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1. INTRODUCTION

Let ds2 “ Epx, yqdx2 ` 2Fpx, yqdxdy ` Gpx, yqdy2 be a Riemannian metric defined on an open
chart D of a surface S with local coordinates px, yq, where EG´ F2, E ą 0.

Definition 1.1. We say a local coordinates pu, vq for S is an isothermal coordinates (relative to ds2) if

(1.1) ds2 “ λpu, vqpdu2 ` dv2q, λ ą 0.

The main purpose of this note is to present the proof on the existence of isothermal coordinates
on on a surface with relatively weak regularity assumption on Riemannian metric ds2. To formulate
the main result, we first recall the notion of Hölder continuity.

Definition 1.2. Let D Ă R2 be a domain. For α P p0, 1q, a function f : D Ñ C is said to be α-Hölder
continuous on Ω , denoted by f P C0,αpDq, if there exists C ą 0 such that

(1.2) | f ppq ´ f pp1q| ď C|p´ p1|α, @p, p1 P D.

In this case, we denote r f sα,D :“ supp,p1PD,p‰p1 | f ppq ´ f pp1q|{|p´ p1|α to be the best constant in (1.2).

We now state our main theorems in the note.

Theorem 1.1 (Korn–Litchenstein). Assume that E, F, G P C0,αpDq, for some α P p0, 1q. Then for any
p P D, there exists an isothermal coordinates pu, vq defined on a neighborhood V Ă D of p.

We briefly describe the history on existence of isothermal coordinates. This was first shown by
Lagrange for surface of revolutions (1779) and was later generalized by Gauss (1825) for real-analytic
metrics using Cauchy–Kowalesky theorem (basically ODE theory). There are simpler proofs for
existence of such coordinates in some special cases, say when S is a minimal surface for example
(see Do Carmo). For general surface, it was until Korn and Litchenstein in 1916 used 2-dimensional
PDE theory to prove the existence for smooth metrics or even Hölder continuous metrics.

One may wonder whether assumption of Hölder continuity on metrics in Theorem 1.1 can be
relaxed. However, Hartman and Winter (1953) demonstrated that there exists a continuous metric
which admits no isothermal coordinates. Korn–Litchenstein theorem seems to be optimal.
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Fact 1.1 (Hartman–Winter). Let D “ Drp0q be closed disk for some r ă 1.If E, F, G P C0pDq, then in any
neighborhood V of 0 P D, there does not exist C1-isothermal coordinates pu, vq on V.

The note is organized as following. In the next section, following Chern’s simplication (1954),
we reformulate existence problem of isothermal coordinates using complex notations and present
some preliminaries discussion about integrals on complex plane. Next, we present a direct Hölder
estimate on Cauchy potential. This is similar to the Schauder perturbative approach for ellipitc
operators via potential theory where one needs to first obtain Hölder estimates for derivatives of
Newton potentials. Finally, we first state Chern’s result on solvability of certain inhomogenous
integral equation (cf. Theorem 4.1) and use it to deduce Theorem 1.1. The remaining section is
devoted to the proof of Theorem 4.1 by utilizing uniform and Hölder estimate established earlier.

We now end this introductory section by discussing some generalization of Theorem 1.1. It is well-
known that the existence of isothermal coordinates is equivalent to the existence of RIemann surface
structure on an oriented surface S. In other words, we can think of Korn–Litchenstein theorem as
one-dimensional case of Newlander–Nirenberg theorem, which states that the integrability of an
almost complex structure is equivalent to vanishing of Nijenhuis tensor, which is always the case In
dimension 2. For higher dimension, the resulting PDE becomes a over-determined system and thus
requires some compatibility conditions, namely vanishing of Nijenhuis tensor.

In the similar vein with dimension 1 case, Frol̈icher in 1956 showed Newlander–Nirenberg
theorem using Frobenius theorem (again an ODE method), see Voisin for a details. Later, this was
achieved by Newlander–Nirenberg in 1956 using integral kernel method similar here (but of course
much more technical). In fact, they required only that the almost complex structure to be C2n and
showed that the resulting complex structure is C2n`1. The best regularity result (I know of) is due
to Webster in 1989 which asserts that for a Cr,α almost complex structure, where r ě 1, α P p0, 1q, we
can get a Cr`1,α-complex structure. Later, Joachim Michel (2010) gave a new proof of Webester’s
result avoiding the use of Nash–Moser iteration in the original proof.

Others equivalent formulations of Theorem 1.1 for smooth metrics are that any surface S is
locally conformally flat or u, v are harmonic, i.e., pu, vq is a harmonic coordinate. The first statement
certainly fails in general for higher dimensions, for some curvature obstructions, see Besse for further
discussion. Harmonic coordinates, on the other hand, always exist on any RIemannian manifolds.
We refer Taylor’s PDE for this approach for proof of Theorem 1.1 with smooth coefficients.

2. REFORMULATION OF THE PROBLEM AND PRELIMINARIES

Following the idea of Chern, we now reformulate the problem in complex notations. Since ds2

is positive-definite (i.e., EG´ F2, E ą 0), we can find 1-form θj for j “ 1, 2 such that ds2 “ θ2
1 ` θ2

2.
Such θ1, θ2 exist since we can take for instance

θ1 “
?

Edx`
?

EFdy, θ2 “

c

EG´ F2

E
dy.

If we write θj “ ajdx` bjdy, then any such θ1, θ2 satisfy

a2
1 ` a2

2 “ E, a1ba ` a2b2 “ F, b2
1 ` b2

2 “ G.

If θ1j “ a1jdx` b1j for j “ 1, 2 also satisfy ds2 “ θ11
2
` θ12

2, then we have
ˆ

a11 b11
a12 b12

˙

“ A
ˆ

a1 b1
a2 b2

˙

or
ˆ

θ11
θ12

˙

“ A
ˆ

θ1
θ2

˙

, for some A P Op2q.

If we require further that a1b2 ´ a2b1 ą 0, then A P SOp2q. Now, we put φ “ θ1 ` iθ2 such that
ds2 “ φφ. From above discussion, we see that such φ is unique up to Up1q-action, i.e., multiplication
by a complex number of unit modulus. Here comes the important reformulation of the problem.
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Lemma 2.1. The existence of isothermal coordinates pu, vq with respect to ds2 is equivalent to the existence
of complex-valued function w “ u` iv such that φ “ ρdw for some non-zero function ρ.

Proof. If there exists w “ u` iv such that φ “ ρdw, then

ds2 “ φφ “ |ρ|2dwdw̄ “ |ρ|2pdu2 ` dv2q.

Conversely, if there exists isothermal coordinates ds2 “ λpdu2 ` dv2q, then θ1 “
?

λdu and θ2 “?
λdv. Hence, φ “

?
λpdu` idvq “

?
λdw. �

We now write z “ x` iy. For a C1-function, we write d f “ Bz f dz` B̄z f dz̄, where

dz “ dx` idy, dz̄ “ dx´ idy; Bz f :“
1
2
`

Bxw´ iByw
˘

, B̄z f :“
1
2
pBxw` iBywq

we first recall some results related Stokes’ theorem and Cauchy integral formula. Fixed ξ “ ps, tq P C,
we set r “ |ξ ´ z|. For g P C1pR, Rq, direct computation shows that

d
ˆ

gprq
´py´ tqdy` px´ sqdx

r2

˙

“
g1prq

r
dx^ dy.

Let D Ă R2 be a domain with C1-boundary C :“ BD. By Stokes’ theorem, if ξ R D, we have

(2.1)
ˆ

D

g1prq
r

dx^ dy “
ˆ

C
gprq

´py´ tqdx` px´ sqdy
r2

Claim. (2.1) still holds for ξ R C provided LHS converges and gp0q “ 0.

Proof of Claim. Indeed, for sufficiently small ε ą 0, we apply Stokes’ theorem to DzDεpξq:ˆ
DzDεpξq

g1prq
r

dx^ dy “
ˆ

C
gprq

´py´ tqdx` px´ sqdy
r2 ´

ˆ
BDεpξq

gprq
´py´ tqdx` px´ sqdy

r2

Since r´1g1prq1DzDεpξq ď r´1g1prq on D and r´1g1prq P L1pDq by assumption, Lebesgue dominated
convergent theorem shows that

lim
εÑ0`

ˆ
DzDε

g1prq
r

dx^ dy “
ˆ

D

g1prq
r

dx^ dy.

On the other hand, we estimate the boundary integral by change of variable: x “ s ` ε cos θ,
y “ t` ε sin θ for θ P r0, 2πq:

ˇ

ˇ

ˇ

ˇ

ˆ
BDεpξq

gprq
´py´ tqdx` px´ sqdy

r2

ˇ

ˇ

ˇ

ˇ

ď

ˆ 2π

0
|gpεq|

ε2pcos2 θ ` sin2 θq

ε2 dθ “ 2π|gpεq|.

Since gp0q “ 0, limεÑ0 gpεq “ 0. This establishes the claim. �

Also, we recall that the winding number of C about ξ is defined by

νCpξq “
1

2πi

ˆ
C

dz
z´ ξ

“
1

2π

ˆ
C

´py´ tqdx` px´ sqdy
|z´ ξ|2

P Z.

If we take gprq “ rα for α ‰ 0, then (2.1) becomes

α

ˆ
D

rα´2dx^ dy “
ˆ

C
rα´2p´py´ tqdx` px´ sqdyq,

where the LHS converges if α ą 0. We present an estimate that will be needed in Lemma 3.1.
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Lemma 2.2. Let D Ă R2 be a domain with C1-boundary C :“ BD, ξ “ ps, tq R C. Let k :“ |νCpξq|. Then
ˇ

ˇ

ˇ

ˇ

ˆ
D

rα´2dx^ dy
ˇ

ˇ

ˇ

ˇ

ď

#

2kπ
α ∆α, α ą 0

2kπ
´α δα, α ă 0, ξ R D,

where ∆ :“ maxzPC |z´ ξ|, δ :“ minzPC |z´ ξ|.

Proof. Applying (2.1) to gprq “ rα, we get
ˇ

ˇ

ˇ

ˇ

ˆ
D

rα´2dxdy
ˇ

ˇ

ˇ

ˇ

“
1
|α|

ˇ

ˇ

ˇ

ˇ

ˆ
D

r´1g1prqdxdy
ˇ

ˇ

ˇ

ˇ

ď
1
|α|

ˆ
C
|gprq|

ˇ

ˇ

ˇ

ˇ

´py´ tqdx` px´ sqdy
r2

ˇ

ˇ

ˇ

ˇ

“
1
|α|

ˆ
C

rα|dθ|.

The required estimate follows. �

3. UNIFORM AND HÖLDER ESTIMATE ON CAUCHY POTENTIAL

It is well-known that the "fundamental solution" of B̄z is given by Γpzq :“ 1{πz, i.e., B̄zΓ “ δ0. Let
D be a bounded domain, f P L1pDq. We define Cauchy potential of f by

(3.1) Fpξq “ Γ ˚ p1D f qpξq “
ˆ

D
Γpξ ´ zq f pzqdx^ dy “

1
π

ˆ
D

f pzq
ξ ´ z

dx^ dy, ξ P D.

A crucial result in Chern’s proof is the following uniform and Hölder estimate for Cauchy potential.

Lemma 3.1. Let D :“ tz P C : |z| ď Ru, f P C0,αpDq for some α P p0, 1q. Then Bξ F, B̄ξ F exist and
B̄ξ F “ f . Moreover, if } f }L8pDq ă 8, then we have

}F}L8pDq ď 4R} f }L8pDq(3.2)

}Bξ F}L8pDq ď 2α`1Rαr f sα,D{α(3.3)

|Fpξ1q ´ Fpξ2q| ď 2p} f }L8pDq ` 2α`1Rαr f sα,D{αq|ξ1 ´ ξ2|(3.4)

rBξ Fsα,D ď µpαqr f sα,D,(3.5)

for some constant µpαq ą 0.

Proof. By definition,

B̄ξ F “ lim
hPR,hÑ0

Fpξ ` h{2q ´ Fpξq ` iFpξ ` ih{2q ´ iFpξq
h

“
1

2πi
lim
hÑ0

1
h

¨
D

„

f pzq
ξ ` h{2´ z

´
f pzq

ξ ´ z
` i

f pzq
ξ ` ih{2´ z

´ i
f pzq

ξ ´ z



dz^ dz̄

“
1

2πi
lim
hÑ0

1
2

¨
D

„

f pzq
pξ ´ zqpξ ` h{2´ zq

´
f pzq

pξ ´ zqpξ ` ih{2´ zq



dz^ dz̄

“
1

2πi
lim
hÑ0

1
2

¨
D
p f pzq ´ f pξqq

„

1
pξ ´ zqpξ ` h{2´ zq

´
1

pξ ´ zqpξ ` ih{2´ zq



dz^ dz̄

`
1

2πi
f pξq

B

Bξ̄

¨
D

dz^ dz̄
ξ ´ z

.

By assumption that f P C0,αpDq, we can exchange the limit and the integral and thus the first term
is zero. On the other hand,¨

D

dz^ dz̄
ξ ´ z

“ 2i
¨

D

dx^ dy
ξ ´ z

“ 2i
ˆ R

0

ˆ 2π

0

rdθdr
ξ ´ z

“2i
ˆ R

0

ˆ
BB0prq

´idz
zpξ ´ zq

dr “ 2
ˆ R

0

ˆ
BB0prq

ˆ

1
ξ ´ z

´
1
z

˙

dz ¨
r
ξ

dr “ 2
ˆ |ξ|

0
p2πiq

r
ξ

dt “ 2πi
|ξ|2

ξ
“ 2πiξ̄.
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Therefore, we conclude that B̄ξ F “ f pξq. By similar a rgument, we obtain

Bξ F “
1

2πi

¨
D

f pzq ´ f pξq
pξ ´ zq2

dz^ dz̄.

By Lemma 2.2, we obtain

|F| ď
ˇ

ˇ

ˇ

ˇ

1
π

¨
D

f pzq
ξ ´ z

dx^ dy
ˇ

ˇ

ˇ

ˇ

ď
} f }L8pDq

π

¨
D

|z´ ξ|

|z´ ξ|2
dx^ dy ď

} f }L8pDqp2πqp2Rq
π

“ 4R} f }L8pDq,

since |z´ ξ| ď |z| ` |ξ| ď 2R. Similarly,

|Bξ F| ď
r f sα,D

π

¨
D

|z´ ξ|α

|z´ ξ|2
ď
r f sα,D

π

2π

α
p2Rqα “

2α`1

α
Rαr f sα,D.

For Hölder estimate for F, we apply mean-value theorem:

|Fpξ1q ´ Fpξ2q| ď |Bξ F||ξ1 ´ ξ2| ` |B̄ξ F||ξ̄1 ´ ξ̄2| ď p2α`1Rαr f sα,D{α` } f }L8pDqq|ξ1 ´ ξ2|.

The Hölder estimate for Bξ F is the most complicated one. For ξ1, ξ2 P BR{5p0q so that B2|ξ1´ξ2|pξ2q Ă

D, we set D0 :“ DX B2|ξ1´ξ2|pξ2q. We decompose

Bξ Fpξ1q ´ Bξ Fpξ2q “
1

2πi

¨
D0

f pzq ´ f pξ1q

pξ1 ´ zq2
dz^ dz̄

I

´

¨
D0

f ppzq ´ f pξ2q

pξ2 ´ zq2

I I

`

¨
DzD0

p f pzq ´ f pξ1qq

ˆ

1
pz´ ξ1q

2 ´
1

pz´ ξ2q2

˙

dz^ dz̄

I I I

´ f pξq ´ f pξ2q
B

Bx2

¨
DzD0

dz^ dz̄
ξ ´ z

IV

.

By Lemma 2.2 and |z´ ξ1| ď |z´ ξ2| ` |ξ1 ´ ξ2| ď 3|ξ1 ´ ξ2|,

|I| ď 2r f sα,D

ˆ
D0

|z´ ξ1|
α

|z´ ξ1|
2 ď

4πr f sα,D

α
p3|ξ1 ´ ξ2|q

α.

Similarly, |I I| ď 4πr f sα,D
α p2|ξ1 ´ ξ2|q

α. For I I I, we have

|I I I| “

ˇ

ˇ

ˇ

ˇ

ˇ

¨
DzD0

p f pzq ´ f pξ1qq

ˆ ξ1

ξ2

2dξ

pz´ ξq3
2idxdy

ˇ

ˇ

ˇ

ˇ

ˇ

ď4
ˆ ξ1

ξ2

ˆˇ

ˇ

ˇ

ˇ

¨
DzD0

f pzq ´ f pξq
pz´ ξq3

dxdy
ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

¨
DzD0

f pξ1q ´ f pξq
pz´ ξq3

dxdy
ˇ

ˇ

ˇ

ˇ

˙

d|ξ|

“4
ˆ ξ1

ξ2

ˆ

r f sα,D

¨
DzD0

|z´ ξ|α´1

|z´ ξ|2
dxdy` r f sα,D

¨
DzD0

|ξ1 ´ ξ|α

|z´ ξ|3
dxdy

˙

d|ξ|

ď4
ˆ ξ1

ξ2

ˆ

r f sα,D2π ¨ 2
1´ α

|ξ1 ´ ξ2|
α´1 ` r f sα,D|ξ1 ´ ξ2|

α `
2π ¨ 2

1
|ξ1 ´ ξ2|

´1
˙

|dξ|,

for |z´ ξ| ě |z´ ξ2| ´ |ξ ´ ξ2| ě 2|ξ1 ´ ξ2| ´ |ξ1 ´ ξ2| “ |ξ1 ´ ξ2|. Hence, we get

|I I I| ď 16π

ˆ

1
1´ α

` 1
˙

r f sα,D|ξ1 ´ ξ2|
α

Finally, for IV, we notice that¨
DzD0

dz^ dz̄
ξ2 ´ z

“

¨
D

dz´^dz̄
z´ ξ2

´

¨
D0

dz^ dz̄
z´ ξ

“ 2πξ̄2 ` 0.
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Hence, IV “ 0. We may set µpαq to be

µpαq :“
2
α

3α `
2
α

2α ` 8
ˆ

1
1´ α

` 1
˙

.

�

4. PROOF OF MAIN THEOREM

Chern’s approach reduces the problem of isothermal coordinates to existence and uniqueness of
certain integral equations. More preciesely, he proved:

Theorem 4.1 (Chern). Let D :“ tz P C : |z| ď Ru be a closed disk. Let Z f “ aB̄z f ` bBz f ` c f be a linear
operator of first order, where a, b, c P C0,αpDq and ap0q “ bp0q “ 0. Given a holomorphic function σ on D
with σp0q “ 0, for sufficiently small R ! 1, the inhomogenous integral equation

(4.1) wpξq `
1

2πi

ˆ
D

Zw
z´ ξ

dz^ dz̄ “ σpξq, ξ P D,

has a unique solution w with Zw P C0,αpDq.

We now deduce Theorem 1.1 from Theorem 4.1.

Proof of Theorem 1.1 (assuming Theorem 4.1). Since the problem is local, we may WLOG assume 0 P D
and we prove the statement for p “ 0. Up to a linear change of coordinate, we may assume
Ep0q “ Gp0q “ 1, Fp0q “ 0. Thus, we get

pθ1q0 “ dx, pθ2q0 “ dy, pφq0 “ dx` idy “ dz.

In other words, complex-valued 1-form φ is given by

φ “ p1´ apzqqdz` bpzqdz̄, ap0q “ bp0q “ 0.

By Lemma 2.1, existence of isothermal coordinates pu, vq is equivalent to solution of w “ u` iv to
φ “ ρdw. By above discussion, this equation is equivalent to B̄zw “ b{ρ and Bzw “ p1´ aq{ρ, or
equivalently, Zw :“ aB̄zw` bBzw “ B̄zw.

Since a, b P C0,αpDq with ap0q “ bp0q “ 0, for any holomorphic function σ on D with σp0q “ 0,
there exists a solution w P C0,αpDq to the integral equation by Theorem 4.1

wpξq `
1

2πi

ˆ
D

Zw
z´ ξ

dz^ dz̄ “ σpξq.

Since Zw P C0,αpDq, B̄w “ Zw by Lemma 3.1. This proves Theorem 1.1. �

Let us wrap up the notation and give some preliminary estimate. Let D :“ t|z| ď Ru. Given
a, b P C0,αpDq for α P p0, 1q and σ P OpDq with ap0q “ bp0q “ σp0q “ 0. We consider the following
first order differential operator

Z “ a
B

Bz̄
` b

B

Bz
.

Notice that f P C0,αpDq and g P C1pDq, f g P C0,αpD1q for possibly smaller D1 Ť D. Hence, by
shrinking D if necessary, we may assume

pZ` cqσ “ aσ` bσ1 P C0,αpDq.

For M ą 1 such that }c}L8pDq ď M, }σ}L8pDq ď M, we have for ξ1, ξ2 P D,

(4.2)
|hpξ1q ´ hpξ2q| ď M|ξ1 ´ ξ2|

α, h “ a, b, c, σ

|pZ` cqσpξ1q ´ pZ` cqσpξ2q| ď
M2

2α
|ξ1 ´ ξ2|

α.
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Hence, ap0q “ bp0q “ pZ` cqσp0q “ 0 implies that

(4.3) |apξq|, |bpξq| ď M|ξ|α ď MRα; |pZ` cqσ| ď
M2

2α
Rα ď M2Rα.

We also need the following a priori estimate for Cauchy potential.

Lemma 4.1. For f P C0,αpDq, r f sα,D ď K, the Cauchy potential

Fpξq “
1

2πi

¨
D

f pzq
ξ ´ z

dz^ dz̄

satisfies the following uniform and Hölder estimate

}pZ` cqF}L8pDq ď MRαpp1` 4R1´αq} f }L8pDq `
2α`1

α
Rαr f sα,Dq(4.4)

|pZ` cqFpξ1q ´ pZ` cqFpξ2q| ď Mp} f }L8pDq ` } f }L8pDqpg1pRq ` r f sα,Dg2pRqqq|ξ1 ´ ξ2|
α,(4.5)

for some g1pRq, g2pRq depends only on α and R.

Proof. By Lemma 3.1, we get

|pZ` cqF| “ |aB̄ξ F` bBξ F` cF| ďMRα} f }L8pDq `MRα 2α`1

α
Rαr f sα,D ` 4MR} f }L8pDq

“MRαpp1` 4R1´αq} f }L8pDq ` 2α`1Rαr f sα,D{αq.

This proves (4.4). For (4.5),

|pZ` cqFpξ1q ´ pZ` cqFpξ2q|

“|a f pξq ´ a f pξ2q ` bBξ Fpξ1q ´ bBξ Fpξ2q ` cFpξ1q ´ cFpξ2q|

ď|papξq ´ apξ2qq f pξ1q| ` |apξ2qp f pξ1q ´ f pξ2qq|

`|pbpξ1q ´ bpξ2qqBξ Fpξ1q| ` |bpξ2qpBξ Fpξ1q ´ Bξ Fpξ2qq|

`|pcpξ1q ´ cpξ2qqFpξ1q| ` |cpξ2qpFpξ1q ´ Fpξ2qq|

ďM} f }L8 |ξ1 ´ ξ2|
α `MRαr f sα,D|ξ1 ´ ξ2|

α `M|ξ1 ´ ξ2|
α 2α`1

α
Rαr f sα,D `MRαµpαqr f sα,D|ξ1 ´ ξ2|

α

`M|ξ1 ´ ξ2|
α4R} f }L8 ` 2Mp} f }L8 ` 2α`1Rαr f sα,D{αq|ξ1 ´ ξ2|

α

“M|ξ1 ´ ξ2|
αp} f }L8 ` } f }L8 4R` 22´αR1´α

g1pRq

`r f sα,Dp1` 2α`1{α` µpαqRα ` 8R{αq
g2pRq

q.

�

Now, we are ready to prove Theorem 4.1.

Proof of Theorem 4.1. We construct the solution by recursion:

w0pξq “
1

2πi
σpξq, wn`1pξq “

1
2πi

¨
D

pZ` cqwnpzq
z´ ξ

dz^ dz̄.

We first establish the following estimates:

Claim. There exists C “ Cpαq ą 1 such that

}wn}L8pDq ď MpCMRαqn, }pZ` cqwn}L8pDq ď MpCMRαqn`1(4.6)

rwnsα,D ď MpcMRαqn, rpZ` cqwnsα,D ď
CM2

2α
pCMRαqn.(4.7)
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Proof of Claim. For n “ 0, this is already established in (4.3). Now, by Lemma 3.1 and induction
hypothesis, |wn`1| ď 4RMpCMRαqn`1 ď MpCMRαqn`1 if we choose 4R ď 1. Also,

|wn`1pξ1q ´wn`1pξ2q| ď 2
ˆ

MpCMRαqn`1 `
2α`1

α
Rα ¨

CM2

2α
pCMRαqn

˙

|ξ1 ´ ξ2|

ď MpCMRαqn`1||ξ1 ´ ξ2|
αp2p1` 2{αq|ξ1 ´ ξ2|

1´αq

ď MpCMRαqn`1|ξ1 ´ ξ2|
α ¨ 2 ¨

α` 2
α
p2Rq1´α

ď MpCMRαqn`1|ξ1 ´ ξ2|
α.

By (4.4), we get

|pZ` cqwn`1| ďMRαpp1` 4R1´αq}wn`1}L8q `
2α`1

α
Rαrwn`1sα,D

ďMRαpp1` 4R1´αqMpCMRαqn`1 `
2α`1

α
Rα ¨

CM2

2α
pCMRαqnq

“MpCMRαqn`2 ¨ C´1p1` 4R1´α ` 2{αq

ďMpCMRαqn`2C´1ppα` 2q{α` 2αα{pα` 2qq ď MpCMRαqn`2.

Finally, by (4.5),

|pZ` cqwn`1pξ1q ´ pZ` cqwn`1pξ2q| ď Mp}wn}L8 ` }wn}pg1pRqq ` rwnsα,Dg2pRqq|ξ1 ´ ξ2|
α

ďM|ξ1 ´ ξ2|
α
´

MpCMRαqn`1p1` g1pRqq ` CM22´αpCMRαqng2pRq
¯

“
CM2

2α
pCMRαqn`1|ξ1 ´ ξα

2C´1p2αp1` g1pRqq ` R´αg2pRqq.

If one plug in g1pRq, g2pRq as in (4.5), then one can show that

2αp1` g1pRqq ` R´αg2pRq ď 1` µpαq `
3α` 2

α
2α ď C.

�

By (4.7), pZ ` cqwn P C0,αpDq and thus wn`1 is defined. By (4.6), w “
ř8

n“0 wn converges
absolutely and uniformly provided R ! 1 such that CMRα ă 1. Hence, we can commute summation
with integral sign and differentiation:

2πiwpξq ´
¨

D

pZ` cqwpzq
z´ ξ

dz^ dz̄ “ σpξq.

Now, for uniqueness, if rw is another solution of the integral equation (4.1) such that pZ` cq rw P

C0,αpDq, then pw :“ w´ rw satisfies

2πi pwpξq “
¨

D

pZ` cq pwpzq
z´ ξ

dz^ dz̄.

�


	1. Introduction
	2. Reformulation of the Problem and Preliminaries
	3. Uniform and Hölder Estimate on Cauchy Potential
	4. Proof of Main Theorem

