 2 on F~(Suppw).

Lemma 12.1 (a) and (b) then give®”
L <C / dd®o A (F*w)" ! < 400,
X
Iy (r) < Cy / dp Ndéo AddCo A (F*w)" "2 < C Cor,
B(r)

whence 5
< lim = —
|| < ngloo " LiIx(r)=0. O
By Theorem 15.3 in the appendix, there exist a psh function V' and a (1,0)-

form u of class C* on M having the following properties, for suitable constants
C1,C2,C3 > 0.

55[E] The cutoff must satisfy |x’| < 2. A one-sided bound is not enough for the decreasing
cutoff used in the proof.

56[P/E] Both integrals below are taken over X, and the quadratic form in the first is v A v°.
These choices make the Cauchy—Schwarz estimate well defined.

7[P/E] The first estimate is over X, and both estimates use the pullback F*w on that space.
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Properties 12.3. — We have the (in)equalities

(a) dd°V > T

(b) V(2) < Cilog(1 + |2]);

(c) dd°V — T = du;

(d) July < Ca(1+2*)%

Now consider the function 7 = V — F,¢ defined on the open set () = F(X)c M.
By 12.3 (a), 7 is psh on €, and moreover 7 < V. Since F,¢ tends to +00 near 02,

T tends to —oo at every point of 9f. Consequently, 7 extends to a psh function
on M still denoted 7, such that 7 = —oo on M~ Q.

Corollary 12.4. — M ~ Q is a closed pluripolar subset of M. O

The next step is to show that M ~ € is in fact an algebraic hypersurface of M.
By 12.3 (c¢) and the definition of 7', we have:

21 00(V — Fup) = du on €,
so the (1,0)-form A defined by

. U u
(12.5) h=0(V — F.p) +2—Z, —87’+2—i
is holomorphic on €; since u is of class C> on M, this also shows that 7 is of class
C* on 2. We shall now prove that h extends to a rational meromorphic 1-form
on M. This will follow essentially from estimates 12.3 (b,d) and the algebraicity
theorem 8.5. By construction of F and X, the forms (dfi,...,dfy) define a global
frame of T*X. The forms (dz1,...,dz,) therefore also form a frame of T*M over
the open set Q = F(X), and we may write

h=> hjdz;
j=1

with functions h; € O(Q). The idea of the argument is to verify that the functions
hjo F have p-polynomial growth, using the upper bound on 7 =V — F*go supplied
by 12.3 (b). The fact that we have no lower bound on 7 introduces an additional
difﬁculty, which we shall circumvent by seeking only an estimate for the functions

exp(57 0 F) by (F)|-

Lemma 12.6. — Consider on X the exhaustion function®®

— log(1 + %) + log(1 + | F]?)

8[P] Both ¢ and & are defined on X. The published formula also supplies the missing term
dd®log(1 + e¥) in d.
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and the associated metric
& = dd°p = dd°log(1 + €¥) 4+ F*w.

The following properties then hold for constants p > 0 sufficiently small and Cy, Cs
sufficiently large.

(a) / a" < +oo;

X

(b) / oF=C1% P2 (il AT) A G < +oo;
X

© [ [exp (570 F) 1RO ng(B)]] 5% 5 < oo,

Proof.

(a) follows immediately from Lemma 12.1 upon observing that

e? dd°p  e¥ dp Ndp
14 e (14 e¥)?

ddlog(1l + €¥) = < ddp +e % do Nd.

(b) Estimate 12.3 (b) implies®

(12.7) T=V - F.o<V <O log(l+ |z,

so the function 6 = log(1 + emoF ) satisfies the upper bound
0 <log (1+ (1+|F]?)) < C1¢p + log 2.

Corollary 7.3 applied to (X' , @) then gives

/ i000 A & < +o00.

X

A direct computation also gives®’

i({)@@:F*< 100T ie 87'/\87') > 1

>7F* ™ O N\ O —2C19
1+e‘7+ (1+em)2 2 (ie” O A D7) e ’

and it follows that

/v eroF—2C19 F*(i@T AOT) A &1 < +o0.
X

%9[P] In (12.7), ¢ is pushed forward by F. A pullback here would have the wrong domain.
0[P] The published estimate includes the factor i in F™*(id7 A 87), making the form positive.
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On the other hand, by the definition of & we have & > F*w. Estimate 12.3 (d)
therefore gives

|Fuls < (July) o F < Co(1 4 |F[1)P < Cy 3%,

/ ]F*u]Q eToF—(C142C3)¢ 5n < 022/ a" < 4o0.
X “ X
Property (b) now follows from the definition of h = 07 4 3 and the identity
|F*u)? 6" = n F*(iu Aw) A&t
(c) The trivial inequality
c © 1 c 1 —p c
ddlog(1l + %) > §dd <p~|—le dp N dp

successively implies

1
~ 9n—1

_1)e—¢
(ddp)" ! + (nQn)e (dd°o)" "2 Ndyp A dp

> 9 Ne—Np (ddcego)n—l — 9NN Bn—l’

~n—1

F*(ih NR) A& = 27"e ™ | E*h|3 B™.
On the other hand, by the definition of ¢, we have
5 = log(1+ ¢?) — 21og |Q(F)| + log (1 + [Q(F)? + [Q(F)P|F[?)
< ¢ —210g|Q(F)| + Cslog(1 + |F*) + C7,

where Cg = 1 + deg(Q).%! Inequality (b) therefore gives
[ €T QU (14 P2 | F B3 B < oo
and since |F| € LY (X), it follows that
exp (%To B [QUE)|C* |F*hly € LY(X).
Moreover, the function h; can be written as

i hAdey AL Ndz AL N dzy
dzi A ... Ndzy, '

hj = (-1)

S1[E] The constant here depends on deg Q. Both source versions mistakenly refer to a different
polynomial.
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Thus o

(hs () < |F*hs [dfals - [dfsl5 - dfalg [dfy A A dfal5?,
and sincef?

ldfilg, -, |dfals € LU(X) [Lemma 11.3 (b)], and

| foil |dfi Ao A dfn|§1 € Lg(X) [inequality 11.7 (a)],
we obtain

1 . .
exp (570 F) QU [ fuia] [y o F| € LY(X).

By assumption @ is divisible by z,41, i.e. @ = z,+1R. Property (c) is then
obtained by multiplying the function above by |R(F)| € LY(X). O

In order to work on X rather than on X , we shall need the following elementary
extension lemma.

Lemma 12.8. — Let S = g~'(0) be a hypersurface of X, and let 6 be a psh
function on X ~. S such that ¢’ € Ll (X). Then 0 + log|g|* extends to a psh
function on X.

Proof. Tt suffices to show that @ + log |g|? is bounded above near every regular
point of S. We may therefore assume that X is an open subset of C" containing
the closed unit polydisc A", and that S = {z1 = 0}. The mean-value inequality
applied to the polydisc

(z1 + |z|A) x A" c X\ S

at every point z € A", 0 < |z1] < %, implies

e??) < 1/ e d.
7Tn|21‘2 n

It follows that the function @ + log|z1|? is bounded above near S. O

Proposition 12.9. — The 1-form h = Y, ;¢ hjdz; extends to a rational
meromorphic 1-form on M .5

Proof. Since X = X \ Q(F)~'(0), Lemmas 12.6 (¢) and 12.8 show that

p 1o [exp (570 F) [QUF)IO [nyo F | + log |Q(F) P

52[P] The sequence is dfi, ..., df,. The final differential is accidentally repeated in the web
TeX.

53[P] The rational meromorphic form extends to M, the ambient variety in this section.



Monge—-Ampeére measures and geometric characterization of affine algebraic varieties 73

extends to a psh function on X. Thus there exist an integer s > 0 sufficiently
large and € > 0 sufficiently small such that, if g denotes the holomorphic function
on X defined by%

9= Q(F)*hy(F),
then the function 27 o I+ log |g| is psh on X, and

/Xexp [5(%7’ o F +log ]g]) - C’g(p} B < +00.

Arguing as in Lemma 11.3 (a), we consequently obtain

lim sup %urKéToF—i—log ]g\)J <

r—+00

Cs—n
€

Vol(X) < +o0.

Let P € C[Xo, X1,...,X,] be a polynomial such that degy, P < k¢, and let 6 be
the function defined by

1 .
6 =1og |P(g, fi.... fu)l + ko(57 0 F + C1log |Q(F)]).

By estimate (12.7) and the preceding results, 6 is psh on X and satisfies an
estimate%®

n
1 .
0y < z:kjlogJr |fi] + ko (§TOF—|—10g ]g])+ + Cylog, |F|| + Cio.
j=1

By Corollary 7.3, we obtain the upper bound

/ ddO A o™t < Ciiko + Z ]{/‘j(s@(fj)
X "
7=1
with a constant Cj1 > 0. If @ € X, it follows that
ord, P(g, fi,. .., fn) < 012(]6'0 + k44 kn), Ci9 > 0.

The argument of Theorem 8.5 then shows that g is algebraic over C(f1,..., fn),
and hence so is the function h;(F) = Q(F) ®g. Consequently h; is algebraic over
C(#1,...,2n), i.e. h; satisfies an equation

d
Zag(zl,...,zn) hsz, ap € Clz1,...,2n], aq#0.
£=0

%4[P/E] The functions in this argument are composed with F, and each estimate is written
on the space where its terms are defined.
%[P/E] The bound includes the complete positive-part term and Co log, |F|. In the following

sum, the index runs from 1 to n.
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The element agh; is therefore integral over Clz1,...,2,]; we deduce an upper
bound

lad(2)hj(2)] < Cra(1+ [2).
Since h; is holomorphic on the open set 0 C M and the complement M ~
is pluripolar, agh; extends to a polynomial on M. Consequently h = > h;dz;
extends to a rational meromorphic 1-form on M. O

Proposition 12.10. — Let Q1 be the largest Zariski-open subset ofM on which
h is holomorphic. Then € = ).

Proof. Clearly 2 C €. To obtain the reverse inclusion, first let us show that 7 is
of class C* on ;. We know that equation (12.5)

U
—h-2
or 57

holds on Q, and that v := h — % € C§3(21), since u € €54 (M). Thus v +7 = dr
on €2, whence d(v +v) = 0 on §; by continuity. Let (€1 ;);cs be a covering of
1 by simply connected open sets. There exist functions 7; € C*°(£2; ;) such that
drj = v +7v on €y ;. The function 7 — 7; is then locally constant on €2 ; N €2,
hence constant, because Q1 ;N Q= Q;; ~ (M ~\ Q) is connected. It follows that
7€ (), and since T = —oo on M . ©, we obtain Q; ~ Q = 0. O

Corollary 12.11. — F(X ~ f,1,(0)) is a Zariski-open subset of M.

Proof. If x is any point of the open set X\fgjl(O), then F(x) ¢ MsingU{2n+1 = 0},
so there exists a polynomial @, divisible by 2,41 and vanishing on Mj,e, such
that Q.(F(z)) # 0. By Proposition 12.10,% Q, = F(X \ Q.(F)~1(0)) is a
Zariski-open subset of M, and hence so is the union

U  Q=F&X~ £ 15(0). O
:L‘EX\f;Jil(O)

Since X \ f, _&1(0) is Stein, as is its biholomorphic image under F', we see in fact
that the complement M \ F(X \ f, il(O)) is necessarily an algebraic hypersurface
of M.

13 Proof of the algebraicity criterion (smooth case).

By Proposition 11.7 (a), to every point 2o € X we can associate a morphism

N
FO = (19, 1) e (A%

6[E] The result invoked here is Proposition 12.10, not a corollary.
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and a function gg = fT(L(J)Zl such that the open set X \ gy *(0) 3 xg is biholomorphic

under F() to a Zariski-open subset of an algebraic variety in CNo. There is
therefore a countable covering of X by such open sets X \ g, 1(O), associated with
morphisms F*) : X — CNr. Consider the product morphism

Fk = F(O) X F(l) X o0 X F(k}) - X - (CNO++NI<:

By Theorem 8.5, the image Fj(X) is contained in an irreducible algebraic
variety Mj, C CNo+ -+ Nk of dimension n, and Corollary 12.11 shows that
Frp(X ~ gj_l(O)) is a Zariski-open subset of My, if j < k. Set

Y=g (0), Xe=X Y =J (X ~g;'0).
j<k j<k

By construction Fy : Xy — Fi(Xp) C My is an isomorphism, and Fj(Xj) is a
Zariski-open subset of M. We may therefore state:

Proposition 13.1. — If X satisfies assumptions 9.1'(a’,b’), then X is the union
of an increasing sequence of quasi-affine varieties X, where each Xy identifies
with a Zariski-open subset of Xp41 with the induced algebraic structure. U

In other words, X does have the structure of a ringed space which is “locally” that
of an algebraic variety, but the “Zariski topology” need not be quasi-compact.

Such varieties do in fact exist. It suffices to take for X the (smooth) surface with
equation sinz = yz in C3, and for Y}, the countable union of linesS”

({ym} x {0} x C),

j €Z, |j| > k. The open set X; = X \ Y then identifies with the algebraic

variety
2 2

Vk = {(x,y,z) GC?’; 1‘(1—%) (1_#) :yz}
via the map Vj, < X defined by 68

+o0 2
x
(,9,2) = (x,y,2") where 2/ =2 H (1 — 32?)7
j=k+1
with inclusions V, < Vi41 given by the algebraic morphisms%
2
('1"7 Y, Z) = (x7 Y, Z/) where Z, == Z(l - m) O

67[P] The published example removes only the single family of lines displayed below. The
web TeX adds a second family that is not part of the example.

%8[E] The Euler-product tail is taken once, over j > k + 1. Both source versions accidentally
repeat the product.

59[W] The two explicit maps in this paragraph were added in the later web TeX and are
useful, so they have been kept.
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We shall now show that the sequence (X}) is necessarily stationary if the coho-
mology spaces H?4(X ; R) are finite-dimensional [assumption 9.1°(c’)].

Lemma 13.2. — Let X be a complex manifold © of dimension n, let Y be an
analytic set of dimension < p in X, and let d = n — p = codimc Y. Then the
relative cohomology space H1(X, X \Y ; R) vanishes if ¢ < 2d, and

H*(X, X \Y;R)~R’,
where (Y;)jey is the family of irreducible components of dimension p of Y.

Proof. We refer, for example, to E. Spanier [Sp] for the elementary arguments
from algebraic topology that will be used. We argue by induction on p, the result
being trivial for p = 0. If p > 1, let Z be the union of the singular locus Y4, and
the irreducible components of Y of dimension < p, so that dim Z < p — 1. The
exact sequence of the triple is

HYX, X\ Z) = HI(X,X\Y) > H(X\ Z,X\Y) = H(X, X\ 2).

By the induction hypothesis H9(X, X \ Z) = H"Y(X,X \ Z) = 0 for ¢ < 2d,
hence H1(X, X\Y) ~ HY(X\Z, X\Y). After replacing (X,Y) by (X\Z,Y\Z2),
we may assume that Y is smooth of dimension p.

Y then has a tubular neighborhood U homeomorphic to the normal bundle NY'.
By the excision theorem, we therefore obtain

HY(X,X\Y)~HYU,U\Y)~HINY,N*Y)

where N*Y is the complement of the zero section of NY. Since the bundle NY
has real rank 2d, the Thom—Gysin isomorphism theorem implies

HIY(NY,N°*Y) ~ HI724(Y),
and for ¢ = 2d, HO(Y) ~ R’. O

We now return to the setting of Proposition 13.1, where X = X \ Y}, and set
dim Yy = pg, dp, = n — pg. The exact sequence of the pair (X, X \ Y;) gives

H* =YX \Y,) —» H?** (X, X \Y}) » H*®*(X).

Since X \ Y}, is isomorphic to an algebraic variety, H2%*~1(X \ Y;) is finite-
dimensional, and the same holds for H?%(X) by assumption. Lemma 13.2
therefore shows that Yj has only finitely many irreducible components of maximal

"[E] The lemma must be stated for a complex manifold. For a singular analytic variety, its
conclusion can fail at a singular point.
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dimension pg. Since Y} is a decreasing sequence with empty intersection, we see
that there exists £ > k such that dim Yy < pi. After finitely many steps we shall
therefore have Y; = ), hence X = X,. Set

The morphism F : X — M C CV is then an analytic isomorphism from X onto a
Zariski-open subset {2 C M. Replacing M by its normalization as in the proof
of 11.7 (b), we may assume that M is normal. Since € is Stein, the complement
H = M ~\ ) is necessarily a hypersurface of M. Denote by K(Q2) ~ K (M) the
field of rational functions on €, and by R(2) the ring of algebraic regular functions
on 2. Write

F={(fi,....fn) € I:A(,OD(X>:|N'

The comorphism F* maps K(€) into the field C(f1,...,fn) C K (X). The
following proposition shows that the algebraic structures (X, K,(X)NO(X)) and
(©, R(§2)) are isomorphic.

Proposition 13.3. — We have the following properties:
(a) F*: K(Q) = K,(X) is an isomorphism.
(b) F*R(2) = K,(X) NO(X).

Proof.

(a) It suffices to prove the surjectivity of F*. Now, if g € K (X), then g is
algebraic over C(f1,..., fn) by 11.6. Hence g o F~! is meromorphic on € and
algebraic over K (). It follows that g o F~! € K(Q) = K(M), by arguing, for
example, as at the end of the proof of 12.9.

(b) follows immediately from (a), provided we verify the equality R(2) = K(2) N
Oana1(Q). The inclusion R(Q2) C ... is clear. Conversely, given g € K () and
x € Q, write g = u/v, where u,v € O, 414, as an irreducible expression for g at x
(which is smooth by assumption). This expression is also irreducible in Oy anaj-
Since g € Oy anal, we therefore have v(x) # 0, hence g € O, a1 and g € R(Q). O

To complete the proof of Theorem 9.1°, it now remains to show that € is al-
gebraically isomorphic to an affine algebraic variety; in other words, we must
prove the existence of a proper algebraic embedding Q = M ~ H — CN'. This is
easy if M is smooth, but when M is singular the algebraic hypersurface H need
not be locally a complete intersection, and in this situation Goodman [Go] gave
examples for which the algebra R(M ~ H) is not finitely generated. We thank
N. Mok for pointing out this difficulty to us, which invalidated our original proof.
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The argument in [Mok2] consists in observing that Q is rationally convez in the
following sense: for every compact set K C €2, the hull

K= {a; € Q; |g(x)| < sup|g| for every g € R(Q)}
K

is compact. Indeed, this follows from 11.5 (d) and the fact that Q ~ X is Stein.
We then apply part (b) of the theorem below.

Theorem 13.4. — Let M C CV be an affine algebraic variety (possibly singular)
of pure dimension n, and let H be an algebraic hypersurface of M. Then M ~ H
s isomorphic to an affine algebraic variety under either of the following two
assumptions:

(a) H is, (as a reduced subscheme) ™, locally a complete intersection in M.

(b) M ~ H is rationally convezr ([Mok2]).

Proof under assumption (a). For every z € H, by assumption there exist a
polynomial P € Clzy,...,2y] and a Zariski neighborhood V' (z) C M such that
HNV(z) =P 10)NnV(z). Let H be the union of the irreducible components of
P~1(0) not contained in H. Since z ¢ H’, there exists a polynomial () vanishing
on H' such that Q(x) = 1. Hilbert’s Nullstellensatz implies the existence of an
integer s € N such that Q*/P € R(M ~ H). Since the Zariski topology is quasi-
compact, we may extract a finite covering V(z1),...,V(x,,) of H and a finite
family of polynomials P;, Qj.j associated with the points ;. Our construction
then shows that the morphism

(21,28, Q3 /Pr, ., Q3 /Py) : M\ H — CNt™
is a proper embedding.

Proof under assumption (b). We first construct, by descending induction on k,
a sequence of closed algebraic subvarieties M C M of pure dimension k, such
that My N H is a hypersurface of M. Set M,, = M; if M, has been constructed,
choose a polynomial P, € R(M) vanishing on H but not vanishing identically on
any irreducible component of My; then let Mjy_1 be the union of the irreducible
components of M, N P, (0) not contained in H.

We now argue by ascending induction on k. We shall construct rational functions
g1, 9m, in R(M ~ H) such that the morphism

<I>k:(2’1,...,2']\/)»—>(21,...,,7:]\/,91(2),...,g]mk(z)):M\H—MCNJ”"’c

"'[W] The phrase “as a reduced subscheme” appears only in the later web TeX and has been
kept because it makes the hypothesis precise.
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is a proper embedding when restricted to My ~ H (for k = n, the theorem will
thus be proved). If kK = dim M}, = 1, this property is clear, because assumption (b)
and the maximum principle imply the existence of rational functions g1, ..., gm, €
R(M ~ H) whose restrictions to M; have poles at the distinct points x1, ..., Zm,
of My N H. Now suppose that ®; has been constructed. Let 7, : CN*t7 — CN
be the projection, let M be the closure of ®;(M ~ H) in CN*™  and let H =
M N (H), so that
&, M~H—>M~H

is an isomorphism (with inverse <I>,:1 = Wk|M\ﬁ)' By the induction hypothesis,
2 M}, = ®(Mj, ~ H) is a closed algebraic subvariety of M1 = ®p(Myy1 ~ H).
Since M1 N (Pyyqom) 1(0) is the disjoint union (M1 N H) U My, we see that
My 1NH is locally a complete intersection in M1 (and is locally defined there by
Py 10m). For every & € M 1NH, there exists a polynomial Q € R(M) such that
Q(x) = 1 and which vanishes on all irreducible components of (P41 o m)~(0)
that do not meet My, ; N H. We may therefore complete ®; to a morphism
®j11 as in case (a), by adjoining to ®j the functions g; = (Q; o )% /Pyi1,
mp < j < mpyp; then @pyq @ My N~ H — CN+me+1 s proper, because the
functions g; o m, = Q;j/(Pk—H o 7) define a proper morphism on My 1 ~ H. O

Property 13.3 (a) implies that K, (X) is generated by fi,..., fy, and hence that
K,(X) is also the field of fractions of Ag (X)), which was by no means obvious a
priori. In fact, we can obtain a slightly more precise result.

Proposition 13.5. — Under assumption 9.1’(b’) [resp. 9.1 (b)], K,(X) is
generated by AIZP(X), where b = f—fc [resp. by A?O(X) ].
Proof. In view of the preceding argument, it suffices to construct an injective
embedding

G=(g1,....95): X = C°,  g; € A(X).

Proposition 11.5 (¢) makes it possible, for all points zop € X and (z1,22) €
X X X\ A (where A = the diagonal), to construct functions g1, ..., gn,g € Ab(p(X)
such that dg; A ... Adgn(zo) # 0 and g(x1) # g(x2). Since the open sets

{x; dgr AN ... ANdgn(x) A0} and  {(x,y); g(x) Zg9(y)} CX x X N A

are Zariski open, there exist finite coverings of X and X x X ~ A, respectively, by
such open sets. The collection of functions g, g; thus obtained gives the desired
morphism G. O

2 [E] In this ascending induction step, the polynomial is Py4+1 throughout. The new indices
satisfy mi < j < mi41, so the last index is included.
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Remark 13.6. — In full generality we have the inclusions
AZX(X) C AL(X) C AL(X) C Ap(X), 0<b<2,

but for the last two we do not know whether equality always holds. The surprising
fact is that the algebra AZ°(X) can have transcendence degree < n. For example,
choose X = C, with the strictly psh function
o(z) = Z 279 log(e; + |2 — jI%), 0<eg <1, g=1
jeN
Given r > 3, splitting the sum into the indices j < log, 7 on the one hand and
J > logy r on the other, we readily obtain for |z| = r the estimates

1
(13.7)p(2) = 2log(1 + [2[*) + O( OfT) it Vj, 2 — 4] > 3,
. 1
(13.8)p(2) = 2log(1 + |2[2) + 27 log(e; + |2 — jI*) + O( Ofr) if |2 — j] < L.
Choose € so that
) —j . . . 1+ logj 2
(13.9) 2log(1+j°)+2 7 loge; = log(1+logj), j=>1, ie eg;j= {m}

We then have ¢(j) ~ loglogj as j — +00, so ¢ is an exhaustion function. The
functions f € AZ’(C) have polynomial growth and must in addition satisfy | f(j)| <
(log 7)1t as j — +o0o. Consequently AZ(C) consists only of the constants.
Conditions 9.1 (a) and (b) nevertheless hold. Indeed, a direct computation gives
27 Je j

JEN
so that [~ dd°p = 8m. The upper bound 9.1 (b) holds with the function
27 ¢
(z) = —log ( j.>-
DDy P e
Considering only the term j = 0, we obtain the upper bound (z) < 2log(1+ |2|?).
For 5;/3 < |z — j| < 3, on the other hand, (13.8) and (13.9) x 2 give:

2 2
©(2) = 2log(1+ |2*) + 27]5 loge; +O(1) > 3 log(1 + |2*) + O(1),

whereas for |z — j| < E;/ ? we obtain
277e; 270ej _ o2 173
cidlz—q|2)2 7 4 .4/3 VN
G+l aPP 1e

so that 1(z) < 0 if j is sufficiently large. We thus see that there exists a constant
B such that ¥ < 3p + B. O
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14 Algebraicity of singular complex spaces.

Let X be an analytic space of dimension n. If X is an algebraic set in C", the
computations of §10 show that the geometric conditions 9.1 (a,b,c) are satisfied.

Conversely, in proving the sufficiency of the geometric conditions, we encounter
two main difficulties. First, Hormander’s L? estimates are a priori valid only on
a smooth Stein open set of the form X ~\ H, where H is a hypersurface of X
containing the singular locus Xgine. In order to apply an extension lemma, we
must therefore assume that X is normal.

Lemma 14.1. — Let f be a holomorphic function on X ~ H such that f €
L} (Xyeg). Then, if X is normal, f extends to a holomorphic function on X.

Proof. Under the assumption f € L (X,eg), it is classical that f extends from
Xreg \ H to X,eg, and every holomorphic function on X,¢ extends to X if X is
normal (cf. [Nar|, Proposition VI1.4). O

Another difficulty arises from the fact that the weight e™¥ need not be locally
integrable at certain singular points with respect to a smooth ambient metric.
Consider, for example, the case of the conical variety X with equation 2+ - -+2P =
0in C"*, p € N*. The Ricci curvature of X is then given, by Proposition 10.1 (a),
by the formula

Ricei(f)x) = —%ddcw

with (z) = log(|z0/*~2 + --+ + |2,|?72). Thus the function e~¥ is locally
integrable at 0 only if p < n. In the case of a space X for which e™% is not
integrable near every point of a curve, Proposition 11.5 (c) no longer applies. We
are therefore led to assume that the singularities of X are isolated.

Proof of Theorem 9.1’ (sufficiency of the conditions in the case of isolated singu-
larities). Assumption (c’) implies that the irreducible components of X are finite
in number. Let

X =+ X

be the normalization of X. The function ¢ o 7 is not in general strictly psh near
Wﬁl(XSing), but after modifying ¢ o 7 and 1) o w near the finite set Wﬁl(XSing), we
see that the assumptions are satisfied by X. Ultimately, we may assume that X
is normal and irreducible.

The proof is now entirely similar to the one given in §11, 12, 13, so we shall
merely indicate the main lines and the necessary changes. Lemmas 11.2 and 11.3
hold without any modification, as do Properties 11.5 (a,b,d). Assertion 11.5 (¢)
remains valid if {z1,...,Zm} C Xieg, and if some of the points z; are singular,
we have the following partial result (corresponding to the case p = 0).
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Lemma 14.2. — Let {z1,...,zn} C X be a finite set. Then there exists a

function f € AZ(X), b= 12+Cc, having any prescribed jet of order s at each point

L1,L25 -+« ,Lm-

Proof. We use the same arguments as in 11.5 (c), replacing the system of local
coordinates z9) by a generating set (z? ), cen z](\],;) of the maximal ideal mx ;; of

OX,??]'? and P1 by 7

pr=(s+1)(n+2)| Y xjlog|zV]* + Crp|.
j=1

Near z;, the construction then gives f = Pj(z(j)) — ¢ with g holomorphic and
such that ™
|g[? |2 TEEFDIER 7 e L (X).

By H. Skoda’s L? estimates [Sk4], this implies that g € mf;;f;j. O

Proposition 11.7 therefore remains applicable if zg € X, , and by repeating the
arguments of §12, 13, we construct a normal algebraic variety M and a morphism
F=(fi,...,fn): X = M whose restriction to Xeg is an isomorphism from Xieq
onto a Zariski-open subset of M. By Lemma 14.2, we may (after supplementing
F by finitely many functions f;) assume that F' defines an embedding of X near
every singular point. The morphism F' is then an isomorphism from X onto the
Zariski-open subset F'(X) C M. The end of the proof is identical to that given
in §13. O

The argument just outlined also yields the following interesting result.

Theorem 14.3. — Let X be a normal analytic space of dimension n, satisfying
assumptions 9.1’(a’,b’,c’). Then Xieg is analytically isomorphic to a quasi-affine
algebraic variety, the isomorphism being given by a @-polynomial morphism F
from X into a normal affine algebraic variety M C CN of dimension n. O

"[E] To prescribe a jet of order s, the construction must force the correction term into the
ideal power m**!. The weight therefore also uses s + 1.
"[E] The displayed integrand already contains |g|?. Its correct local integrability class is

therefore Li,., not L{ .
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15 Appendix: currents and plurisubharmonic func-
tions
of minimal growth on an affine algebraic variety.

Let M be a smooth affine algebraic subvariety of dimension n. We equip M with
the Kéhler metrics

B =dd|z]?,  w=ddlog(l+|z]?)

induced respectively by the flat metric of CV and the Fubini-Study metric of
projective space PV.

Definition 15.1. — Psh functions and currents of minimal growth:

(a) A psh function V on M is said to have minimal growth if there exist constants
Co,C1 = 0 such that
V(z) < Cylog, |z| 4 Cp.

(b) A closed positive current T of bidegree (1,1) on M is said to have minimal
growth if

/ TAW L < +o0.
M
Corollary 7.3 immediately gives

Proposition 15.2. — IfV is psh and has minimal growth on M, then T' = ddV
has minimal growth. O

Conversely, given a closed current T > 0 of minimal growth, we can find a solution
of the equation dd°V = T only if the cohomology class of T" vanishes. The purpose
of this section is to prove the following general result, which is a partial converse
to Proposition 15.2.

Theorem 15.3. — Let T be a closed positive (1,1)-current on M such that
/ T AW < +oc.
M

Then there exist a psh function V and a (1,0)-form u of class C*° on M having
the properties below, where C1,Co, C3 are constants > 0.

(a) dd°V > T;

(b) V(2) < Cylog, |z];

(c) dd°V — T = Ou;
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(d) Julw < Co(1+]2) .

The proof will proceed in several steps. First observe that condition 15.1 (b) is
equivalent to the following:

(15.4) o(r) = T AR <O P22,

I¢l<r
There is no loss of generality in assuming n > 2. Otherwise, we may apply
Theorem 15.3 to the variety M’ = M x C and to the pullback current 77 = 7}, 7.
The function V(z) = V'(2,0) and the form u = UTMX{O} then have the required
properties.

Given a current T' > 0 of bidegree (1,1) on M satisfying (15.4), we may associate
with it a potential Vp by the same formulas as those used by P. Lelong [Le3]
in C™:

(15.5) Vr(z) = [ T(Q) A B! La(2,0)
with

[ 1 B 1
(n—1DEm)™ LA+t |z =]

Ly(z,¢) =

Lemma 15.6. — Formula (15.5) defines a function Vp € Li (M) that is upper
semicontinuous. Moreover, there exist constants Cy, C1 such that

Vr(z) < Cilog, |z| + Co.
Proof. The kernel L,, clearly satisfies the following estimates:
1La(z, Q)| < Col2| [ i [¢] = 2]z = 1,
La(50) S GICF2 i1 < <2z,

For |z| =r > 1, we deduce

2r 1 +oo g
1 2r

After integration by parts, in view of (15.4), we obtain:

VT(2)<C'4[1+G(2T)_}_(Qn_g)/lwa(t)dt+(2n_l)r/+°° o(t) dt]

(2r)2n72
< 05(1 + logr).
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The preceding estimates also show that the integral (15.5) converges absolutely
on the set {¢ € M ; [¢| > 2|z|}, uniformly when z ranges over a compact subset
of M. The property Vp € L}OC(M ) then follows from Fubini’s theorem and the

fact that |L,(z,()| is, locally on M x M, integrable in z uniformly with respect
to . O

Lemma 15.7. — For every point z € M, there exist balls B, C T,M, B! C
(T.M)* centered at 0 and of radius r(z) = Cg(1 + |2]) =7, where Cs,C7 > 0, and
a holomorphic map g, : B, — B such that M N (z+ B, + BY) is the graph of g.,
i.e. if ( —z = (' + (" is the decomposition of a point ( € M according to the
decomposition CN = (T,M) @ (T,M)*, then

Mn(z+ B, +B!)={¢eC"; (" =g.({), (e B}.

Proof. Let (Py,...,Py) be a system of polynomial generators for the ideal of
the variety M in C[X},..., Xn]. Since M is smooth, the partial Jacobians J 1,
of order N — n (cf. §10) do not all vanish simultaneously on M. By Hilbert’s
Nullstellensatz, the polynomials Jx ; generate the unit ideal on M; hence there
exist constants Cg, C9 > 0 such that

max [ J,r(2)| = Cs(1 + )", zeM.

The lemma then follows from the implicit function theorem (in its quantitative
version). O

We now observe that formula (15.5) can be rewritten in the form

(15.8) V(o) = [ T A [Kau(z,¢) = Hal©)
with .
N e Cdar=ai
HyO) = s

(n—D)(dm)™ (L+[¢)2)"1
The properties of the kernel K,, will allow us to compute dd“Vr easily in terms
of T.

Lemma 15.9. — dd°K,, = [A] + R,,, where [A] is the current of integration over
the diagonal of M x M and R, is an (n,n)-current > 0 with locally integrable
coefficients on M x M, satisfying the estimate

L ([
o= CP" 7 o= (P

[ R (2, O)llpop < Ciomin
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Proof. Away from the diagonal A, a classical computation (whose verification is
left to the reader) gives

(dd’|z = (%)™ —n |z = ¢|7% dlz — ¢|* A’z — (| A (ddf]z — ()"
(4m)™ |2 = ¢

dd°K, =
(15.10) = (i ddlog |z — ¢[2)",
47
and we shall see below that 1 dd°K,, = [A]. In particular, we have

Ry =1yearn dd°K, >0 and  ||Ru(2,0)|| < Oz — ¢ 72"

To obtain the second part of the upper bound, fix a point z € M and use
Lemma 15.7. On restricting to M, at the point z we have

dz = dz’ = component of dz on T, M,
whereas at a nearby point ¢ € z + (B, + B”) we have:
d¢ = d¢’ + d(g=(¢))-
It follows from (15.10): ™
Ry (2.¢) = dd*(|2" — {'* +1g=(¢)?)
(4m) (I¢'1* + 19-(¢")I?)

(|2 — ¢+ 1g:(C)P) Ade(l2 — ¢+ gD ]
(4m) (ICT2 + [g:(¢)[2)? ’

where the differentiation of g,(¢’) acts only on ¢’. By construction, Lemma 15.7
gives ¢,(0) = Dyg, = 0; Schwarz’s lemma then implies the inequalities

lg-(¢)] < [¢), ('€ B;
|
r(z)’

We now observe that R, (z,{) =0 if g, = 0. It follows that, for {’ € %B;,

| Derg=(¢")|| < C(N) (' e€AB., 0<A<l1.

Cr2 [¢'] r(2)7! o O r(z)7!
(IC12 + 1g=(N1A)" T~ 1z = ¢t

"5[C] The two coordinate expressions look different because the calculation takes place on
M x M: the differentials involve both variables, while the denominators are evaluated at the
centered point z/ = 0 in the chart of Lemma 15.7. The formulas have therefore been left
unchanged.

[Rn(z, Q) <
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which completes the estimate in Lemma 15.9. The classical Bochner—Martinelli
formula in C”, on the other hand, gives

dd°K, (7', (') = [A]
By a computation analogous to the one above, we obtain the inequality

013 T(Z)_l

1K (2, Q) = Kn(2', )l < Pt

and for each differentiation of K, the exponent of |z — (| increases by one. Thus
dd°K,, — [A] has coefficients in LllOC on M x M, and consequently carries no mass
on A. The proof is complete. O

Proposition 15.11. — If T is closed, then
ddVr =T 4+ Or where Op(z) = / R, (z,{) NT(C) > 0.
M

In particular, Vr is psh.

Proof. Let x : R — [0, 1] be a function of class C* such that x(¢) =1 for t < 1,
x(t) =0 for t > 2, and let w be an (n — 1,n — 1)-form of class C*> with compact
support on M. Expression (15.8) gives

/VT dd‘w = lim I(r),
M

r—-+00

1= [ () 700 A (2. 0) — Hal€) A dtwa)

Stokes’ theorem and Lemma 15.9 imply

I(r) = /MxM ad [ (1) T(¢) n Kz, )] A wi2)

r

= [ (B 1o a1+ Rute ) )

L ] AT AR ot

[ [X(’TC‘)] AT(C) N dEn(z,() A w(z)

C ‘C|
* MxM dd [X(T

N AT A Kal2,0) Aw(2)

because dT = d°T = 0. To justify this computation, we may first assume that T
is of class C*, and then regularize T near the support of x(@) c{[¢| < 2r}. We
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now use (15.4) and the evident estimates 7

Jax ()] =0(3). Jax ()] = 0(2)
Bz 0O = O(—rmr): 1Kz Ol = O

o= ¢

1
o = g2

), n#1l

to see that the three error integrals in the computation of I(r) 7" admit an upper
bound of the form O(r~2). We therefore obtain the expected formula

lim 1(r) = [ T(O) Aw(¢) T(C) A Ra(2 ) Aw(2). 0

+
r—-+00 MxM

Proof of Theorem 15.3. By Proposition 15.2 and Lemma 15.6, the current O is
closed, positive, and of minimal growth. We may therefore construct, by induction
on k, psh functions V; and closed positive currents T}, of minimal growth such

that
To =T, Vie="Vr,_ ., Ty, = O7,_,,

dd°Vy, = Tj_1 + T},
Take the alternating sum of these identities. For odd indices we obtain:
dd°(Vi = Vo + -+ = Vo + Vopg1) =T + Togy1 = 0,

and Lemma 15.15 below implies that the psh function V =V} — Vo 4+ --- + Vor4q
has minimal growth. By Proposition 15.11, we have the recurrence relation

T (2) = /M R(2,¢) A Ti(0).

We now exploit the fact that R, is a smoothing kernel of convolution type.

Lemma 15.12. — We hawve the following properties.

(a) For every integer k with 1 < k < 2n, there exist constants Ay, Br = 0 such
that, for every e € 10,1[, one has

() ABEQ"!

—z|<er(z) K - Z|2nik ’

I < AL+ )% [ 4 [

where r(z) = Cg(1 + |2|)~" [ cf. Lemma 15.7].

76 [P] The last estimate concerns K, as in the published paper. The web TeX incorrectly
replaces it by dd°K,.

""[E] The integration-by-parts formula above has three error integrals, all of which must be
estimated. The source text mentions only two.
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(b) For k > 3 the current T}, has continuous coefficients and
ITe(2)]| = O((1 + [2]) 7).

Proof.

(a) We argue by induction on k. Set

oz = [ T ABE

We know that the function 7 — 7272"gy(z,7) is increasing and that it tends to

Jar T Aw™™ ! < 400 as r — +o00. Write Tiy1(2) = I1(2) + I2(2), where
ne) = [ Ra(5:Q) ATH(C),
I¢—2|>e7(2)

b() = [ Rul(2:0) ATH(G).
I¢—z[<er(2)
We now use Lemma 15.9 to estimate I1(z) and I2(z). Up to a constant, the norm

|II1(z)]| is bounded above by
+oo +o0
/ dO’k(Z,T) <2n/ O'k(Z,T) dr
3 3

r(z) 74271 r(z) T.Zn—i—l

n
< ToAw™ L = O(e2(1 205
g [, Tene ! = 0 AL+ ),
whereas

(15.13) 122(2)1 < Cro(1 12D [ IOl BO"

(C—zl<er(z) |C— 2|7t

When k = 0, this proves estimate (a) for || 71(2)||. In the general case, the estimate
of order k, combined with (15.13), gives

112(2) || < Cra(l + |2]) A1 (672 I5(2) + 14(2))

. sk
T — e -
3(2) /|Cz|<6r(z) |C _ Z|2n71’

A" T(w) A B(w)™!
I = L s )
1(2) /|<—z|<sr<z> |{ — 2|21 /w—c<er<c> jw — ¢k

For ¢ sufficiently small, the inequalities | — z| < e7(z) and |w — (| < e r(¢) imply
|lw — z| < 3er(z). With the notation of Lemma 15.7, the integrals I3(z) and I4(z)
therefore admit the upper bounds

B()"
I3(z) < C / < Ciger(z),
SO J iy Jon1 S G0 e7(E)

T(w) /\B(w)nfl/ B(Cl)n

¢crecn |</|2n71|w/ _ CI|27’L*]€ :

I4(z) < 017/

|lw—z|<3er(2)
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By homogeneity, we obtain

/ B C1s Chg
¢

reon |2 Tw’ — ('rF ~ Jw/PrRol S = p2n kL

and estimate (a) follows at order k + 1.
(b) Use inequality (a) for k& > 3. We obtain ™

/ T(OABO" /”(Z) doy(z, )
[(—z|<er(z) 0

‘Z _ C’Qn—k r2n—k

oo(z,er(z er(2) go(z, 1) dr
:Wﬂzn—m/o gL

= O((er(2))2).

Estimate (b) follows. Moreover, the preceding integral converges uniformly to 0
as € — 0. In estimate (a), this integral corresponds to the iteration of the kernel
R, over the balls | — z| < er(z). All the other terms contributing to T} involve
at least one integration over the complement {|( — z| > er(z)} and are therefore
continuous in z. Thus T}, is continuous as soon as k > 3. O

Proof of Theorem 15.3 (continued). At this point, we have constructed a psh
function V' of minimal growth and a closed positive current © with continuous
coefficients such that

ddV =T+ 0, 19(2)] = O((1 + |2)¢).

We begin by showing that we may assume O to be of class C*°. Let (25, g;);jen be
a locally finite atlas of M, with €2; @ M and g; : 2; — C" a biholomorphic map
from ©; onto the unit ball of C", and let (1););en be a C* partition of unity on M
subordinate to this atlas. There exist psh functions 7; on €1; such that dd°r; = ©.
Denote by 757 = 7; * p- a family of C* regularizations of 7; with respect to the
chart g;, and set
W:Z@Dj(Tj*Tjj), 6j>0.
JjEN

On the open set € we have

dd'W — © = dd*(W —7) = dd®| Y w(7j — 7 = 7;7) |,
jeN

and since 7; — 73, € C*°(Q; N Q), we see that dd°W — © € C{q(M). Since the
current © has continuous coefficients, 7; and the 1-forms d7;, d°r; are continuous.

"8[P/E] This Stieltjes calculation follows the published formula and uses oo, because the
integral contains the original current T' = Tp.
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When the ¢; are chosen sufficiently small, we therefore obtain |W| < 1 and —w <
dd°W < w, with w = dd®log(1 + |z|?). The function V' =V — W + log(1 + |z|?)
is then psh and has minimal growth, and satisfies dd°V’ = T + ©’, where
O =0 —ddW +w

is a closed positive current of class C> such that [|©'(2)|| = O((1 + |2|)¢20).

We henceforth assume that © is of class C*°. We then apply the Héormander—
Nakano-Skoda L? estimates [Nak], [Sk4] to the current ©, regarded as a closed
(n,1)-form with values in the holomorphic bundle £ = T*M ® A" TM. The

cotangent bundle T* M is semipositive in the sense of Griffiths for the metric 8 (it

is a quotient of the flat bundle T*(CfX/[), so by [DS] the bundle T*M ® A" T*M

is semipositive in the sense of Nakano. Proposition 10.1 (b) shows that the
bundle E itself is semipositive in the sense of Nakano for the metric 8 e~2¥, where
¢ =log (X k.1 [Jk,L|?). By the estimates of [Sk4] applied to the Hermitian bundle

(B8 exp (— 20 — Carlog(1 + |2%))),

there exists a form u € C%(M) such that du = © and

[Tl (1 12170 7 < oo,
M

To complete the proof of Theorem 15.3 and, in particular, of 15.3 (d), it suffices
to convert this L? estimate into an L™ estimate ™
lulg < Cas(1 + |2])“>.

Since du = O has an L™ bound of polynomial growth, it suffices to use the
inequality below in the balls |( — 2| < 3 7(2) of Lemma 15.7. O

Lemma 15.14. — Let v be a function of class Ct in the ball B(r) C C*.3° Then

n!

[v(0)] < Lrnr?n /B(T) lv(z)[? dk(z):| 1/2 N

Proof. Apply the Cauchy formula with remainder to the function ¢t — wv(tz),
z € B(r), t € C, |t| < 1. We obtain

r-su 5'1).
on1 ! S

L 2 1 0v(tz) - z
v(0) /0 w(e?2) b — /t|<1 2 2 ),

- % ™ t
1 27 . _
0(0)] < 7/ l0(e2)| d6 + 22| sup [Bo].
2m Jo B(r)

"[E] The estimate needed here is the polynomial-growth bound |u|s < Ca3(1 + |2]|)€24. Both
source versions instead print a squared norm with a decaying right-hand side, which cannot
imply Theorem 15.3(d).

80[W] The later web TeX corrects the numbering: equation (15.13) is followed by Lemmas
15.14 and 15.15. The printed paper repeats 15.13 and then uses 15.14.
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After averaging over z € B(r), we obtain

WO < VM [Jols B)] + 5.7 7 sup .
and
VM [Jo] : B(r)] < VM[[of : B(r)]"
by the Cauchy—Schwarz inequality. O

It remains only to verify the following elementary result, which was used in the
course of the proof.

Lemma 15.15. — Let Vi,V be two psh functions of minimal growth on M.
Assume that V =V — V5 is psh. Then V' has minimal growth.

Proof. By Noether’s normalization theorem, there exist polynomial functions
fi,--., fn on M such that R(M) = C[z1,...,2zn]/I(M) is an integral algebra over
C[f1,.--, fn)- The morphism F = (f1,..., fn): M — C" is therefore proper and
finite, and we have two-sided bounds 3!

Cos(1+[2))7% <1+ |F(2)] < Car(1+ |2)
with Css, ..., Css > 0. In view of the evident inequality
V<V < FY(F VL)
it suffices to show that F,V, has minimal growth in C". Since
Vi < (V)4 + (Va)4 — Va,

we deduce for the mean value of F,V, over the ball B(r) C C" centered at 0 the
upper bound

VM [EVy; B(r)] < VM [F(Vi)s + F(Va)4 : B(r)] = VM [F.Va; B(r)].

The functions Fy(V1)4+, Fi(V2)4+ are psh and have minimal growth, while the
function r — VM[F.Va; B(r)] is increasing. Consequently, we obtain an upper
bound

VM [F*V+ ; B(’I“)} < Oy 10g+ r + Cs,

and the lemma, follows from the mean-value inequalities
F*V+(Z) < VM [F*V+ ) B(Z,T)] < 22n VM [F*V+ ) B(O, 2?”)} < 031 log+ T+ 032

with 7 := |z|. O

81[E] The lower bound is written for 1 + |F(z)| so that it remains valid when F(z) = 0.
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