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Preface

THIS book gives a present-day account of Marston Morse’s theory of the calculus of
variations in the large. However, there have been important developments during
the past few years which are not mentioned. Let me describe three of these

R. Palais and S. Smale nave studied Morse theory for a real-valued function
on an infinite dimensional manifold and have given direct proofs of the main theo-
rems, without making any use of finite dimensional approximations. The manifolds
in question must be locally diffeomorphic to Hilbert space, and the function must
satisfy a weak compactness condition. As an example, to study paths on a fi-
nite dimensional manifold M one considers the Hilbert manifold consisting of all
absolutely continuous paths w:[0,1] — M with square integrable first derivative.
Accounts of this work are contained in [Pal63]; and in [Sma64].

The Bott periodicity theorems were originally inspired by Morse theory (see
part IV). However, more elementary proofs, which do not involve Morse theory at
all, have recently been given. See [AB64], as well as [Woo66].

Morse theory has provided the inspiration for exciting developments in dif-
ferential topology by S. Smale, A. Wallace, and others, including a proof of the
generalized Poincare hypothesis in high dimensions. I have tried to describe some
of this work in [Mil65].

Let me take this opportunity to clarify one term which may cause confusion. In
Chapter 12 I use the word “energy” for the integral

1
dw
E= / ||E|\2dt
0

along a path w(t). V. Arnol’d points out to me that mathematicians for the past
200 years have called E the “action” integral. This discrepancy in terminology is
caused by the fact that the integral can be interpreted, in terms of a physical model,
in more than one way.

Think of a particle P which moves along a surface M during the time interval
0 <t < 1. The action of the particle during this time interval is defined to be
a certain constant times the integral E. If no forces act on P (except for the
constraining forces which hold it within M), then the “principle of least action”
asserts that E will be minimized within the class of all paths joining w(0) to w(1),
or at least that the first variation of E will be zero. Hence P must traverse a
geodesic. But a quite different physical model is possible. Think of a rubber band
which is stretched between two points of a slippery curved surface. If the band is
described parametrically by the equation x = w(t), 0 < t < 1, then the potential
energy arising from tension will be proportional to our integral E (at least to a
first order of approximation). For an equilibrium position this energy must be
minimized, and hence the rubber band will describe a geodesic.

The text which follows is identical with that of the first printing except for a
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few corrections. I am grateful to V. Arnol’d, D. Epstein and W. B. Houston, Jr.
for pointing out corrections.

J. W. M.
Los Angeles, June 1968.



Part 1

Non-degenerate Smooth Functions
on a Manifold



Chapter One

Introduction

Based on lecture notes by
M. Spivak and R. Wells

In this section we will illustrate by a specific example the situation that we will
investigate later for arbitrary manifolds. Let us consider a torus M, tangent to the
plane V| as indicated in Figure 1.1.

Figure 1.1

Let f: M — R (R always denotes the real numbers) be the height above the V
plane, and let M* be the set of all points € M such that f(z) < a. Then the
following things are true:

(1) If a < 0 = f(p), then M*? is vacuous.
(2) If f(p) <a< f(q), then M* is homeomorphic to a 2-cell.
(3) If f(q) < a < f(r), then M is homeomorphic to a cylinder:

(4) If f(r) < a < f(s), then M? is homeomorphic to a compact manifold of
genus one having a circle as boundary:
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(5) If f(s) < a, then M is the full torus.

In order to describe the change in M“ as a passes through one of the points
f), f(q), f(r), f(s) it is convenient to consider homotopy type rather than home-
omorphism type. In terms of homotopy types:

1 — 2 is the operation of attaching a 0O-cell. For as far as homotopy type is
concerned, the space M?, f(p) < a < f(q), cannot be distinguished from a
0-cell:

Here “~” means “is of the same homotopy type as.”

2 — 3 is the operation of attaching a 1-cell:

3 — 4 is again the operation of attaching a 1-cell:

L. s

4 — 1 is the operation of attaching a 2-cell.

5

The precise definition of “attaching a k-cell” can be given as follows. Let Y be any
topological space, and let

F={reR": ||z <1},
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be the k-cell consisting of all vectors in Euclidean k-space with length < 1.
The boundary
e = {z e R": o] =1},

will be denoted by S*¥~1. If ¢:S*~! — Y is a continuous map then
Y Ug e,

(Y with a k-cell attached by g) is obtained by first taking the topological sum (=
disjoint union) of Y and e, and then identifying each z € S¥~1 with g(z) € Y. To
tale care of the case k = 0 let €? be a point and let ¢° = S~! be vacuous, so that Y’
with a 0-cell attached is just the union of Y and a disjoint point.

As one might expect, the points p,¢,r and s at which the homotopy type of
M® changes, have a simple characterization in terms of f. They are the critical
points of the function. If we choose any coordinate system (x,y) near these points,
then the derivatives 0f/0x and 0f /0y are both zero. At p we can choose (z,y)
so that f = 2% 4+ 42, at s so that f = constant — 22 — 2, and at ¢ and r so that
f = constant + 22 — y2. Note that the number of minus signs in the expression
for f at each point is the dimension of the cell we must attach to go from M? to
M?, where a < f(point) < b. Our first theorems will generalize these facts for any
differentiable function on a manifold.

For further information on Morse Theory, the following sources are extremely
useful: [Mor96, ST51, Bot59, Bot60]



Chapter Two

Definitions and Lemmas

Based on lecture notes by
M. Spivak and R. Wells

The words “smooth” and “differentiable” will be used interchangeably to mean
differentiable of class C*°. The tangent space of a smooth manifold M at a point
p will be denoted by TM,. If g: M — N is a smooth map with g(p) = ¢, then the
induced linear map of tangent spaces will be denoted by g.:T'M, — T'N,.

Now let f be a smooth real valued function on a manifold M. A point p € M
is called a critical point of f if the induced map f.: T M, — TR, is zero. If we

choose a local coordinate system (x1,...,Z,) in a neighborhood U of p this means
that

of _ o _,

ozt Oxn

The real number f(p) is called a critical value of f.

We denote by M? the set of all points € M such that f(z) < a. If a is not
a critical value of f then it follows from the implicit function theorem that M® is
a smooth manifold with boundary. The boundary f~!(a) is a smooth submanifold
of M.

A critical point p is called non-degenerate if and only if the matrix

(52450). 1)

is non-singular. It can be checked directly that non-degeneracy does not depend on
the coordinate system. This will follow also from the following intrinsic definition.

If p is a critical point of f we define a symmetric bilinear functional f.. on T'M),y,
called the Hessian of f at p. If v,w € T M, then v and w have extensions v and w
to vector fields. We let! f..(v,w) = v,(w(f)), where vUp is, of course, just v. We
must show that this is symmetric and well-defined. It is symmetric because

op(w(f)) = wp(v(f)) = [0, w],(f) = 0,

where [0, w] is the Poisson bracket of ¥ and w, and where [v, w],(f) = 0 since f has
p as a critical point.
Therefore f.. is symmetric. It is now clearly well-defined since v,(w(f)) =

1Here w(f) denotes the directional derivative of f in the direction w.
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vp(w(f)) is independent of the extension v of v, while w,(v(f)) is independent of
.

If (z1,...,2,) isalocal coordinate system and v = " ;0/9z"|,, w = > b;0/027|,
we can take w = Y b;0/0x7|, where b; now denotes a constant function. Then

0
Featvs) = o(@(D)0) =0 (b2 ) = Tty
1,7

)

so the matrix (2.1) represents the bilinear function f., with respect to the basis
d/0xt,,...,0/0z",.

We can now talk about the indexr and the nullity of the bilinear functional f,,
on T'M,. The index of a bilinear functional I, on a vector space V/, is defined to
be the maximal dimension of a subspace of V on which H is negative definite; the
nullity is the dimension of the null-space, i.e., the subspace consisting of all v € V'
such that H(v,w) = 0 for every w € V. The point p is obviously a non-degenerate
critical point of f if and only if f.. on T'M, has nullity equal to 0. The index
of f.x on T'M, will be referred to simply as the index of f at p. The Lemma of
Morse shows that the behaviour of f at p can be completely described by this index.
Before stating this lemma we first prove the following:

Lemma 2.1. Let f be a C* function in a convex neighborhood V' of 0 in R", with
f(0) =0. Then

n
f(xlv s axn) = szgz(l'l, . 'axn)a
=1

for some suitable C™ functions g; defined in V', with g;(0) = of (0).

ox;
Proof.
1 1 n
df(t R 7
f(xl,...,xn):/ Mdt:/ of ooy tay) - xdt.
0 dt 0 — 0
1=1
Therefore we can let g;(z1,...,z,) = fol of J0x;(txq, ... txy,)dt. O

Lemma 2.2 (Lemma of Morse). Let p be a non-degenerate critical point for f.
Then there is a local coordinate system (y',...,y") in a neighborhood U of p with
y'(p) = 0 for all i and such that the identity

F=fm) =) = =@+ + )
holds throughout U, where A is the index of f at p.

Proof. We first show that if there is any such expression for f, then A must be the
index of f at p. For any coordinate system (z1,...,2"), if

fl@)=f) - @) = = () + )+ + (2"(0)?
then we have

-2 if i=j5 <A,
(p)=q2 if i=j>},

0 otherwise,

0% f
021029
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which shows that the matrix representing f.. with respect to the basis 9/9z2|,,...,0/92"],
is
-2

2

Therefore there is a subspace of T'M,, of dimension A where f.. is negative definite,
and a subspace V' of dimension n — A where f,, is positive definite. If there were a
subspace of T'M,, of dimension greater than A on which f.. were negative definite
then this subspace would intersect V', which is clearly impossible. Therefore A is
the index of f,..

We now show that a suitable coordinate system (y',...,y") exists. Obviously
we can assume that p is the origin of R™ and that f(p) = f(0) = 0. By Lemma 2.1

we can write

n
flay,. . x,) = ijgj(xl,...,a:n)
j=1

for (z1,...,zy) in some neighborhood of 0. Since 0 is assumed to be a critical point:

9,00 = 52-0) =0

Therefore, applying Lemma 2.1 to the g; we have

n
gj(l'l,. .. ,l’n) = inhij(xla e 7£L’n)
i=1

for certain smooth functions h;;. It follows that

n
flz, ... xn) = Z xixihij (21, ..., Tn).
ij=1

We can assume that h;; = hj;, since we can write h;; = 3(hij + hj;), and then

have ﬁij = Bji and f = inxjﬁij. Moreover the matrix (hij(O)) is equal to

1 0%f
P 3 i (0) )
2 0zt 0xd

and hence is non-singular.

There is a non-singular transformation of the coordinate functions which gives
us the desired expression for f, in a perhaps smaller neighborhood of 0. To see
this we just imitate the usual diagonalization proof for quadratic forms. (See for
example, [BML65, p. 271].) The key step can be described as follows:

Suppose by induction that there exist coordinates uq, ..., u, in a neighborhood
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U7 of 0 so that
f — i(ul)z + ...+ (ur—1)2 + Z u,;ujHij(ul, A ,Un)
>

throughout Uy; where the matrices (Hj(uq,...,u,)) are symmetric. After a lin-
ear change in the last n — r + 1 coordinates we may assume that H,.. # 0. Let
g(u1,...,u,) denote the square root of |H,.(u1,...,u,)|. This will be a smooth,
non-zero function of uy, ..., u, throughout some smaller neighborhood Uy C U; of
0. Now introduce new coordinates vy, ..., v, by

v; = U for i#r

Hi (w1, ..., up,
Up(U1y -y ) = g(Uug, .., Up) (ur—FZui(l)) .

i>r HT’I"(ula--'7un)

It follows from the inverse function theorem that v1, ..., v, will serve as coordinate
functions within some sufficiently small neighborhood Us of 0. It is easily verified
that f can be expressed as

f= Z:I:(vi)2 + Z viv; Hij(v1, - vn)
i<r i,j>T

throughout Us. This completes the induction; and proves Lemma 8.3. O

Corollary 2.3. Non-degenerate critical points are isolated.

Examples of degenerate critical points (for functions on R and R?) are given
below, together with pictures of their graphs.

We conclude this section with a discussion of 1-parameter groups of diffeomor-
phisms. The reader is referred to K. Nomizu,“Lie Groups and Differential Geome-
try,” for more details.

A I-parameter group of diffeomorphisms of a manifold M is a C'*° map

R x M — M

such that

(1) for each t € R the map ¢ R x M — M defined by ¢:(q) = ¢(t,q) is a
diffeomorphism of M onto itself,

(2) for all t,s € R we have prys = 1 0 .

Given a 1-parameter group ¢ of diffeomorphisms of M we define a vector field
X on M as follows. For every smooth real valued function f let

X,(f) = Jim flen(a) — fla)

h—0 h
This vector field X is said to generate the group .

Lemma 2.4. A smooth vector field on M which vanishes outside of a compact set
K C M generates a unique 1- parameter group of diffeomorphisms of M.
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1
(a) f(z) =e 22 sinz(%). The origin is a degen-
erate, and non-isolated, critical point.

@

(¢) f(z,y) = 23 — 3zy? = Real part of (z + iy)>.
(0,0) is a degenerate critical point (a “mon-
key saddle”).

(b) f(x) = z®. The origin is a degenerate critical
point

N\

\\\\\// “‘
SN

(d) f(z,y) = z%y>. The set of critical points, all
of which are degenerate, consists of the union
of the z and y axis, which is not even a sub-
manifold of R?.

(e) flz,y) = xz2. The set of critical points, all of which are degenerate, is the z axis, which is a

sub-manifold of R2.
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Proof. Given any smooth curve
t—c(t) e M
it is convenient to define the wvelocity vector

de

at S TMc(t)
by the identity
de T fc(t+h) 7fc(t)
a) = iy h '

(Compare Chapter 8.) Now let ¢ be a 1-parameter group of diffeomorphisms,
generated by the vector field X. Then for each fixed ¢ the curve

t— oi(q)
satisfies the differential equation
die(q)
=X
dt Pt (q)7

with initial condition ¢g(g) = ¢. This is true since

dee(q) () = lim fpean(@) = fleela)) _ . Flen(p) = £(p)

dt h—0 h h—0 h

= Xp(f),

where p = ¢;(q). But it is well known that such a differential equation, locally,
has a unique solution which depends smoothly on the initial condition. (Compare
[Gra56, p. 166]. Note that, in terms of local coordinates u!,. .., u", the differential
equation takes on the more familiar form: du®/dt = z%(ul,... u"),i=1,...,n.)

Thus for each point of M there exists a neighborhood U and a number £ > 0 so
that the differential equation

dei(q)
dt

= X, (), vo(q) = q

has a unique smooth solution for ¢ € U, [t] < e.

The compact set K can be covered by a finite number of such neighborhoods U'.
Let €p > 0 denote the smallest of the corresponding numbers e. Setting ¢:(q) = ¢
for ¢ ¢ K, it follows that this differential equation has a unique solution ¢(q) for
|t| < ep and for all ¢ € M. This solution is smooth as a function of both variables.
Furthermore, it is clear that ¢;1s = ¢t 0 @4 providing that [t], |s|, |t + s| < eo.
Therefore each such ¢y is a diffeomorphism.

It only remains to define ¢, for |t| > 9. Any number ¢ can be expressed as a
multiple of /2 plus a remainder r with |r| < eo/2. If t = k(g¢/2) + r with k > 0,
set

Pt = Peq/2 0 Pep/20 "0 Pey/2°Pr

where the transformation ¢,/ is iterated k times. If k < 0 it is only necessary to
replace ., /2 by ¢_., /2 iterated —k times. Thus ¢; is defined for all values of ¢. It
is not difficult to verify that ¢, is well defined, smooth, and satisfies the condition
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Yi+s = Pt © ps. This completes the proof of Lemma 2.4 O

Remark. The hypothesis that X vanishes outside of a compact set cannot be omit-
ted. For example let M be the open unit interval (0,1) C R, and let X be the
standard vector field d/d¢t on M. Then X does not generate any 1-parameter group
of diffeomorphisms of M.



Chapter Three

Homotopy Type in Terms of Critical Values

Based on lecture notes by
M. Spivak and R. Wells

Throughout this section, if f is a real valued function on a manifold M, we let
M® = f~(~o0,a] = {pe M: f(p) <a}.

Theorem 3.1. Let f be a smooth real valued function on a manifold M. Leta <b
and suppose that the set f~1[a,b], consisting of all p € M with a < f(p) < b,
is compact, and contains no critical points of f. Then M® is diffeomorphic to
MPb. Furthermore, M® is a deformation retract of M, so that the inclusion map
M® — MY is a homotopy equivalence.

The idea of the proof is to push M? down to M@ along the orthogonal trajectories
of the hypersurfaces f = constant. (Compare Figure 3.1.)

Figure 3.1

Choose a Riemannian metric on M; and let (X,Y) denote the inner product of
two tangent vectors, as determined by this metric. The gradient of f is the vector
field gradf on M which is characterized by the identity®

(X, gradf) = X(f)

(= directional derivative of f along X) for any vector field X. This vector field

1

n classical notation, in terms of local coordinates u',...,u", the gradient has components

Zj giaof/oul.
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gradf vanishes precisely at the critical points of f. If c: R — M is a curve with
velocity vector de/dt note the identity

d(f o)

de
<77gradf> - dt

dt

Let p: M — R be a smooth function which is equal to 1/(gradf, grad f) through-
out the compact set f~![a,b]; and which vanishes outside of a compact neighbor-
hood of this set. Then the vector field X, defined by

Xy = p(q)(gradf),

satisfies the conditions of Lemma 2.4. Hence X generates a 1-parameter group of
diffeomorphisms
(%2l M — M.

For fixed ¢ € M consider the function ¢ — f(¢:(q)). If p:i(q) lies in the set
f~1la,b], then

dflpila) _ deila)
dt dt

,gradf) = (X, gradf) = +1.

Thus the correspondence
t— fee(q))

is linear with derivative +1 as long as f(¢:(q)) lies between a and b.

Now consider the diffeomorphism ¢,_,: M — M. Clearly this carries M“ dif-
feomorphically onto M. This proves the first half of Theorem 3.1.

Define a 1-parameter family of maps

e MY — MP

rilg) = 4 b s
Pria—f(a)(@) I a<flg)<b

Then ro is the identity, and r; is a retraction from M? to M?. Hence M° is a
deformation retract of M. This completes the proof.

Remark. The condition that f~![a,b] is compact cannot be omitted. For example
Figure 3.2 indicates a situation in which this set is not compact. The manifold M
does not contain the point p. Clearly M is not a deformation retract of M?.

Theorem 3.2. Let f: M — R be a smooth function, and let p be a non-degenerate
critical point with index . Setting f(p) = c, suppose that f~[c —e,c + ¢ is
compact, and contains no critical point of f other then p, for some € > 0. Then,
for all sufficiently small €, the set Mt has the homotopy type of M¢=¢ with a
A-cell attached.

The idea of the proof of this theorem is indicated in Figure 3.3, for the special
case of the height function on a torus. The region

M = f 1 (—o0,c—¢]
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Figure 3.2

is heavily shaded. We will introduce a new function F: M — R which coincides
with the height function f except that F' < f in a small neighborhood of p. Thus
the region F~!(—o0,c — €] will consist of M¢~¢ together with a region H near p.
In Figure 3.3, H is the horizontally shaded region.

AJ“+5

7777777772
27

Figure 3.3

Choosing a suitable cell e* ¢ H, a direct argument (i.e., pushing in along the
horizontal lines) will show that M¢~¢ Ue» is a deformation retract of M°~¢ U H.
Finally, by applying Theorem 3.1 to the function F and the region F~l[c —¢,c+ €]
we will see that M°~¢ U H is a deformation retract of M¢*t¢. This will complete
the proof.

Choose a coordinate system u
identity

L ...u™ in a neighborhood U of p so that the

f:c_(ul)Q_“__(uk)2+(uk+1)2+“.+(un)2

holds throughout U. Thus the critical point p will have coordinates
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Choose € > 0 sufficiently small so that

(1) The region f~![c—¢,c+¢] is compact and contains no critical points other
than p.

(2) The image of U under the diffeomorphic imbedding
(u',...,u"):U — R"
contains the closed ball
{(u!, ) (') < 2¢)
Now define e* to be the set of points in U with
(u1)2+--~+(u7”)2 <cand WMl =...=y" =0.
The resulting situation is illustrated schematically in Figure 3.4.

(WM. u)-axis

Figure 3.4

The coordinate lines represent the planes v = ... =y" =0and v = --- =

v = 0 respectively; the circle represents the boundary of the ball of radius v/2¢;
and the hyperbolas represent the hypersurfaces f~!(c — ) and f~'(c +¢). The
region M¢¢ is heavily shaded; the region f~![c — ¢,¢] is heavily dotted; and the
region f~![c,c+ €] is lightly dotted. The horizontal dark line through p represents
the cell e*.

Note that e* N M¢¢ is precisely the boundary é*, so that e is attached to M¢—¢
as required. We must prove that M¢— U e is a deformation retract of M¢+e.

Construct a new smooth function F: M — R as follows. Let iR — R be a
C® function satisfying the conditions

w(0) > e
u(r)y=0 for r>2e
—1<p(r)<0 forall r
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where ¢/ (r) = du/dr. Now let F coincide with f outside of the coordinate neigh-
borhood U, and let

F=f-pu ((u1)2 ok (@) 20 2(u”)2)
within this coordinate neighborhood. It is easily verified that F' is a well defined
smooth function throughout M.
It is convenient to define two functions
67 - U— [07 OO)

by

Then f = c— &+ n; so that:

F(q) = c—&(q) +n(q) — p(€(q) + 2n(q))
for all g € U.

Assertion 3.1. The region F~'(—oo,c + €| coincides with the region Mt¢ =
[ (—o00,c+el.

Proof. Outside of the ellipsoid & + 21 < 2 the functions f and F' coincide. Within
this ellipsoid we have

1
FSfZC—§+n§6+§€+n§c+e.
This completes the proof. O

Assertion 3.2. The critical points of F' are the same as those of f.

Proof. Note that

oF
=—-1—74 2
o€ w(§+2n) <0
OF
=1-24 2n) > 1.
an p (€ +2n) >
Since OF OF

where the covectors d§ and dn are simultaneously zero only at the origin, it follows
that F' has no critical points in U other than the origin. Now consider the region
F~l[c —¢,c+¢€]. By Assertion 3.1 together with the inequality F' < f we see that

Flle—ect+elC fle—e,c+el

Therefore this region is compact. It can contain no critical points of F' except
possibly p. But
F(p)=c—u(0) <c—e.
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Hence F~![c—¢,c+ €] contains no critical points. Together with Theorem 3.1 this
proves the following. O

Assertion 3.3. The region F~1(—oc0,c — €| deformation retract of Mcte.

It will be convenient to denote this region F~!(—oco,c—¢] by M¢~¢ U H; where
H denotes the closure of F~1(—o0,c —¢] — M€,

Remark. In the terminology of Smale, the region M“~¢ U H is described as M“~¢
with a “handle” attached. It follows from Theorem 3.1 that the manifold-with-
boundary M¢~¢ U H is diffeomorphic to M¢*¢. This fact is important in Smale’s
theory of differentiable manifolds. (Compare [Sma61].)

Now consider the cell e* consisting of all points ¢ with

Note that ¢* is contained in the “handle” H. In fact, since OF /0& < 0, we have

F(g)<F(p)<c—c¢

but f(q) > ¢ — ¢ for q € e*.

R
NN NN

Figure 3.5

The present situation is illustrated in Figure 3.5. The region M°~¢ is heavily
shaded; the handle H is shaded with vertical arrows; and the region F~![c—¢, c+¢]
is dotted.

Assertion 3.4. The region M°~¢Ue* is a deformation retract of M¢~¢ U H.

Proof. A deformation retraction ry: M¢~¢ U H — M° ¢ U H is indicated schemat-
ically by the vertical arrows in Figure 3.5. More precisely let r; be the identity
outside of U; and define r; within U as follows. It in necessary to distinguish three
cases as indicated in Figure 3.6.
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shenannntl

Case 3 Case 3

L]
7 PASN

ase 2 Case 2

Figure 3.6

Case 1. Within the region £ < € let r; correspond to the transformation
(uh, ... u"™) — (ul,. .. Juh ML ,tu™).

Thus 7 is the identity and 7o maps the entire region into e*. The fact
that each r, maps F~!(—o0, c—¢] into itself, follows from the inequality
OF/0n > 0.

Case 2. Within the region ¢ < £ < n—+¢ let 74 correspond to the transformation

(ul, ... u") — (ul,...,ux, stuhﬂ,...,stu”)

where the number s; € [0, 1] is defined by

E—c¢
n

se =1+ (1 —1)( )3,

Thus r; is again the identity, and ro maps the entire region into the
hypersurface f~1(c —¢). The reader should verify that the functions
syu’ remain continuous as & — ¢, n — 0. Note that this definition
coincides with that of Case 1 when £ = e.

Case 3. Within the region 1 + ¢ < £ (i.e., within M“~¢). let r; be the identity.
This coincides with the preceding definition when & =7 + €.

This completes the proof that M¢~Ue" is a deformation retract of F~!(—o0, c+e].
Together with Assertion 3.4, it completes the proof of Theorem 3.2. O

Remark. More generally suppose that there are k non-degenerate critical points
pt,...,p" with indices A1, ..., A in f~!(c). Then a similar proof shows that M°*e
has the homotopy type of M~ UerM U---U e,

Remark. A simple modification of the proof of Theorem 3.2 shows that the set
Me¢ is also a deformation retract of M°T¢. In fact M¢ is a deformation retract of
F~1(—o00, ] which is a deformation retract of M°*¢ (Compare Figure 3.7.) Com-
bining this fact with Theorem 3.2 we see easily that M~ U et is a deformation
retract of M°.
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Figure 3.7: M¢ is heavily shaded, and F~1[c,c + ¢] is dotted.

Theorem 3.3. If f is a differentiable function on a manifold M with no degenerate
critical points, and if each M® is compact, then M has the homotopy type of a CW-
complezx, with one cell of dimension A for each critical point of index A.

(For the definition of CW-complex see [Whi49a).)
The proof will be based on two lemmas concerning a topological space X with
a cell attached.

Lemma 3.4 (Whitehead). Let pg and @1 be homotopic maps from the sphere e
to X. Then the identity map of X extends to a homotopy equivalence

X Ue — X ueée
¥o ®1

Proof. Define K by the formulas

K(z)==z for zeX
1
K (tu) = 2tu for 0<t<z, ue &t
1
K(tu) = oot (u) for §§t§1, u € et

Here ¢; denotes the homotopy between ¢y and ¢1; and tu denotes the product of
the scalar ¢ with the unit vector u. A corresponding map

XU — XU
1 %o

is defined by similar formulas. It is now not difficult to verify that the compositions
K{ and (K are homotopic to the respective identity maps. Thus K is a homotopy
equivalence. O

For further details the reader is referred to, Lemma 5 of [Whi49b].
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Lemma 3.5. Let p:é* — X be an attaching map. Any homotopy equivalence
f: X =Y extends to a homotopy equivalence

F:Xue — X u e
® foep

Proof. (Following an unpublished paper by P. Hilton.) Define F' by the conditions

Flx=f
F|g = identity.

Let g: Y — X be a homotopy inverse to f and define

GY Uée —y u &
foyp gofoyp
by the corresponding conditions G|y = g, G|s = identity.
Since g o f o ¢ is homotopic to ¢, it follows from Lemma 3.4 that there is a
homotopy equivalence
K:X U e — Xue
gofop ®

We will first prove that the composition
KoGoF:XUée — XuUé
© ®
is homotopic to the identity map.

Let Ay be a homotopy between g o f and the identity. Using the specific defini-
tions of K, GG, and F, note that

KoGoF(z)=gf(x) for zeX
1
K o G o F(tu) = 2tu for 0<t<, ue &t
1
K oG o F(tu) = ha_atp(u) for 3 <t<1, wueé.
The required homotopy
g XU — Xueée
® ®
is now defined by the formula
qT(I) = h,,,.(l‘) for T € X
(tu) t for 0<t<iTT e
(tu) = u or <t< , uce
1 1+7 2
1
q-(tu) = ho_opirp(u) for T <t<1, wueéh

Therefore F' has a left homotopy inverse. O

The proof that F' is a homotopy equivalence will now be purely formal, based
on the following.

Assertion 3.5. If a map F has a left homotopy inverse L and a right homotopy
inverse R, then F is a homotopy equivalence; and R (or L) is a 2-sided homotopy
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inverse.

Proof. The relations

L o F ~ identity, F o R ~ identity,

imply that
L~L(FoR)=(LoF)R~R.
Consequently
Ro F ~ L o F ~ identity,
which proves that R is a 2-sided inverse. O

The proof of Lemma 3.5 can now be completed as follows. The relation
K o F o G ~ identity,

asserts that F' has a left homotopy inverse; and a similar proof shows that G has a
left homotopy inverse.

Step 1. Since K(G o F) ~ identity, and K is known to have a left inverse, it
follows that (G o F')K ~ identity.

Step 2. Since G(F o K) ~ identity, and G is known to have a left inverse, it
follows that (F o K)G ~ identity.

Step 3. Since F(K o G) ~ identity, and F' has K o G as left inverse also, it
follows that F' is a homotopy equivalence.

This completes the proof of Lemma 3.5.

Proof of Theorem 3.3. Let ¢ < cg < c3 < --- be the critical values of f: M — R.
The sequence {c¢;} has no cluster point since each M® is compact. The set M* is
vacuous for a < ¢;. Suppose acq,co,c3,... and that M is of the homotopy type
of a CW-complex. Let ¢ be the smallest ¢; > a. By Theorems 3.1 and 3.2 and

Chapter 3, M < has the homotopy type of M¢¢ UeM U--- U eh© for certain
$1 Pj(e)

maps ©1,...,¥;) when ¢ is small enough, and there is a homotopy equivalence
h: M¢=¢ — M®. We have assumed that there is a homotopy equivalence h': M® —
K, where K is a CW-complex.

Then each A’ o h o ¢; is homotopic by cellular approximation to a map
P;:eM — (A; — 1) — skeleton of K.

Then K iJ eM U ---d)U eri) is a CW-complex, and has the same homotopy
1 ie)

type as M“T¢, by Lemmas 3.4 and 3.5.

By induction it follows that each M®’ has the homotopy type of a CW-complex.
If M is compact this completes the proof. If M is not compact, but all critical points
lie in one of the compact sets M %, then a proof similar to that of Theorem 3.1 shows
that the set M® is a deformation retract of M, so the proof is again complete.

If there are infinitely many critical points then the above construction gives us
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an infinite sequence of homotopy equivalences

M® C M®* C M9 C .-

LD

K, ¢ Ky ¢ K3 C---

each extending the previous one. Let K denote the union of the K; in the direct
limit topology, i.e., the finest possible compatible topology, and let g: M — K be the
limit map. Then g induces isomorphisms of homotopy groups in all dimensions.
We need only apply Theorem 1 of [Whi49a] to conclude that ¢g is a homotopy
equivalence. [Whitehead’s theorem states that if M and K are both dominated by
CW-complexes, then any map M — K which induces isomorphisms of homotopy
groups is a homotopy equivalence. Certainly K is dominated by itself. To prove
that M is dominated by a CW-complex it is only necessary to consider M as a
retract of tubular neighborhood in some Euclidean space.] This completes the
proof of Theorem 3.3. O

Remark. We have also proved that each M® has the homotopy type of a finite
CW-complex, with one cell of dimension A for each critical point of index A in M®.
This is true even if a is a critical value. (Compare Chapter 3.)



Chapter Four

Examples

Based on lecture notes by
M. Spivak and R. Wells

As an application of the theorems of Chapter 3 we shall prove:

Theorem 4.1 (Reeb). If M is a compact manifold and f is a differentiable function
on M with only two critical points, both of which are non-degenerate, then M is
homeomorphic to a sphere.

Proof. This follows from Theorem 3.1 together with the Lemma of Morse (Lemma 8.3).
The two critical points must be the minimum and maximum points. Say that
f(p) = 0 is the minimum and f(¢) = 1 is the maximum. If € is small enough then
the sets M¢ = f~10,e] and f~1[1 — ¢,1] are closed n-cells by Lemma 8.3. But
MF¢ is homeomorphic to M'~¢ by Theorem 3.1. Thus M is the union of two closed
n-cells, M1~ and f~![1 — ¢, 1], matched along their common boundary. It is now
easy to construct a homeomorphism between M and S”. O

Remark. The theorem remains true even if the critical points are degenerate. How-
ever, the proof is more difficult. (Compare Milnor, Differential topology, in [Mil64,
Theorem 1]; or [Ros60, Lemma 1].)

Remark. 1t is not true that M must be diffeomorphic to S™ with its usual differ-
entiable structure.(Compare [Mil56]. In this paper a 7-sphere with a non-standard
differentiable structure is proved to be topologically S” by finding a function on it
with two non-degenerate critical points.)
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As another application of the previous theorems we note that if an n-manifold
has a non-degenerate function on it with only three critical points then they have
index 0, n and % (by Poincaré duality), and the manifold has the homotopy type
of an §-sphere with an n-cell attached. See [EK62]. Such a function exists for
example on the real or complex projective plane.

Let CP,, be complex projective n-space. We will think of CP,, as equivalence
classes of (n+ 1)-tuples (z1,...,2,) of complex numbers, with ) |z;|* = 1. Denote
the equivalence class of (21,...,2n) by (20 : 21 : -+ : 2).

Define a real valued function f on CP,, by the identity

flzoiz1 i i 2p) = ch|zj\2

where cg,c1,...,c, are distinct real constants. In order to determine the critical
points of f, consider the following local coordinate system. Let Uy be the set of
(20 :21: 1 2zp) with zg # 0, and set

Zj .
|z0\% =z; +iy.

Then
T1, Y1y -~y Tn,Yn:Ug — R

are the required coordinate functions, mapping Uy diffeomorphically onto the open
unit ball in R*". Clearly

|2j* = 2% + 7, 20 =1-> (23 +45),
so that .
f=co+ Z(Cj - C())(.’L‘? + yf)
j=1

throughout the coordinate neighborhood Uy. Thus the only critical point of f
within Uy lies at the center point

po=(1:0:0:---:0)

of the coordinate system. At this point f is non-degenerate; and has index equal
to twice the number of j with ¢; < co.
Similarly one can consider other coordinate systems centered at the points

pr=(0:1:0:---:0),...,p,=(0:0:---:0:1).

It follows that pg, p1,...,p, are the only critical points of f. The index of f at
pr is equal to twice the number of j with ¢; < ¢i. Thus every possible even index
between 0 and 2n occurs exactly once. By Theorem 3.3:
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CP,, has the homotopy type of a CW-complex of the form
fueluetu---Ue
It follows that the integral homology groups of CP,, are given by

Z for i=0,2,4,...,2n
0 for other values of 1.

25



Chapter Five

The Morse Inequalities

Based on lecture notes by
M. Spivak and R. Wells

In Morse’s original treatment of this subject, Theorem 3.3 was not available. The
relationship between the topology of M and the critical points of a real valued
function on M were described instead in terms of a collection of inequalities. This
section will describe this original point of view.

Definition 5.1. Let S be a function from certain pairs of spaces to the integers. S
is subadditive if whenever X DY D Z we have S(X,Z) < S(X,Y)+ S(Y,Z). If
equality holds, S is called additive.

As an example, given any field F as coefficient group, let

Ry (X,Y) = Ath Betti number of (X,Y)
= rank over I of Hy(X,Y;F),

for any pair (X,Y) such that this rank is finite. R) is subadditive, as is easily seen
by examining the following portion of the exact sequence for (X,Y, Z):

o — HA(Y, Z) — Ha (X, Z) — Ha(X,Y) — - -
The Euler characteristic (X, Y) is additive, where x(X,Y) = > (= 1)* Ry (X, Y).

Lemma 5.2. Let S be subadditive and let Xo C --- C X,,. Then S(X,,Xo) <
S S(Xi, Xi—1). If S is additive then equality holds.

Proof. Induction on n. For n = 1, equality holds trivially and the case n = 2 is the
definition of (sub) additivity.

If the result is true for n—1, then S(X,,—1, Xo) < Z?;ll S(X;, X;—1). Therefore
S(Xn, Xo) < S(Xp—1,X0) + S(Xn, Xn—1) < Yoin; S(X;, Xi—1) and the result is
true for n. O

Let S(X,2) = S(X). Taking Xy = @ in Lemma 5.2, we have
S(Xn) <D S(Xi, Xic1) (5.1)
i=1

with equality if S is additive.
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Let M be a compact manifold and f a differentiable function on M with isolated,
non-degenerate, critical points. Let a; < --- < ag be such that M contains exactly
i critical points, and M = M. Then

H*(Ma'i’Mai—l) — (Mai—l U e}”,Mai’l)

H.
H, (e, eM) by excision,

] coefficient group in dimension 2;
0 otherwise.

where A; is the index of the critical point.
Applying Equation (5.1) to @ = M% C --- C M% = M with S = R; we have

Ry(M) <> Ry(M®, M) = Cy;
=1

where C) denotes the number of critical points of index A. Applying this formula
to the case S =y we have

xX(M) = ZX(MazaMaFl) =Co—C1+Cy—+--- (.
i=1
Thus we have proven:

Theorem 5.3 (Weak Morse Inequalities). If Cy denotes the number of critical
points of index A on the compact manifold M then

Ry(M) <Cy, and (5.2)
> (=D)PRu(M) = (—1)*Ch. (5.3)
Slightly sharper inequalities can be proven by the following argument.
Lemma 5.4. The function S, is subadditive, where
SUX,Y)=R(X,)Y) - R 1(X,Y)+ R o(X,Y) —+--- £ Ry(X,Y).

Proof. Given an exact sequence

h yp—typJd 0k, . s D—50

of vector spaces note that the rank of the homomorphism A plus the rank of 7 is
equal to the rank of A. Therefore,

Rank h = Rank A — Rank ¢
= Rank A — Rank B + Rank j
= Rank A — Rank B + Rank C — Rank K

= Rank A — Rank B + Rank C' — 4 --- &+ Rank D.
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Hence the last expression is > 0. Now consider the homology exact sequence of a
triple X DY D Z. Applying this computation to the homomorphism

His (X,Y) = Ha(Y, 2)
we see that
Rankd =R (Y, Z) - Ra(X, Z) + Ry (X,Y) = Bp1 (Y, Z) +--- > 0
Collecting terms, this means that
S(Y,Z) = Si(X, Z) + Si(X,Y) 2 0,
which completes the proof. O

Applying this subadditive function Sy, to the spaces
gCcM*CM®=?C--CM*

we obtain the Morse inequalities:

k
Su(M) < ZS}L(Maq"’MaFl) =C,—Ch1+—--£C
im1
or
Ry(M) = Ry1(M)+ —--- £ Ry(M) <Cp, — Cp—1 + —--- £ Cp. (42)

These inequalities are definitely sharper than the previous ones. In fact, adding
(42) and (4)_1), one obtains (2)); and comparing (43) with (45—1) for A > n one
obtains the equality (5.3).

As an illustration of the use of the Morse inequalities, suppose that Cy41 = 0.
Then Rj1 must also be zero. Comparing the inequalities (4;) and (4y41), we see
that

Ry—Ry14+—F*Ry=C)—Ch_1+—---£Ch.

Now suppose that Cy_; is also zero. Then R)_; = 0, and a similar argument shows
that
By o—Ry3+—-E£Ry=Co—Chzg+—---£Cp.

Subtracting this from the equality above we obtain the following:
Corollary 5.5. If Cj41 = Cy_1 =0 then Ry, = Cy and Ry;1 = Ry—1 = 0.

(Of course this would also follow from Theorem 3.3.) Note that this corollary
enables us to find the homology groups of complex projective space (see chapter 4)
without making use of Theorem 3.3.



Chapter Six

Manifolds in Euclidean Space

Based on lecture notes by
M. Spivak and R. Wells

Although we have so far considered, on a manifold, only functions which have no
degenerate critical points, we have not yet even shown that such functions always
exist. In this section we will construct many functions with no degenerate critical
points, on any manifold embedded in R". In fact, if for fixed p € R™ define the
function L,: M — R by L,(q) = |lp — ¢||*. It will turn out that for almost all p,
the function L, has only non-degenerate critical points.

Let M C R" be a manifold of dimension k < n, differentiably embedded in R".
Let N C M x R" be defined by

N ={(q,v) : ¢ € M, v perpendicular to M at ¢}.

It is not difficult to show that N is an n-dimensional manifold differentiably
embedded in R**. (N is the total space of the normal vector bundle of M.)
Let E: N — R" be E(q,v) = ¢+ v. (E is the “endpoint” map.)

E(q,v)

Definition 6.1. e € R" is a focal point of (M, q) with multiplicity p if e = ¢+ v
where (q,v) € N and the Jacobian of E at (q,v) has nullity p > 0. The point e will
be called a focal point of M if e is a focal point of (M,q) for some g € M.

Intuitively, a focal point of M is a point in R™ where nearby normals intersect.
We will use the following theorem, which we will not prove.

Theorem 6.2 (Sard). If My and My are differentiable manifolds having a countable
basis, of the same dimension, and f: My — My is of class C*, then the image of
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the set of critical points has measure 0 in M?.

A critical point of f is a point where the Jacobian of f is singular. For a proof
see [DR&4, p. 10].

Corollary 6.3. For almost all z € R", the point = is not a focal point of M.

Proof. We have just seen that IV is an n-manifold. The point x is a focal point iff
x is in the image of the set of critical points of E: N — R". Therefore the set of
focal points has measure 0. O

For a better understanding of the concept of focal point, it is convenient to
introduce the “second fundamental form” of a manifold in Euclidean space. We
will not attempt to give an invariant definition; but will make use of a fixed local
coordinate system.

Let u', ..., u* be coordinates for a region of the manifold M C R". Then the
inclusion map from M to R" determines n smooth functions

zy(ut, . u), (et ).
These functions will be written briefly as #(u', ..., u*) where & = (z1,...,2,). To
be consistent the point ¢ € M C R" will now be denoted by ¢.
The first fundamental form associated with the coordinate system is defined to
be the symmetric matrix of real valued functions

oy (2F 0%
i) = (“)uz 8uj '

The second fundamental form on the other hand, is a symmetric matrix (Z]) of
vector valued functions. 92
Z
— at a point of M can be expressed as
utoul ~
the sum of a vector tangent to M and a vector normal to M. Define /;; to be the
2 =

outoud

(7 5 = (%)

can be called the second fundamental form of M at q in the direction .
It will simplify the discussion to assume that the coordinates have been chosen
to that g;;, evaluated at ¢, is the identity matrix. Then the eigenvalues of the

It is defined as follows. The vector

normal component of Given any unit vector ¥ which is normal to M at ¢

the matrix

matrix ("D’o Z_;J) are called the principal curvatures Kq,...,Kg of M at ¢ in the
normal direction ¢. The reciprocals K, LK ;(1 of these principal curvatures are
called the principal radii of curvature. Of course it may happen that the matrix
(17 . E_;]) is singular. In this case one or more of the K; will be zero; and hence the
corresponding radii K ! will not be defined.

Now consider the normal line £ consisting of all ¢+ tv, where ¥ is a fixed unit
vector orthogonal to M at q.

Lemma 6.4. The focal points of (Mq) along € are precisely the points ¢+ K;lff,
where 1 < i < k, K; # 0. Thus there are at most, k focal points of (M, q) along ¢,
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each being counted with its proper multiplicity.

Proof. Choose n — k vector fields w (u',...,u*),... @, p(u',...,u*) along the
manifold so that s, ..., w,_x are unit vectors which are orthogonal to each other
and to M. We can introduce coordinates (u',...,u*,t!,... #"%) on the manifold

N C M x R" as follows. Let (u',...,u* t' ... ,t"~%) correspond to the point

n—k
(f(ul, o uby, Z t%Wy (ul, ... ,uk)> € N.
a=1
Then the function E: N — R"™ gives rise to the correspondence
n—k
(ul, .. uf et R N Z(ut, ... uk) + Z t o (ut, ..., uk),
a=1

with partial derivatives

o8 0% o O
= T Z ¢
(03

out 0 out

oe

op 7
Taking the inner products of these n-vectors with the linearly independent vectors
0z/out, ..., 0% /0uk @y, ..., &, ) will obtain an n x n matrix whose rank equals

the rank of the Jacobian of E at the corresponding point.
This n x n matrix clearly has the following form

or 0% o OWs
(8%81@) (Zo;t ou’ .wﬁ)

O identity matrix

Thus the nullity is equal to the nullity of the upper left hand block. Using the
identity

0 <ﬂ 8f> 0w, 0 0*z
0= Wo 7 | =

out Ou; T Quy . Tuj + ta Ou;0u;
we see that this upper left hand block is just the matrix

<9ij =Dt E‘j)
«
Thus:

Assertion 6.1. ¢+ t7 is a focal point of (M,q) with multiplicity u if and only if
the matriz

(gij — - 5_;3) (%)
is singular, with nullity .

Now suppose that (g;;) is the identity matrix. Then (x) is singular if and only if

1/t is an eigenvalue of the matrix (17 . Z_;]) Furthermore the multiplicity p is equal
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to the multiplicity of 1/t as eigenvalue. This completes the proof of Lemma 6.4. O

Now for fixed p € R"™ let us study the function
Lﬁ = f: M —R

where

We have o oz
Z
- =2— - (¥ —p).
ou’ ou’ (#=7)

Thus f has a critical point at ¢ if and only if ¢ — p’is normal to M at ¢.
The second partial derivatives at a critical point are given by
0? 0x 0x¥ 0%
0% 08 0% i ).
outoul out Oul  Out

Setting p'= Z + t¥, as in the proof of Lemma 6.4, this becomes

aféfuj =2 (g 170

Therefore:

Lemma 6.5. The point ¢ € M is a degenerate critical point of f = Lgif and only
if P is a focal point of (M,p). The nullity of ¢ as critical point is equal to the
multiplicity of P’ as focal point.

Combining this result with Corollary 6.3 to Sard’s theorem, we immediately
obtain:

Theorem 6.6. For almost all p € R"™ (all but a set of measure 0) the function
L,M — R
has no degenerate critical points.
This theorem has several interesting consequences.

Corollary 6.7. On any manifold M there exists a differentiable function, with no
degenerate critical points, for which each M® is compact.

Proof. This follows from Theorem 6.6 and the fact that an n-dimensional manifold
M can be embedded differentiably as a closed subset of R*"** (see [Whi05, p. 113]).
O

Application 6.1. A differentiable manifold has the homotopy type of a CW-
complex. This follows from the above corollary and Theorem 3.3.

Application 6.2. On a compact manifold M there is a vector field X such that the
sum of the indices of the critical points of X equals g (M), the Euler characteristic
of M. This can be seen as follows: for any differentiable function f on M we have
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x(M) = S (=1)*Cy, where Cy, is the number of critical points with index A. But
(—1)* is the index of the vector field gradf at a point where f has index A.

It follows that the sum of the indices of any vector field on M is equal to (M)
because this sum is a topological invariant (see [Ste51, §39.7]).

The preceding corollary can be sharpened as follows. Let & > 0 be an integer
and let K C M be a compact set.

Corollary 6.8. Any bounded smooth function f: M — R can be uniformly approx-
imated by a smooth function g which has no degenerate critical points. Furthermore
g can be chosen so that the i-th derivatives of g on the compact set K uniformly
approximate the corresponding derivatives of f, fori < k.

(Compare [Mor31].)

Proof. Choose some imbedding h: M — R™ of M as a bounded subset of some
euclidean space so that the first coordinate h; is precisely the given function f. Let
¢ be a large number. Choose a point

p=(—c+e1,e9,...,6p)
close to (—¢,0,...,0) € R" so that the function Lp: M — R is non-degenerate;

and set
L,(z) —c?

Clearly g is non-degenerate. A short computation shows that

2 hy(x)? " eihi(x - 5%
o(@) = flay + 30 MLy ahla) she
i=1 i=1 i=1

Clearly, if ¢ is large and the ¢; are small, then g will approximate f as required. [

The above theory can also be used to describe the index of the function
LM —R
at a critical point.

Lemma 6.9 (Index Theorem for L,). The index of L, at a non-degenerate critical
point g € M s equal to the number of focal points of (M, q) which lie on the segment
from q to p; each focal point being counted with its multiplicity.

An analogous statement in part 11T (the Morse Index Theorem) will be of fun-
damental importance.

Proof. The index of the matrix

L, o
<8ui6uj> = 2gij — 10 by)

is equal to the number of negative eigenvalues. Assuming that (g;;) is the iden-
1

tity matrix, this is equal to the number of eigenvalues of (¥ - ZJ) which are > 3.
Comparing this statement with Lemma 6.4, the conclusion follows. O



Chapter Seven

The Lefschetz Theorem on Hyperplane Sections

Based on lecture notes by
M. Spivak and R. Wells

As an application of the ideas which have been developed, we will prove some results
concerning the topology of algebraic varieties. These were originally proved by
Lefschetz, using quite different arguments. The present version is due to Andreotti
and Frankel®.

Theorem 7.1. If M C C" is a non-singular affine algebraic variety in complex
n-space with real dimension 2k, then

Hi(M;Z) =0 fori>k.
This is a consequence of the stronger:

Theorem 7.2. A complex analytic manifold M of complex dimension k, bianalyt-
ically embedded as a closed subset of C™ has the homotopy type of a k-dimensional
CW-complez.

The proof will be broken up into several steps. First consider a quadratic form
in k complex variables

Q(zt, ..., 2" = Z by, 2" 2

If we substitute z + iy for 2, and then take the real part of Q we obtain a real
quadratic form in 2k real variables:

Q'(xt,... 2"y, ... y*) = real part of thj(xh +iy™) (27 4 iy?).
Assertion 7.1. If e is an eigenvalue of Q' with multiplicity u, then —e is also an
eigenvalue with the same multiplicity .

Proof. The identity Q(iz', ... iz") = —Q(z!, ..., z¥) shows that the quadratic form
Q' can be transformed into —Q’ by an orthogonal change of variables. Assertion 7.1
clearly follows. O

Now consider a complex manifold M which is bianalytically imbedded as a
subset of C". Let g be a point of M.

1See [Lef24]; and [AF59)].
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Assertion 7.2. The focal points of (M, q) along any normal line 2 occur in pairs
which are situated symmetrically about q.

In other words if ¢ + tv is a focal point, then g — tv is a focal point with the
same multiplicity.

Proof. Choose complex coordinates z', ..., z" for M in a neighborhood of ¢ so that
21(q) = -+ = 2¥(¢) = 0. The inclusion map M — C" determines n complex
analytic functions

We = wa(2h, ..., 2%, a=1,...,n

Let v be a fixed unit vector which is orthogonal to M at ¢. Consider the Hermitian

inner product
— 1 k —
E wavazg wa (27, ..., 2" )0,

of w and v. This can be expanded as a complex power series
Zwa(zl7 .., 2%) 0y = constant + Q(z, ..., 2F) + higher terms,

where Q denotes a homogeneous quadratic function. (The linear terms vanish since
v is orthogonal to M.)

Now substitute 2" + iy" for 2" so as to obtain a real coordinate system for M;
and consider the real inner product

w - v = real part of Z Wea Vg -
This function has the real power series expansion
w - v = constant + Q'(x1, ... 2% y', ..., y*) + higher terms.

Clearly the quadratic terms Q" determine the second fundamental form of M at ¢
in the normal direction v. By Assertion 7.1 the eigenvalues of Q' occur in equal
and opposite pairs. Hence the focal points of (M, q) along the line through ¢ and
q + v also occur in symmetric pairs. This proves Assertion 7.2. O

Proof of Theorem 7.2. We are now ready to prove Theorem 7.2. Choose a point
p € C" so that the squared-distance function

LM —R

has no degenerate critical points. Since M is a closed subset of C™, it is clear that
each set
M = L;*[0,a]

is compact. Now consider the index of L, at a critical point gq. According to
Lemma 6.9, this index is equal to the number of focal points of (M, ¢) which lie on
the line segment from p to ¢q. But there are at most 2k focal points along the full
line through p and ¢; and these are distributed symmetrically about ¢. Hence at
most k of them can lie between p and gq.

Thus the index of L, at ¢ is < k. It follows that M has the homotopy type of
a CW-complex of dimension < k; which completes the proof of Theorem 7.2. [
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Corollary 7.3 (Lefschetz). Let V' be an algebraic variety of complex dimension
k which lies in the complex projective space CP,,. Let P be a hyperplane in CP,,
which contains the singular points (if any) of V.. Then the inclusion map

VnP—YV

induces isomorphisms of homology groups in dimensions less than k — 1. Further-
more, the induced homomorphism

Hi—1(VNP;Z) — Hi—1(V;2)
is onto.

Proof. Using the exact sequence of the pair (V, VN P) it is clearly sufficient to show
that H,.(V,V N P;Z) =0 for r < k — 1. But the Lefschetz duality theorem asserts
that

H.(V,V N P;Z) = H*"(V (VN P);Z).

But V ~ (V N P) is a non-singular algebraic variety in the affine space CP,, — P.
Hence it follows from Theorem 7.2 that the last group is zero for r < k — 1. O

This result can be sharpened as follows:

Theorem 7.4 (Lefschetz). Under the hypothesis of the preceding corollary, the
relative homotopy group m-(V,V N P) is zero for r < k.

Proof. The proof will be based on the hypothesis that some neighborhood U of
V' N P can be deformed into V' N P within V. This can be proved, for example,
using the theorem that algebraic varieties can be triangulated.

In place of the function L,:V ~ (VN P) — R we will use f:V — R where

0 forre VNP

flay=q4_1 forz ¢ P.
Ly(z)

Since the critical points of pp have index < k it follows that the critical points
of f have index > 2k —k = k. The function f has no degenerate critical points with
e < f < co. Therefore V has the homotopy type of V¢ = f~1[0,¢] with finitely
many cells of dimension > k attached.

Choose ¢ small enough so that V¢ C U. Let I" denote the unit r-cube. Then
every map of the pair (I",1") into (V,V N P) can be deformed into a map

1,17y — (VE, VN P) c (U,VNP),

since r < k, and hence can be deformed into V' N P. This completes the proof. [



Part 11

A Rapid Course in Riemannian
Geometry



Chapter Eight

Covariant Differentiation

Based on lecture notes by
M. Spivak and R. Wells

The object of Part II will be to give a rapid outline of some basic concepts of
Riemannian geometry which will be needed later. For more information the reader
should consult [Nom56, Hel62, Ste64] or [Lau65].

Let M be a smooth manifold.

Definition 8.1. An affine connection at a point p € M is a function which assigns
to each tangent vector X, € TM, and to each vector field Y a new tangent vector

X,FY e TM,

called the covariant derivative' of Y in the direction X,. This is required to be
bilinear as a function of X, and Y. Furthermore, if

ffM—R
s a real valued function, and if fY denotes the vector field
(fY)q = f(a)Yq
then & is required to satisfy the identity
Xp E(fY) = (X ))Yp + f(D) X, F Y.
(As usual, X,,f denotes the directional derivative of f in the direction X,.)

A global affine connection (or briefly a connection) on M is a function which
assigns to each p € M an affine connection k-, at p, satisfying the following smooth-
ness condition.

(1) If X and Y are smooth vector fields on M then the vector field X F Y,
defined by the identity

XFEY),=X,F,Y,

! Note that our X F Y coincides with Nomizu’s VxY. The notation is intended to suggest
that the differential operator X acts on the vector field Y.
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must also be smooth.
Note that:

(2) X Y is bilinear as a function of X and Y,
B) (X)) FY =f(XHEY),
(4) (XEY) = NHY + [(XFY).

Conditions (1), (2), (3), (4) can be taken as the definition of a connection.

In terms of local coordinates u!,...,u" defined on a coordinate neighborhood
U C M, the connection I is determined by n® smooth real valued functions Ffj on
U, as follows. Let 9y, denote the vector field % on U. Then any vector field X on
U can be expressed uniquely as

X = Z xk(?k
k=1

where the 2 are real valued functions on U. In particular the vector field 9; - 0j
can be expressed as

k0, =Y Tro. (8.1)
J J
k

These functions I‘fj, determine the connection completely on U. In fact given
vector fields X = 2'0; and Y = y?9; one can expand X Y by the rules (2), (3),

(4); yielding the formula
XFY = Z(Z xiyﬁ)ak (8.2)
ko
where the symbol yﬁ- stands for the real valued function

i =0k +> Thy'.
J

Conversely, given any smooth real valued functions Ff» on U, one can define
X F Y by the formula (8.2). The result clearly satisfies the conditions (1), (2), (3),
(4), (8.1).

Using the connection - one can define the covariant derivative of a vector field
along a curve in M. First some definitions.

A parametrized curve in M is a smooth function ¢ from the real numbers to
M. A wvector field V' along the curve c is a function which assigns to each t € R a
tangent vector

Vi e TMc(t)~

This is required to be smooth in the following sense: For any smooth function f on
M the correspondence
t— Vif

should define a smooth function on R.
As an example the wvelocity vector field de/dt if of the curve is the vector field
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along ¢ which is defined by the rule

de _ d
dt — dt’

Here % denotes the standard vector field on the real numbers, and

co: TRy — TMc(t)

denotes the homomorphism of tangent spaces induced by the map c¢. (Compare
Figure 8.1.)

Figure 8.1

Now suppose that M is provided with an affine connection. Then any vector field
V along ¢ determines a new vector field % along c called the covariant derivative

of V. The operation
DV

dt
is characterized by the following three axioms:

Vi—

D(V+W) _ DV DW
(a) at a T @

(b) If f is a smooth real valued function on R then

D(fV) df DW

g~ ar’ e
(c) If V is induced by a vector field Y on M, that is if V; = Y, for each
t, then BY is equal to dc/dt F Y (= the covariant derivative of Y in the

dt
direction of the velocity vector of c).

Lemma 8.2. There is one and only one operation V — % which satisfies these
three conditions.

Proof. Choose a local coordinate system for M, and let u!(t),...,u"(t) denote the
coordinates of the point ¢(t). The vector field V' can be expressed uniquely in the

form ‘
V= Z v/ 6]-

L ...,v™ are real valued functions on R (or an appropriate open subset of

where v
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R), and 0y, ..., 0, are the standard vector fields on the coordinate neighborhood.
It follows from (a), (b) and (c) that

DV do? dc
R — — . J__
dt Z(dt O v dt)

J
do® du? .
N (S g,
;( dt + 1,7 dt ZJU ) ¥

Conversely, defining % by this formula, it is not difficult to verify that conditions
(a), (b) and (c) are satisfied. O

A vector field V along c is said to be a parallel vector field if the covariant

derivative I?T‘t/ is identically zero.

Lemma 8.3. Given a curve ¢ and a tangent vector Vo at the point c(0), there is
one and only one parallel vector field V' along ¢ which extends V.

Proof. The differential equations

do® du® .
" ki —
i +)° L’ =0

]

have solutions v* (t) which are uniquely determined by the initial values v*(0). Since

these equations are linear, the solutions can be defined for all relevant values of t.
(Compare [Grab6, p. 152].) O

The vector V; is said to be obtained from Vj by parallel translation along c.
Now suppose that M is a Riemannian manifold. The inner product of two
vectors X, Y, will be denoted by (X,,Y,).

Definition 8.4. A connection = on M is compatible with the Riemannian metric if
parallel translation preserves inner products. In other words, for any parametrized
curve ¢ and any pair P, P’ of parallel vector fields along ¢, the inner product (P, P’)
should be constant.

Lemma 8.5. Suppose that the connection is compatible with the metric. Let V., W
be any two vector fields along c. Then

d DV DW
aﬂ/v W) = <an> +(V, W>
Proof. Choose parallel vector fields Py,..., P, along ¢ which are orthonormal at

one point of ¢ and hence at every point of ¢. Then the given fields V and W can be
expressed as > v'P; and Y w/ P; respectively (where v' = (V, P;) is a real valued
function on R). It follows that (V, W) = " v'w’ and that

DV ndv') DWW mdul
dt dt ~ "V dt dt 7
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Therefore

DV DW dv? idwi d
Cr e+ 50 = X (Sru % ) = S,

which completes the proof. O
Corollary 8.6. For any vector fields Y, Y’ on M and any vector X,, € TM,:
X, (YY) = (X, - Y,Yp’> + (Y, X, FY').

Proof. Choose a curve ¢ whose velocity vector at ¢ = 0 is X,,; and apply Lemma 8.5.
O

Definition 8.7. A connection - is called symmetric if it satisfies the identity?
(XFY)-(Y+FX)=[X,Y].

(As usual, [X,Y] denotes the poison bracket [X,Y]f = X(Y[f) —Y(Xf) of two
vector fields.) Applying this identity to the case X = 0;, Y = 0}, since [0;,0;] =0
one obtains the relation

Iy, I =o0.

Conversely if Ffj = Fg?i then using formula (8.2) it is not difficult to verify that
the connection = is symmetric throughout the coordinate neighborhood.

Lemma 8.8 (Fundamental lemma of Riemannian geometry). A Riemannian man-
ifold possesses one and only one symmetric connection which is compatible with its
metric.

(Compare [Nomb6, p. 76], [Lau6b, p. 95].)

Proof of Uniqueness. Applying Corollary 8.6 to the vector fields 0;, 0;, Ok, and
setting (0;, Ox) = g,k one obtains the identity

digjx = (0i = 05, 0k) + (95, 0; - Ok)
Permuting ¢, j, and k this gives three linear equations relating the three quantities
(E)ikaj,@k), (@-I—@k,@i), and <8k|—82,8j>

(There are only three such quantities since 0; - 9; = 0; F 9;.) These equations can
be solved uniquely; yielding the first Christoffel identity

1
(0: 1= 05,06) = 5 (Digjk + 09 — Oxgis)

2 The following reformulation may (or may not) seem more intuitive. Define The “covariant
second derivative” of a real valued function f along two vectors Xp, Yy to be the expression

Xp(Yf) = (XpEY)f

where Y denotes any vector field extending Yp. It can be verified that this expression does not
depend on the choice of Y. (Compare the proof of Lemma 9.1 below.) Then the connection is
symmetric if this second derivative is symmetric as a function of X, and Yp.
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The left hand side of this identity is equal to >, I‘fj ge- Multiplying by the inverse
(g**) of the matrix (gg) this yields the second Christoffel identity

1
r=> ) D9k + 095k — Okgis) 9"
!

Thus the connection is uniquely determined by the metric.
Conversely, defining F by this formula, one can verify that the resulting con-
nection is symmetric and Compatlble with the metric. This completes the proof. [

An alternative characterization of symmetry will be very useful later. Consider
a “parametrized surface” in M: that is a smooth function

s:R? — M.

By a vector field V along s is meant a function which assigns to each (z,y) € R?
a tangent vector
Viz.y) € TM(a y)-

As examples, the two standard vector fields % and - glve rise to vector fields

s*%, and 8*6% along s. These will be denoted brleﬁy by g; and d3; and called
the “velocity vector fields” of s.

For any smooth vector field V' along s the covariant derivatives Dd— and DZ are
new vector fields, constructed as follows. For each fixed yg, restricting V to the
curve

T— S(l’, yO)

one obtains a vector field along this curve. Its covariant derivative with respect to

x is defined to be (%) (20)" This defines % along the entire parametrized surface
s.

As examples, we can form the two covariant derivatives of the two vector fields
g—s and ‘95 . The derivatives dg% and dg% are simply the acceleration vectors of
T x Oz y Oy
D 9s d D 83

suitable coordinate curves. However, the mixed derivatives a5 oy AN
be described so simply.

cannot

Dos Dos

Lemma 8.9. If the connection is symmetric then — — = — —.
dzdy dyox

Proof. Express both sides in terms of a local coordinate system, and compute. [
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The Curvature Tensor

Based on lecture notes by
M. Spivak and R. Wells

The curvature tensor R of an affine connection - measures the extent to which the
second covariant derivative 9; F (9; F Z) is symmetric in ¢ and j. Given vector
fields X, Y, Z define a new vector field R (X,Y) Z by the identity'

R(X,Y)Z=-XF(YF2Z)+YF(XF2Z)+[X,Y]FZ

Lemma 9.1. The value of R (X,Y) Z at a point p € M depends only on the vectors
Xp, Yy, Zp, at this point p and not on their values at nearby points. Furthermore

the correspondence
X, Yy, Z, — R (Xp,Y,) Z,

from T M, x TM, x TM, to TM, is tri-linear.

Briefly, this lemma can be expressed by saying that R is a “tensor.”

Proof. Clearly R (X,Y) Z is a tri-linear function of X, Y, and Z. If X is replaced
by a multiple fX then the three terms — X H (Y F 2), Y+ (X F 2), [X,Y]F Z
are replaced respectively by

(1) —fXE{F2),
2) VHIXEZ)+ Y E(XF2),
3B) —YHXEFZ)+ fIX,)Y|F Z.
Adding these three terms one obtains the identity

R(fX,Y)Z = fR(X,Y)Z.

Corresponding identities for Y and Z are easily obtained by similar computations.

INomizu gives R the opposite sign. Our sign convention has the advantage that (in the
Riemannian case) the inner product (R (9, 8;) 9;, 0x) coincides with the classical symbol Ry
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Now suppose that X =Y 2%9;, Y =Y 4/0;, and Z = 2*9. Then
R(X.Y)Z =) R(z'0;,4'0;) (")
= Z iy PR (0i,05) Ok.
Evaluating this expression at p one obtains the formula
(R(X,Y)Z), =) ')y’ (p)"(p) (R(8:,0;) ),

which depends only on the values of the functions z?, 37, z* at p, and not on their
values at nearby points. This completes the proof. O

Now consider a parametrized surface
s:R? — M.

Given any vector field V along s. one can apply the two covariant differentiation
operators % and % to V. In general these operators will not commute with each
other.

D D DD 0s 0Os
Lemma 9.2. ——V - ——V=R|(—,— | V.

dy dz dz dy oz’ Jy
Proof. Express both sides in terms of a local coordinate system, and compute,
making use of the identity

0; F (0 0k) —0; F (0; F Ok) = R (0s,0;) Ok.
O

Note. It is interesting to ask whether one can construct a vector field P along s
which is parallel, in the sense that

RP = EP =0,

dx dy
and which has a given value Pg o) at the origin. In general no such vector field exists.
However, if the curvature tensor happens to be zero then P can be constructed as
follows. Let P, ) be a parallel vector field along the z-axis, satisfying the given
initial condition. For each fixed x let P, ,) be a parallel vector field along the
curve

y — s(x0,Y),

having the right value for y = 0. This defines P everywhere along s. Clearly %P
is identically zero; and %P is zero along the z-axis. Now the identity

D D DD O0s 0Os
“Zp 2 2p=R(E E)p=
dy dx dz dy R(@x’i’)y) 0

implies that %%P = 0. In other words, the vector field %P is parallel along the
curves

y — s(xo,y).
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Since (%P)(%,O) = 0, this implies that %P is identically zero; and completes the
proof that P is parallel along s.

Henceforth we will assume that M is a Riemannian manifold, provided with the
unique symmetric connection which is compatible with its metric. In conclusion we
will prove that the tensor R satisfies four symmetry relations.

Lemma 9.3. The curvature tensor of a Riemannian manifold satisfies:

(1) R(X,Y)Z+R(Y,X)Z =0,

2) RIX,Y)Z+R(Y,Z2) X +R(Z,X)Y =0,
(3) (R(X,Y)Z,W)+(R(X, Y)W, Z) =0,
(4) (R(X,Y)Z,W) + (R(Z,W)X,Y) =0.

Proof. The skew-symmetry relation (1) follows immediately from the definition of
R.

Since all three terms of (2) are tensors, it is sufficient to prove (2) when the
bracket products [X,Y], [X, Z] and [Y, Z] are all zero. Under this hypothesis we
must verify the identity

~XF(YF2Z)+YF(XF2Z)
YFH(ZFX)+ZF (Y FX)
—ZF(XFY)+XF(XFY)=0.

But the symmetry of the connection implies that
YHZ-ZFY =Y, Z]=0.

Thus the upper left term cancels the lower right term. Similarly the remaining
terms cancel in pairs. This proves (2).

To prove (3) we must show that the expression (R (X,Y) Z, W) is skew-symmetric
in Z and W. This is clearly equivalent to the assertion that

(R(X,Y)Z,Z)=0

for all X,Y,Z. Again we may assume that [X,Y] = 0, so that (R(X,Y) Z, Z) is
equal to
(—XF(YF2)+Y + (XF2),2).

In other words we must prove that the expression
YH(XF2),2)

is symmetric in X and Y.
Since [X,Y] = 0 the expression Y X (Z, Z) is symmetric in X and Y. Since the
connection is compatible with the metric, we have

X(Z,2)=2X+ Z,2)

hence
YX{(Z,Z)=2Y - (X F2Z),2)+=2(X+Z Y+ Z).
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But the right hand term is clearly symmetric in X and Y. Therefore (Y - (X
7Z), Z) is symmetric in X and Y; which proves property (3).
Property (4) may be proved from (1), (2), and (3) as follows.

Formula (2) asserts that the sum of the quantities at the vertices of shaded
triangle W is zero. Similarly (making use of (1) and (3)) the sum of the vertices of
each of the other shaded triangles is zero. Adding these identities for the top two
shaded triangles, and subtracting the identities for the bottom ones, this means
that twice the top vertex minus twice the bottom vertex is zero. This proves (4),
and completes the proof. O



Chapter Ten

Geodesics and Completeness

Based on lecture notes by
M. Spivak and R. Wells

Let M be a connected Riemannian manifold.

Definition 10.1. A parametrized path
y: I — M,

where I denotes any interval of real numbers, is called a geodesic if the acceleration
Dd d
vector field =27 s identically zero. Thus the wvelocity vector field d;ty must be

parallel along ~v. if v is a geodesic, then the identity
ddydy ,Ddy by
dt‘dt’dt’  “'dtdt’dt’

d dvy d
shown that the length ||d—z/|| = <£7 d;ty

Introducing the arc-length function

>% of the velocity vector is constant along .

d
s(t) = /Hd—’ZH + constant

This statement can be rephrased as follows: The parameter t along a geodesic is a
linear function of the arc-length. The parameter t is actually equal to the arc-length

d
if and only if ||d—Z|| =1

In terms of a local coordinate system with coordinates u',...,u" a curve t —
Dd
v(t) € M determines n smooth functions u!(t),...,u"(t). The equation ad—z for
a geodesic then takes the form
d2uF " k1 o dut dud
F—F Z FZJ(U geeey U ) dt WZO

ij=1

The existence of geodesics depends, therefore, on the solutions of a certain system
of second order differential equations.
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More generally consider any system of equations of the form

d*ad  ~ _ du
— = F(d, ).
dt? @ dt)
Here @ stands for (ul,...,u") and F' stands for an n-tuple of C™ functions, all

defined throughout some neighborhood U of a point
(61,171) € Rzn.

Theorem 10.2 (Existence and Uniqueness Theorem). There ezists a neighborhood
W of the point (iy,71) and a number € > 0 so that, for each (Uy,vy) € W the
differential equation

d?d 5 du

gz~ Ll gp)
has a unique solution t — wu(t) which is defined for |t| < e, and satisfies the initial
conditions iz
ﬁ@:%.
Furthermore, the solution depends smoothly on the initial conditions. In other
words, the correspondence

1(0) = o,

(ﬂ()v 1707 t) — ﬂ'(t)
from W x (—e,¢e) to R" is a C™ function of all 2n + 1 variables.

i

Proof. Introducing the new variables v? = this system of n second order equa-

tions becomes a system of 2n first order equations:

i,
dt
47 -
ﬁ:F@@.

The assertion then follows from [Gra56, p. 166]. (Compare our §2.4.) O

Applying this theorem to the differential equation for geodesics, one obtains the
following.

Lemma 10.3. For every point pg on a Riemannian manifold M there exists a
neighborhood U of py and a number € > 0 so that: for each p € U and each tangent
vector v € T'M,, with length < € there is a unique geodesic

Yoi (—=2,2) — M

satisfying the conditions

dvy
»(0) =p, 0)=
w0 =p D) =0
Proof. If we were willing to replace the interval (—2,2) by an arbitrarily small
interval, then this statement would follow immediately from Theorem 10.2. To be
more precise; there exists a neighborhood U of py and numbers 1,5 > 0 so that:
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for each p € U and each v € TM,, with ||v|| < ¢; there is a unique geodesic
Yo: (—2€2,2e3) — M

satisfying the required initial conditions.

To obtain the sharper statement it is only necessary to observe that the differ-
ential equation for geodesics has the following homogeneity property. Let ¢ be any
constant. If the parametrized curve

t— ’y(t)
is a geodesic, then the parametrized curve
t — y(ct)

will also be a geodesic.
Now suppose that e is smaller than e1£2. Then if ||v]| < € and |¢| < 2 note that

v
|I—| <e1 and |eat| < 2es.
€2

Hence we can define ,(t) to be 7, /., (e2t). This proves Lemma 10.3. O

This following notation will be convenient. Let V' € T'M, be a tangent vector,
and suppose that there exists a geodesic

~v:[0,1] — M
satisfying the conditions

dy

W0 =4 GHO) =,
Then the point v(1) € M will be denoted by equ(v) and called the exponential®

of the tangent vector v. The geodesic v can thus be described by the formula

A(t) = exp, (tv).

Lemma 10.3 says that exp,(v) is defined providing that |v|| is small enough. In
general, exp, (v) is not defined for large vectors v. However, if defined at all, exp, (v)
is always uniquely defined.

Definition 10.4. The manifold M is geodesically complete if exp,(v) is defined
for all g € M and all vectors v € T M,. This is clearly equivalent to the following

I The historical motivation for this terminology is the following. If M is the group of all n x n
unitary matrices then the tangent space 7'My at the identity can be identified with the space of
n X n skew-Hermitian matrices. The function

expp: TMy — M

as defined above is then given by the exponential power series

1 1
epr(A):I+A+§A2+§A3+....
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requirement:
For every geodesic segment ~yo: [a,b] — M it should be possible to extend o to
an infinite geodesic
¥R — M.

We will return to a study of completeness after proving some local results.

Let TM be the tangent manifold of M, consisting of all pairs (p,v) with p € M,
v € TM,. We give TM the following C*° structure: if (u!,...,u") is a coordinate
system in an open set U C M then every tangent vector at ¢ € U can be expressed
uniquely as t'0; + --- + t"9,, where 9; = % ¢ Then the functions u',... u",
t',...,t" a coordinate system on the open set TU C TM.

Lemma 10.3 says that for each p € M the map

(q,v) — exp,(v)

is defined throughout a neighborhood V' of the point (p,0) € TM. Furthermore
this map is differentiable throughout V.

Now consider the smooth function F:V — M x M defined by F(q,v) =
(q,exp,(v)). We claim that the Jacobian of I at the point (p, 0) is non-singular. In

fact, denoting the induced coordinates on UxU C M xM by (ul,... u},ud, ..., ub),
we have
0 0 0
() = o+ o
ou’ out  Oub
0 0
F* - ) = —_—
(8151 ) oul,

Thus the Jacobian matrix of F' at (p,0) has the form (i D, and hence is non-

singular.

It follows from the implicit function theorem that F' maps some neighborhood
V' of (p,0) € TM diffeomorphically onto some neighborhood of (p,p) € Mx =
de finitionM. We may assume that the first neighborhood V', consists of all pairs
(¢,v) such that g belongs to a given neighborhood U’ of p and such that |Jv|| < e.
Choose a smaller neighborhood W of p so that F(V') D W x W. Then we have
proven the following.

Lemma 10.5. For each p € M there exists a neighborhood W and a number e > 0
so that:

(1) Any two points of W are joined by a unique geodesic in M of length < e.

(2) This geodesic depends smoothly upon the two points. (i.e., if t — exp,, (tv),
0 <t <1, is the geodesic joining q1 and qo, then the pair (q1,v) € TM
depends differentiably on (q1,q2)-)

(3) Foreach q € W the map exp, maps the open e-ball in T M, diffeomorphically
onto an open set Us O W.

Remark. With more care it would be possible to choose W so that the geodesic
joining any two of its points lies completely within W. Compare [Whi32].

Now let us study the relationship between geodesics and arc-length.
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Theorem 10.6. Let W and € be as in Lemma 10.5. Let
~:[0,1] — M

be the geodesic of length < € joining two points of W, and let
w:[0,1] — M

be any other piecewise smooth path joining the same two points. Then,

dw
[ [ 180

where equality can hold only if the point set w([o,1]) coincides with ([0, 1]).

Thus + is the shortest path joining its end points.
The proof will be based on two lemmas. Let ¢ = y(0) and let U; be as in
Lemma 10.5.

Lemma 10.7. In Uy, the geodesics through q are the orthogonal trajectories of
hypersurfaces
{expy(v) : v € TM,, o] = constant } .

Proof. Let t — v(t) denote any curve in TM, with ||v(¢)|| = 1. We must show that
the corresponding curves
t— equ(rov(t))

in Uy, where 0 < rg < ¢, are orthogonal to the radial geodesics
t — exp,(rv(to)).
In terms of the parametrized surface f given by
f(r,t) =exp,(rv(t)), 0<r<e,

we must prove that

of of
<8r 8t> 0
for all (r,t).
Now
a of of D af of of D of

artor o = arar o Mo ara

The first expression on the right is zero since the curves
r— f(r,t)

are geodesics. The second expression is equal to

f DOf. 10 ,0f of

Grarac) ~320i'ar ar
af of

since || 8f | = [[v(t)]| = 1. Therefore the quantity (%, %;) is independent of 7. But

=-) =0,
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for r = 0 we have
f(0,t) = exp,(0) = ¢

0
hence a—{((),t) = 0. Therefore (%, %) is identically zero, which completes the
proof. O

Now consider any piecewise smooth curve
w:[a, b)) — Uy — {q}.

Each point w(t) can be expressed uniquely in the form exp,(r(¢)v(t)) with 0 <
r(t) <e, and ||v(t)]| =1, v(t) € TM,.

Lemma 10.8. The length f:||dw/dt\|dt is greater than or equal to |r(b) — r(a)l,
where equality holds only if the function r(t) is monotone, and the function v(t) is
constant.

Thus the shortest path joining two concentric spherical shells around ¢ is a
radial geodesic.

Proof. Let f(r,t) = exp,(rv(t)), so that w(t) = f(r(t),t). Then

dw _9f , of
dt ~ ar' )+ ot
Since the two vectors on the right are mutually orthogonal, and since H || =1,
this gives
|| H2—| (¢ )|2+H ||2> [ (t)]?

= 0; hence only if @ = 0. Thus

0
where equality holds only if —f 5

ot

/|| ||dt>/|r )2dt > [r(b) — r(a)|

where equality holds only if () is monotone and v(t) is constant. This completes
the proof. O

The proof of Theorem 10.6 is now straightforward. Consider any piecewise
smooth path w from ¢ to a point

qd = exp, (rv) € Ug;

where 0 < r < g, ||v|| = 1. Then for any 6 > 0 the path w must contain a segment

joining the spherical shell of radius § to the spherical shell of radius r, and lying

between these two shells. The length of this segment will be > r — §; hence letting

0 tend to 0 the length of w will be > r. If w([0, 1]) does not coincide with (][0, 1]),

then we easily obtain a strict inequality. This completes the proof of Theorem 10.6.
An important consequence of Theorem 10.6 is the following.
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Corollary 10.9. Suppose that a path w:[0,¢] — M, parametrized by arc-length,
has length less than or equal to the length of any other path from w(0) to w(f).
Then w is a geodesic.

Proof. Consider any segment of w lying within an open set W, as above, and having
length < e. This segment must be a geodesic by Theorem 10.6. Hence the entire
path w is a geodesic. O

Definition 10.10. A geodesic v:[a,b] — M will be called minimal if its length
is less than or equal to the length of any other piecewise smooth path joining its
endpoints.

Theorem 10.6 asserts that any sufficiently small segment of a geodesic is mini-
mal. On the other hand a long geodesic may not be minimal. For example we will
see shortly that a great circle arc on the unit sphere is a geodesic. If such an arc
has length greater than 7, it is certainly not minimal.

In general, minimal geodesics are not unique. For example two antipodal points
on a unit sphere are joined by infinitely many minimal geodesics. However, the
following assertion is true.

Define the distance p(p, ¢) between two points p,q € M to be the greatest lower
bound for the arc-lengths of piecewise smooth paths joining these points. This
clearly makes M into a metric space. It follows easily from Theorem 10.6 that this
metric is compatible with the usual topology of M.

Corollary 10.11. Given a compact set K C M there exists a number § > 0 so
that any two points of K with distance less than § are joined by a unique geodesic of
length less than §. Furthermore this geodesic is minimal; and depends differentiably
on its endpoints.

Proof. Cover K by open sets W,, as in Lemma 10.5, and let § be small enough
so that any two points in K with distance less than § lie in a common W,. This
completes the proof. O

Recall that the manifold M is geodesically complete if every geodesic segment
can be extended indefinitely.

Theorem 10.12 (Hopf and Rinow?). If M is geodesically complete, then any two
points can be joined by a minimal geodesic.

Proof. Given p,q € M with distance » > 0, choose a neighborhood U, as in
Lemma 10.5. Let S C U, denote a spherical shell of radius < ¢ about p. Since S
is compact, there exists a point

po = exp,(dv), o[ =1,
on S for which the distance to ¢ is minimized. We will prove that
exp,,(rv) = q.

This implies that the geodesic segment t — v(t) = exp,(tv), 0 <t < r, is actually
a minimal geodesic from p to q.

2Compare [DR52, p. 341]; as well as [HR31].



GEODESICS AND COMPLETENESS 55

The proof will amount to showing that a point which moves along the geodesic
~ must get closer and closer to ¢. In fact for each t € [4,r] we will prove that

p(v(t),q) =7 —t. (1¢)

This identity, for t = r, will complete the proof.
First we will show that the equality (1;) is true. Since every path from p to ¢
must pass through S, we have

p(p;q) = Isneig(p(n s) + p(s,q)) = 0 + p(po, q)-

Therefore p(po,q) = r — . Since pg = (), this proves (1;).

Let to € [0,7] denote the supremum of those numbers ¢ for which (1;) is true.
Then by continuity the equality (14,) is true also. If ¢y < r we will obtain a
contradiction. Let S’ denote a small spherical shell of radius ¢’ about the point
v(to); and let p{, € S’ be a point of S’ with minimum distance from ¢. (Compare
Figure 10.1.)

Figure 10.1
Then
p((to), @) = min(p(y(to), ) + p(s,4)) = 6"+ p(p, 9);
hence
p(po:q) = (r —to) —0". (10.1)

We claim that pg is equal to v(tg + ¢’). In fact the triangle inequality states

that
p(p,p0) = p(p; ) — p(ph @) =to + &’

(making use of (10.1)). But a path of length precisely tg+¢’ from p to pj, is obtained
by following ~y from p to y(to), and then following a minimal geodesic from () to
pp- Since this broken geodesic has minimal length, it follows from Corollary 10.9
that it is an (unbroken) geodesic, and hence coincides with ~.

Thus v(to + ') = p{. Now the equality (10.1) becomes

p(y(to +9"),q) =7 — (to +0'). (Lto+s7)

This contradicts the definition of tp; and completes the proof. O
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As a consequence one has the following.

Corollary 10.13. If M is geodesically complete then every bounded subset of M
has compact closure. Consequently M is complete as a metric space (i.e., every
Cauchy sequence converges).

Proof. If X C M has diameter d then for any p € X the map exp,:TM, — M
maps the disk of radius d in T'M,, onto a compact subset of M which (making use
of Theorem 10.12) contains X. Hence the closure of X is compact. O

Conversely, if M is complete as a metric space, then it is not difficult, using
Lemma 10.5, to prove that M is geodesically complete. For details the reader is
referred to Hopf and Rinow. Henceforth we will not distinguish between geodesic
completeness and metric completeness, but will refer simply to a complete Rieman-
nian manifold.

FAMILIAR EXAMPLES OF GEODESICS. In Euclidean n-space, R", with the usual
coordinate system z1,...,x, and the usual Riemannian metric dx; ® dxq + --- +
dz,, ® dz,, we have T'¥. = 0 and the equations for a geodesic v, given by t
(z1(¢t),...,2,(t)) become

d2.’1?i -

dez2 7
whose solutions are the straight lines. This could also have been seen as follows: it
is easy to show that the formula for arc length

/ <zn: (da; /dt)2) %dt

i=1

coincides with the usual definition of arc length as the least upper bound of the
lengths of inscribed polygons; from this definition it is clear that straight lines have
minimal length, and are therefore geodesics.

The geodesics on S™ are precisely the great circles, that is, the intersections of
S™ with the planes through the center of S™.

Proof. Reflection through a plane E? is an isometry I: S™ — S™ whose fixed point
set is C = S* N E%. Let  and y be two points of C' with a unique geodesic C’
of minimal length between them. Then, since [ is an isometry, the curve I(C”) is
a geodesic of the same length as C’ between I(x) = z and I(y) = y. Therefore
C’' = I(C’). This implies that C" C C.

Finally, since there is a great circle through any point of S in any given direc-
tion, these are all the geodesics. O

Antipodal points on the sphere have a continium of geodesics of minimal length
between them. All other pairs of points have a unique geodesic of minimal length
between them, but an infinite family of non-minimal geodesics, depending on how
many times the geodesic goes around the sphere and in which direction it starts.

By the same reasoning every meridian line on a surface of revolution is a
geodesic.

The geodesics on a right circular cylinder Z are the generating lines, the circles
cut by planes perpendicular to the generating lines, and the helices on Z.
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o7

Proof. If L is a generating line of Z then we can set up an isometry I: Z — L — R?

by rolling Z onto R?:

Y
N

N
N —
| L

The geodesics on Z are just the images under 1! of the straight lines in R?

Two points on Z have infinitely many geodesics between them.

O
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Chapter Eleven

The Path Space of a Smooth Manifold

Based on lecture notes by
M. Spivak and R. Wells

Let M be a smooth manifold and let p and ¢ be two (not necessarily distinct) points
of M. By a piecewise smooth path from p to ¢ will be meant a map w:[0,1] — M
such that

(1) there exists a subdivision 0 = tg < t; < --- < t;; = 1 of [0,1] so that each
w|[ti17ti] is differentiable of class C*°;

(2) w(0) =pand w(l) =gq.

The set of all piecewise smooth paths from p to ¢ in M will be denoted by Q(M;p, q),
or briefly by Q(M) or Q.

Later (in Chapter 16) Q will be given the structure of a topological space, but
for the moment this will not be necessary. We will think of 2 as being something
like an “infinite dimensional manifold.” To start the analogy we make the following
definition.

By the tangent space of ) at a path w will be meant the vector space consisting
of all piecewise smooth vector fields W along w for which W (0) = 0 and W(1) = 0.
The notation T, will be used for this vector space.

If F is a real valued function on € it is natural to ask what

F.TQ, — TRF(W),

the induced map on the tangent space, should mean. When F' is a function which
is smooth in the usual sense, on a smooth manifold M, we can define F.:TM, —
TR p(p) as follows. Given X € T'M), choose a smooth path u + a(u) in M, which
is defined for —e < u < € , so that

da
0) = —(0) = X.
o) =p. %0
Then F,(X) is equal to d(F(a(u))/du|y,—0 = o, multiplied by the basis vector
(d/dt)F(p) € TRp(p).-
In order to carry out an analogous construction for F: ) — R, the following

concept is needed.
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Definition 11.1. A wvariation of w (keeping endpoints fized) is a function
a: (—e,e) — Q,
for some € > 0, such that

(1) a(0) = w;
(2) there is a subdivision 0 =ty < t1 < --- <t =1 of [0,1] so that the map

a:(—e,e) x [0,1] — M

defined by a(u,t) = a(u)(t) is C*> on each strip (—e,e) X [ti—1,t;], © =
1,... k.

Since each a(u) belongs to Q = Q(M;p,q), note that:
(3) a(u,0) =p, a(u,1) =q for all u € (—¢,¢).

We will use either a or a to refer to the variation. More generally if, in the
above definition, (—¢, ) is replaced by a neighborhood U of 0 in R", then « (or &)
is called an n-parameter variation of w.

Now & may be considered as a “smooth path” in Q. Its “velocity vector”
da/du(0) € T, is defined to be the vector field W along w given by

da O
==2(0), = = (0,1).

du( )t 8u( )
Clearly W € T,. This vector field W is also called the wariation vector field
associated with the variation a.

Given anyW € TQ, note that there exists a variation a:(—e,e) — € which
satisfies the conditions &(0) = w, da/du(0) = W. In fact one can set

Wi

a(t) = exp, ) (uWi) .

By analogy with the definition given above, if F' is a real valued function on 2,
we attempt to define
F*ZTQW — TRF(L;J)’

as follows. Given W € T, choose a variation &: (—e,&) — Q with

&(0) = w, :—i(o) —W

and set Fy,(W) equal to d(F'(a(u)))/dulu=o multiplied by the tangent vector (d/dt) -
Of course without hypothesis on F' there is no guarantee that this derivative will
exist, or will be independent of the choice of a. We will not investigate what con-
ditions F' must satisfy in order for F, to have these properties. We have indicated
how F, might be defined only to motivate the following.

Definition 11.2. A path w is a critical path for a function F:Q — R if and only
if d(F(a(w)))/du|u=o is zero for every variation & of w.

Ezxample 11.53. If F takes on its minimum at a path wg, and if the derivatives
d(F(a(u)))/du are all defined, then clearly wy is a critical path.



Chapter Twelve

The Energy of a Path

Based on lecture notes by
M. Spivak and R. Wells

Suppose now that M is a Riemannian manifold. The length of a vector v € T'M,,

will be denoted by [[v]| = (v,v)2. For w € Q define the energy of w from a to b
(where 0 <a<b<1)as

b
dw
Bbw) = [ 15 Pt

We will write E for EJ.
This can be compared with the arc-length from a to b given by

b
dw
rhw) = [ 15 1ee

as follows. Applying Schwarz’s inequality

() = ([ ) ([

d
with f(¢t) =1 and g(t) = ||d—o;|| we see that

(Le)? < (b—a)Ey,

where equality holds if and only if g is constant; that is if and only if the parameter
t is proportional to arc-length.
Now suppose that there exists a minimal geodesic v from p = w(0) to ¢ = w(1).
Then
E(y) = L(7)? < L(w)* < B(w).

Here the equality L(y)? = L(w)? can hold only if w is also a minimal geodesic,
possibly reparametrized. (Compare Corollary 10.9.) On the other hand the equality
L(w)? = E(w) can hold only if the parameter is proportional to arc-length along w.
This proves that E(y) < E(w) unless w is also a minimal geodesic. In other words:

Lemma 12.1. Let M be a complete Riemannian manifold and let p,q € M have
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distance d. Then the energy function
E:Q(M;p,q) — R
takes on its minimum d? precisely on the set of minimal geodesics from p to q.

We will now see which paths w € € are critical paths for the energy function E.
Let a: (—¢e,e) — Q be a variation of w, and let W; = g—g((),t) be the associated
variation vector field. Furthermore, let:

dw
Vi = pri velocity vector of w,
D dw .
+ = ——— = acceleration vector of w,
dt dt

AV =V — Vi = discontinuity in the velocity vector at ¢, where 0 < ¢ < 1.

Of course A;V = 0 for all but a finite number of values of ¢.

Theorem 12.2 (First Variation Formula). The derivative $dE(a(u))/dul,—o is
equal to

1
~S WAV - / (Wi, Ay)dt.
t 0

Proof. According to Lemma 8.5, we have

9 do doy D oo o
Ou'ot’ ot’  TMdudt’ ot
Therefore

dw —du /) e a! (quar ot

By Lemma 8.9 we can substitute %%—? for %g—z in this last formula.

Choose 0 = tg < t; < --- < t, = 1 so that « is differentiable on each strip
(—&,€) X [ti—1,t;]. Then we can “integrate by parts” on [t;_1,ti], as follows. The
identity

~ 1 1
dE(a(u)) d / Oa Oa df — 2/ D da Oa
0 0

900 9o, Don dn,  oa Din,
ot ' ou’ ot dt Ou’ Ot Ou’ dt Ot

implies that

- L da D da
- [ t=t; — — -
Gaw 0% = Gu ar) =i /t“<au7 at ot /%!

i—1

/t" D 0o Oa OJa Oa
dt
t

Adding up the corresponding formulas for ¢ = 1,...,k; and using the fact that

92 — () for t = 0 or 1, this gives

ou
LAB@EW) NSy a v - /1<0a D,
2 du P b o ‘Ou’dt ot
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Setting u = 0, we now obtain the required formula

1dEoa !
30 = = S A — [ v ajar

t

This completes the proof. O

Intuitively, the first term in the expression for dE o &/du(0) shows that varying
the path w in the direction of decreasing “kink,” tends to decrease F; see Figure 12.1.

E(ti*)

w(ti) = a(O, t,‘)

dw
—— (t;
3 &it)

original  path
w = a(0)

path a(e) with >
smaller energy AN

Figure 12.1

The second term shows that varying the curve in the direction of its acceleration

D d
vector —(—w) tends to reduce E.

Recall that the path wafl is called a geodesic if and only if w is C'*° on the whole

D
interval [0, 1], and the acceleration vector &( d—c:) of w is identically zero along w.

Corollary 12.3. The path w is a critical point for the function E if and only if w
is a geodesic.

Proof. Clearly a geodesic is a critical point. Let w be a critical point. There is a
variation of w with W (t) = f(t)A(t) where f(t) is positive except that it vanishes
at the t;. Then

55 O = [ Faw. A

This is zero if and only if A(t) = 0 for all z. Hence each wl, ¢,,,] is a geodesic.

Now pick a variation such that W (t;) = A;,V. Then 2dE/du(0) = — Y (A, V, A, V).
If this is zero then all A,V are 0, and w is differentiable of class C', even at the
points t;. Now it follows from the uniqueness theorem for differential equations
that w is C'*° everywhere: thus w is an unbroken geodesic. O



Chapter Thirteen

The Hessian of the Energy Function at a Critical Path

Based on lecture notes by
M. Spivak and R. Wells

Continuing with the analogy developed in the preceding section, we now wish to
define a bilinear functional

E.:TQ, xTQ, — R

when -y is a critical point of the function F, i.e., a geodesic. This bilinear functional
will be called the Hessian of E at ~.
If f is a real valued function on a manifold M with critical point p, then the
Hessian
for: TMy x TM, — R

can be defined as follows. Given X, Xy € T'M, choose a smooth map (u1,ug) —
a(u1,uy) defined on a neighborhood of (0,0) in R?, with values in M, so that

Oa Ooa
a(0,0) = p, 8761(0,0) = Xy, %(an)—Xz
Hhen 02 f(aus, uz))
a(uy, ug
(X, Xp) = 2 unu))
f ( ! 2) 6U18U2 (0,0)

This suggests defining F.,. as follows. Given vector fields Wy, Ws € T2, choose a
2-parameter variation
a:U x [0,1] — M,

where U is a neighborhood of (0,0) in R?, so that
O Oa
a(Ovov ) 7( )7 ouy (07 0, ) Wl( )a O (0’ 0, ) WQ( )

(Compare chapter 11.) Then the Hessian E..(W7, W) will be defined to be the
second partial derivative
32E(&(u1,u2)) .
Ouq Ous (0,0)’

where a(uq,us) € Q denotes the path a(ui,u2)(t) = a(u1,usz,t). This second
2

(0,0).

derivative will be written briefly as
Ou10ug
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The following theorem is needed to prove that E.. is well defined

Theorem 13.1 (Second variation formula). Let a: U — Q be a 2-parameter vari-
ation of the geodesic v with variation vector fields

o )
WZ:%(O,O)GTQ—W 221,2.

2

——(0,0) of the energy function is equal to
2 Ou1Oug

DW ! D2W-
—Z Wa(t 1)-/ <W27T21+R(V,W1)V>dt;
0

Then the second derivative —

where V = " denotes the velocity vector field and where

DW, DW; DW,
A - +y =
Fdt dt (%) dt ()

DW.
denotes the jump in

at one of its finitely many points of discontinuity in the
open unit interval.

Proof. According to Theorem 12.2 we have

1 0F da. | O 1 9a D da
2%—;<%7ﬁtat>—/ <%’&E>dt
Therefore
1 O%E D O« Ja 8a
§8u18u2 o Z dU1 8UQ Et: 6UQ du1 §>

_/ <£670‘ Baﬁwt_/ <87a Egaﬁwt
0 du1 8”2’ dt Ot 0 8u2’ dU1 dt Ot

Let us evaluate this expression for (u1, us)

= (0,0). Since v = @(0, 0) is an unbroken
geodesic, we have
Oa D Oa
Ay— = —— =0
Yot 7 dtoat

so that the first and third terms are zero.
Rearranging the second term, we obtain

1 O%E

D D D
§m(0,0): ¥<W27Atd W) — / <W2,du1 3Vt (13.1)

D D
In order to interchange the two operators — and —, we need to bring in the

(751 dt,
curvature formula,

D D D D Oa O

durdt’ " dtdu’ (615 du )V RV W) V.
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D D D
Together with the identity —dm V = a—aaz = EWH this yields
D 9 D2W;
——V=——+4+R(V, W) V. 13.2
du, Ot az TRV (13.2)

Substituting this expression into (13.1) this completes the proof of Theorem 13.1.
O

0’FE
8u1 6@62

Corollary 13.2. The expression E..(Wi, W) = (0,0) is a well defined

symmetric and bilinear function of W and Ws.

2
E
Proof. The second variation formula shows that ———(0,0) depends only on the

3u15u2
variation vector fields W5 and W, so that E., (W1, Ws) is well defined. This formula
also shows that E,, is bilinear. The symmetry property

E**(Wh W2) = E**(W27 WI)

is not at all obvious from the second variation formula; but does follow immediately
O’°E  O’E -
c’)u18u2 N 8u26u1 ’

from the symmetry property

Remark. The diagonal terms E,.(W,W) of the bilinear pairing FE.. can be de-
scribed in terms of a 1-parameter variation of v. In fact

d?Eoa

(0),

da
where : (—¢,e) — 2 denotes any variation of v with variation vector field d—(O)
U

equal to W. To prove this identity it is only necessary to introduce the two param-
eter variation

Bur,uz) = a(u + ug)
and to note that

98 da OEof d’Eoca
Au;  du’ Ou dus  du?
As an application of this remark, we have the following.

Lemma 13.3. If v is a minimal geodesic from p to q then the bilinear pairing F,.
is positive semi-definite. Hence the index A of E.. is zero.

2 —
Proof. The inequality E(a(u)) > E(y) = E(a&(0)) implies that %

ated at u =0, is > 0. Hence E,.(W, W) > 0 for all . O

, evalu-



Chapter Fourteen

Jacobi Fields: The Null Space of E,,

Based on lecture notes by
M. Spivak and R. Wells

A vector field J along a geodesic « is called a Jacobi field if it satisfies the Jacobi
differential equation

D2J
— +RV, )V =0
e TRWV.I)
d
where V = —7. This is a linear, second order differential equation. (It can be put
in a more familiar form by choosing orthonormal parallel vector fields Pi,..., P,

along . Then setting J(t) = Y f(t)P;(t), the equation becomes

d2fi
dt?

n
+> ai () =0, i=1,...n;
j=1

where a} = (R(V, P;) V, P;).) Thus the Jacobi equation has 2n linearly indepen-
dent solutions, each of which can be defined throughout ~. The solutions are all
C*-differentiable. A given Jacobi field J is completely determined by its initial
conditions:

DJ

Let p = v(a) and ¢ = v(b) be two points on the geodesic v, with a # b.

Definition 14.1. p and q are conjugate along v if there exists a non-zero Jacobi
field J along v which vanishes for t = a and t = b. The multiplicity of p and q as
conjugate points is equal to the dimension of the vector space consisting of all such
Jacobi fields.

Now let v be a geodesic in 2 = Q(M;p,q). Recall that the null space of the
Hessian
Ew:TQy, xTQ, — R

is the vector space consisting of those Wy € T€), such that E,, (W1, W3) = 0 for
all W5. The nullity v of E,, is equal to the dimension of this null space. F,, is
degenerate if v > 0.

LIf v has self-intersections then this definition becomes ambiguous. One should rather say
that the parameter values a and b are conjugate with respect to ~y.
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Theorem 14.2. A wvector field Wi € TS, belongs to the null space of E.. if and
only if Wy is a Jacobi field. Hence E.. is degenerate if and only if the end points
p and q are conjugate along vv. The nullity of E.. is equal to the multiplicity of p
and q as conjugate points.

Proof. (Compare the proof of Corollary 12.3.) If J is a Jacobi field which van-
ishes at p and g, then J certainly belongs to T€2,. The second variation formula
(Theorem 13.1) states that

_%E**(L W) = Z<Wz(t)70> +/ (W3, 0)dt = 0.

+ 0

Hence J belongs to the null space.

Conversely, suppose that W belongs to the null space of E,.. Choose a subdi-
vision 0 = tg < 11 < ... <t = 1 of [0,1] so that Wi|y, , ¢, is smooth for each i.
Let f:]0,1] — [0,1] be a smooth function which vanishes for the parameter values
to,t1,...,tr and is positive otherwise; and let

2
Wg(t) = f(t) (Ddtvl/l +R(V7 Wl) V) .

t

Then

Ly (W W)—ZO+/1f(t)||D2W1 +R(V,Wy) V|2dt
2 *k 1, 2 - 0 dt2 ) 1 M

Since this is zero, it follows that W;

DWW,
Now let W3 € T2, be a field such that Wy (t;) = Ay, —— a9 fori=1,2,...,k—1.
Then

[t:_1,t;) 18 a Jacobi field for each i.

k—1 1
DW
** ”13”2 § ||At1 1H2 /0 0dt =0

! has no jumps. But a solution W7 of the Jacobi equation is completely

D
determined by the vectors Wi(t;) and %(tl) Thus it follows that the k Ja-

cobi fields Wi, , 4, 4 = 1,...,k, fit together to give a Jacobi field Wi which is
C*°-differentiable throughout the entire unit interval. This completes the proof of
Theorem 14.2. O

Hence

It follows that the nullity v of E,, is always finite. For there are only finitely
many linearly independent Jacobi fields along ~.

Remark. Actually the nullity v satisfies 0 < v < n. Since the space of Jacobi fields
which vanish for ¢ = 0 has dimension precisely n, it is clear that v < n. We will
construct one example of a Jacobi field which vanishes for ¢ = 0, but not for t = 1.

d
This will imply that v < n. In fact let J, = tV; where V = d;ty denotes the velocity

vector field. Then DI DV
=1-V+t—=V
dt + dt

2
(Since % = 0), hence % = 0. Furthermore R (V,J)V =tR (V,V)V = 0 since
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R is skew symmetric in the first two variables. Thus J satisfies the Jacobi equation.
Since Jg = 0, J; # 0, this completes the proof.

Ezample 14.5. Suppose that M is “flat” in the sense that the curvature tensor

is identically zero. Then the Jacobi equation becomes 9 = 0. Setting J(t) =
) d2 i
> f4(t)P;(t) where P; are parallel, this becomes dtJ; = 0. Evidently a Jacobi field

along v can have at most one zero. Thus there are no conjugate points, and F,, is
non-degenerate.

Example 14.4. Suppose that p and ¢ are antipodal points on the unit sphere S™,
and let v be a great circle arc from p to ¢q. Then we will see that p and ¢ are
conjugate with multiplicity n — 1. Thus in this example the nullity v of E,. takes
its largest possible value. The proof will depend on the following discussion.

Let a be a l-parameter variation of -, not necessarily keeping the endpoints
fixed, such that each a(u) is a geodesic. That is, let

a:(—e,e) x [0,1] — M

be a C'*° map such that «(0,t) = ~(¢), and such that each a(u) (given by a(u)(t) =
a(u,t)) is a geodesic.

Lemma 14.5. If a is such a variation of v through geodesics, then the variation

9]
vector field W(t) = a—a(O,t) is a Jacobi field along .
U
: L . Doa . .~ .
Proof. If « is a variation of v through geodesics, then ot is identically zero.

Hence

DDOa D Do (8a 8a> oo
- - R ot

" dudt 9t dtdu ot ot du
_D*on o (0n d) 2o
T de2 du ot ou) ot

0
(Compare equation (13.2).) Therefore the variation vector field 22 s a Jacobi

Ju
field.
Thus one way of obtaining Jacobi fields is to move geodesics around.
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Now let us return to the example of two antipodal points on a unit n-sphere.
Rotating the sphere, keeping p and ¢ fixed, the variation vector field along the
geodesic v will be a Jacobi field vanishing at p and ¢q. Rotating in n — 1 different
directions one obtains n — 1 linearly independent Jacobi fields. Thus p and q are
conjugate along v with multiplicity n — 1. O

Lemma 14.6. Every Jacobi field along a geodesic v:[0,1] — M may be obtained
by a variation of v through geodesics.

Proof. Choose a neighborhood U of 4(0) so that any two points of U are joined by
a unique minimal geodesic which depends differentiably on the endpoints. Suppose
that y(t) € U for 0 < t < §. We will first construct a Jacobi field W along
Yljo,5) with arbitrarily prescribed values at t = 0 and ¢ = 6. Choose a curve

d
a: (—e,e) — U so that a(0) = v(0) and so that d—a(O) is any prescribed vector in
u

db
TM, (. Similarly choose b:(—¢,e) — U with b(0) = () and @(O) arbitrary.
Now define the variation
a:(—e,e) x [0,0] — M

by letting a(u): [0, 9] — M be the unique minimal geodesic from a(u) to b(u). Then
0
the formula ¢ — —a(O, t) defines a Jacobi field with the given end conditions.

Any Jacobi ﬁelﬁ along 7|jo,5] can be obtained in this way: If J(v) denotes the
vector space of all Jacobi fields W along ~, then the formula W — (W (0), W (4))
defines a linear map

g::j("/) — TM'y(O) X TM'y(O)~

We have just shown that £ is onto. Since both vector spaces have the same dimension
2n it follows that ¢ is an isomorphism. I.e., a Jacobi field is determined by its values
at v(0) and v(0). (More generally a Jacobi field is determined by its values at any
two non-conjugate points.) Therefore the above construction yields all possible
Jacobi fields along 7|jo,s)-

The restriction of a(u) to the interval [0, d] is not essential. If u is sufficiently
small then, using the compactness of [0,1], @(u) can be extended to a geodesic
defined over the entire unit interval [0, 1]. This yields a variation through geodesics:

a'i(—e,e) x [0,0] — M
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with any given Jacobi field as variation vector. O

Remark. This argument shows that in any such neighborhood U the Jacobi fields
along a geodesic segment in U are uniquely determined by their values at the
endpoints of the geodesic.

Remark. The proof shows also, that there is a neighborhood (—6,4) of 0 so that if
t € (—6,0) then ~(¢) is not conjugate to v(0) along . We will see in Corollary 15.2
that the set of conjugate points to (0) along the entire geodesic v has no cluster
points.



Chapter Fifteen

The Index Theorem

Based on lecture notes by
M. Spivak and R. Wells

The index A of the Hessian
E.:TQy xTQ, — R

is defined to be the maximum dimension of a subspace of T, on which F,, is
negative definite. We will prove the following.

Theorem 15.1 (Morse). The index A of E.. is equal to the number of points v(t),
with 0 < t < 1, such that v(t) s conjugate to v(0) along v; each such conjugate
point being counted with its multiplicity. This index A is always finite'.

As an immediate consequence one has:

Corollary 15.2. A geodesic segment v:[0,1] — M can contain only finitely many
points which are conjugate to ~v(0) along .

In order to prove Theorem 15.1 we will first make an estimate for A by splitting
the vector space 7€), into two mutually orthogonal subspaces, on one of which E,,
is positive definite.

Each point 7(t) is contained in an open set U such that any two points of
U are joined by a unique minimal geodesic which depends differentiably on the
endpoints. (See chapter 10.) Choose a subdivision 0 = tg < t; < ... <t = 1 of
the unit interval which is sufficiently fine so that each segment [t;_1,¢;] lies within
such an open set U; and so that each 7v|j,_, ;] is minimal.

Let TQ,(to,ti,t2,...,tx) C T, be the vector space consisting of all vector
fields W along ~ such that

(a) Wilp,_, ) is a Jacobi field along |, , ) for each i;
(b) W vanishes at the endpoints t =0, ¢t = 1.

Thus T, (to, t;,t2, ..., 1) is a finite dimensional vector space consisting of broken
Jacobi fields along ~.

Let T" C T, be the vector space consisting of all vector fields W € TQ,, for
which W (t0) =0, W(t1) =0, W(te) =0,..., W(tg) =0.

L For generalization of this result see: [Amb61].
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Lemma 15.3. The vector space TY., splits as the direct sum TQ (to, 1, t2, ..., tp)®
T’. These two subspaces are mutually perpendicular with respect to the inner prod-
uct E.y. Furthermore, E,, restricted to T’ is positive definite.

Proof. Given any vector field W € T2, let W; denote the unique “broken Jacobi
field” in TQ,Y(to, tl, t27 PN ,tk) such that Wl (tl) = W(tl) for i = 07 1, ey k. It
follows from Chapter 14 that Wj exists and is unique. Clearly W — W; belongs to
T'. Thus the two subspaces, T, (to, t;, t2, ..., tx) and T’ generate T2, and have
only the zero vector field in common.

If Wi belongs to TQ (to, t1,t2,. .., tx) and Wa belongs to T”, then the second
variation formula (Theorem 13.1) takes the form

DW;

1
§E**(W1vW2) = _Z<W2(t)aAt dt

t

>—/01<W2,O>dt=().

Thus the two subspaces are mutually perpendicular with respect to E,..

For any W € T, the Hessian E,.(W, W) can be interpreted as the second
derivative d> E o &/du?(0); where a: (—¢,¢) — Q is any variation of v with variation
vector field da/d¢(0) equal to W. (Compare Chapter 13.) If W belongs to T” then
we may assume that & is chosen so as to leave the points (to), y(¢1), ..., y(tx) fixed.
In other words we may assume that a(u)(t;) = vy(¢;) for i =0,1,... k.

Proof that E..(W,W) > 0 for W € T'. Each a(u) € Q is a piecewise smooth
path from v(0) to v(t1) to ¥(t2) to ... to v(1). But each v|,_, ) is a minimal
geodesic, and therefore has smaller energy than any other path between its end-
points. This proves that

E(a(u)) = E(v) = E(a(0)).

Therefore the second derivative, evaluated at « = 0, must be > 0.

Proof that E..(W,W) > 0 for W € T’, W # 0. Suppose that E,.(W,W)
were equal to 0. Then W would lie in the null space of F,.. In fact for any
Wi € TQ,(to,t1,...,t,) we have already seen that E,,(W;,W) = 0. For any
Wy € T’ the inequality

0> Eo(W + W, W + cWa) = 2B, (Wa, W) + 2 E,.(Wa, Ws)

for all values of ¢ implies that F.,(Ws, W) = 0. Thus W lies in the null space. But
the null space of E,, consists of Jacobi fields. Since T’ contains no Jacobi fields
other than zero, this implies that W = 0.

Thus the quadratic form F,, is positive definite on 7”. This completes the proof
of Lemma 15.3. O

An immediate consequence is the following:

Lemma 15.4. The index (or the nullity) of E.. is equal to the index (or nullity) of
E.. restricted to the space T, (to,t1,...,tx) of broken Jacobi fields. In particular
(since Ty (to,t1,. .., tk) s a finite dimensional vector space) the index A is always
finite.

The proof is straightforward.
Let 7, denote the restriction of v to the interval [0, 7]. Thus ~v,:[0,7] = M is a
geodesic from (0) to (7). Let A(7) denote the index of the Hessian (E] ). which
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is associated with this geodesic. Thus A(1) is the index which we are actually trying
to compute. First note that:

Assertion 15.1. A(7) is a monotone function of T.

For if 7 < 7' then there exists a A(7) dimensional space V of vector fields
along -, which vanish at v(0) and v(7) such that the Hessian (EJ).. is negative
definite on this vector space. Each vector field in V' extends to a vector field along
~r which vanishes identically between v(7) and ~(7'). Thus we obtain a A(T)
dimensional vector space of fields along v,/, on which (Ef /)** is negative definite.
Hence A(1) < A(T').

Assertion 15.2. A(7) = 0 for small values of 7.

For if 7 is sufficiently small then 7, is a minimal geodesic, hence A(7) = 0 by
Lemma 13.3.

Now let us examine the discontinuities of the function A(7). First note that A(7)
is continuous from the left:

Assertion 15.3. For all sufficiently small € > 0 we have M7 — €) = A(T).

Proof. According to Lemma 15.3 the number A(1) can be interpreted as the index
of a quadratic form on a finite dimensional vector space T, (to,t1,...,tx). We
may assume that the subdivision is chosen so that say t; < 7 < t;41. Then the
index A(7) can be interpreted as the index of a corresponding quadratic form H..
on a corresponding vector space of broken Jacobi fields along ,. This vector space
is to be constructed using the subdivision 0 < t; < t3 < ... <#; < 7 of [0, 7]. Since
a broken Jacobi field is uniquely determined by its values at the break points (t;),
this vector space is isomorphic to the direct sum

2= TMy4y) @ TMyry) @ & T My,

Note that this vector space Y is independent of 7. Evidently the quadratic form
H, on ¥ varies continuously with 7.

Now H, is negative definite on a subspace V' C ¥ of dimension A(7). For all
7' sufficiently close to 7 it follows that H,, is negative definite on V. Therefore
M7") > (1) But if 7/ = T—e < 7 then we also have A(T—¢) < A(7) by Assertion 15.1.
Hence AT —¢) = A(7). O

Assertion 15.4. Let v be the nullity of the Hessian (Ef ). Then for all sufficiently
small € > 0 we have
AMr4e)=AMr) + v

Thus the function A(t) jumps by v when the variable ¢ passes a conjugate point
of multiplicity v; and is continuous otherwise. Clearly this assertion will complete
the proof of the Index Theorem.

Proof that Mt +¢) < A7)+ v. Let H; and ¥ be as in the proof of Assertion 15.3.
Since dim Y = n¢ we see that H, is positive definite on some subspace V' C X of
dimension ni — A(7) — v. For all 7/ sufficiently close to 7, it follows that H., is
positive definite on V’. Hence

M) <dim Y —dim V' = A1) + v.
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PROOF THAT M7 +¢) > M7)+v. Let Wi,..., Wy, be A7) vector fields along
~-, vanishing at the endpoints, such that the matrix

<(ES)** (Wi, Wj)>

is negative definite. Let J1,...,J, be v linearly independent Jacobi fields along .,
also vanishing at the endpoints. Note that the v vectors

DI,

a 1) €TMye

are linearly independent. Hence it is possible to choose v vector fields Xi,..., X,
along 7,4, vanishing at the endpoints of v,., so that

(B xn)

is equal to the v x v identity matrix. Extend the vector fields W; and J;, over v 4.
by setting these fields equal to 0 for 7 <t < 7+ ¢.
Using the second variation formula we see easily that
(E57)
(E5)

LI, W) =0
(Jn, Xi) = 20pr  (Kronecker delta).

*

ko

Now let ¢ be a small number, and consider the A(7) + v vector fields
Wi, .o, Wiy, e i —eXa, ..ot — X,

along v,1.. We claim that these vector fields span a vector space of dimension
M) + v on which the quadratic form (EJ"®)_ is negative definite. In fact the

matrix of (Ef"®)__ with respect to this basis is

((ES)** (Wi, Wj)) cA
cA? —41+ 2B

where A and B are fixed matrices. If ¢ is sufficiently small, this compound matrix
is certainly negative definite. This proves Assertion 15.4. O

The index Theorem 15.1 clearly follows from the Assertions 15.2, 15.3, and 15.4.



Chapter Sixteen

A Finite Dimensional Approximation to €2°

Based on lecture notes by
M. Spivak and R. Wells

Let M be a connected Riemannian manifold and let p and ¢ be two (not necessarily
distinct) points of M. The set Q = 0(M;p, q) of piecewise C° paths from p to ¢
can be topologized as follows. Let p denote the topological metric on M coming
from its Riemann metric. Given w,w’ € Q with arc-lengths s(t), s'(t) respectively,
define the distance d(w,w’) to be

max p (1), (1)) + ( / 1 (jt - ‘fft'fdt)% .

(The last term is added on so that the energy function

E)(w) :/ab (jj)zdt

will be a continuous function from a to the real numbers.) This metric induces the
required topology on ).

Given ¢ > 0 let Q¢ denote the closed subset E~1([0,¢]) C € and let Int Q¢ denote
the open subset E~1([0,¢)) (where E = E}:Q — R is the energy function). We
will study the topology of Q¢ by constructing a finite dimensional approximation
to it.

Choose some subdivision 0 = tg < t1 < ... < tx = 1 of the unit interval. Let
Q(to, t1,...,tx) be the subspace of a consisting of paths w: [0,1] — M such that

(a) w(0)=pandw(l) =g,
(b) wlp,_, .4, is a geodesic for each i = 1,... k.

Finally we define the subspaces

Qto,t1, ..., te) =Q°NQ Lo, L1, ..., tk)
Int Q(to,tl, e ,tk)c == (Int Qc) N Q(to,tl, N ,tk).

Lemma 16.1. Let M be a complete Riemannian manifold; and let ¢ be a fixed
positive number such that Q¢ # &. Then for all sufficiently fine subdivisions
(to,t1,...,tr) of [0,1] the set Int Q(to,t1,...,t5)¢ can be given the structure of a
smooth finite dimensional manifold in a natural way.
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Proof. Let S denote the ball

{z e M: p(z,p) < Ve}.

Note that every path w € Q¢ lies within this subset S C M. This follows from the
inequality L? < E < c.
Since M is complete, S is a compact set. Hence by Corollary 10.11 there exists
e > 0 so that whenever z,y € S and p(z,y) < ¢ there is a unique geodesic from x
to y of length < &; and so that this geodesic depends differentiably on = and .
Choose the subdivision (g, t1,...,tx) of [0, 1] so that each difference t; —t;_1 is
less than £2/c. Then for each broken geodesic

w e Qto, t1,... )"
we have

2
(Liiflw) = (tl‘ — ti,1) (E;Zilw) S (ti — tifl)(Ew)
< (ti — ti—l)c < 52

Thus the geodesic w
points.
The broken geodesic w is uniquely determined by the (k — 1)-tuple

[t:_1,t;) 18 uniquely an differentiably determined by the two end

w(tl),w(tg),...,w(tk_l) eEMXxXMx---x M.
Evidently this correspondence
wr— (w(t1),...,w(tg—1))

defines a homeomorphism between Int Q(¢o,¢1,...,tt)¢ and a certain open subset
of the (k — 1)-fold product M x --- x M. Taking over the differentiable structure
from this product, this completes the proof of Lemma 16.1. O

To shorten the notation, let us denote this manifold Int Q(tg, t1, .. ., tx)¢ of bro-
ken geodesics by B. Let
E:B—R

denote the restriction to B of the energy function E: Q) — R.

Theorem 16.2. This function E': B — R is smooth. Furthermore, for each a < c
the set B¢ = (E')71[0,a] is compact, and is a deformation retract' of the corre-
sponding set Q%. The critical points of E' are precisely the same as the critical
points of E in Int Q¢: namely the unbroken geodesics from p to q of length less than
Ve. The index (or the nullity) of the Hessian E., at each such critical point v is
equal to the index (or the nullity) of F.. at 7.

Thus the finite dimensional manifold B provides a faithful model for the infinite
dimensional path space Int Q¢. As an immediate consequence we have the following
basic result.

1 Similarly B itself is a deformation retract of Int Q°.
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Theorem 16.3. Let M be a complete Riemannian manifold and let p,q € M be
two points which are not conjugate along any geodesic of length < \/a. Then as has
the homotopy type of a finite CW-complex, with one cell of dimension A for each
geodesic in Q% at which E,, has index \.

(In particular it is asserted that Q% contains only finitely many geodesics.)
Proof. This follows from Theorem 16.2 together with Theorem 3.3. O

Proof of Theorem 16.2. Since the broken geodesic w € B depends smoothly on the
(k — 1)-tuple
w(tl),w(tg), e ,w(tk_l) EMXMXx---xM

it is clear that the energy E’'(w) also depends smoothly on this (k — 1)-tuple. In
fact we have the explicit formula

i plwltioa) w(t)*

tz_tz 1

For a < ¢ the set B is homeomorphic to the set of all (k—1)-tuples (p1,...,pr—1) €
S xS x---x 8 such that

k
P\Pi-1,Pi) pz 17171

i—1 z*tz 1

(Here it is to be understood that po = p, pr = q.) As a closed subset of a compact
set, this is certainly compact.

A retraction r:Int Q¢ — B is defined as follows. Let r(w) denote the unique
broken geodesic in B such that each 7(w)|y,_, s, is a geodesic of length < & from
w(ti—1) to w(t;). The inequality

[ti—1,

p(p,wt)’ < (Lw)?<Bw<c

implies that wlo, 1] C S. Hence the inequality

p(w(tiot),w(t)? < (t —tii1) (Ef:_lw) < =2

implies that r(w) can be so defined.
Clearly E(r(w)) < E(w) < c. This retraction r fits into a 1-parameter family of
maps
7y Int Q¢ — Int Q°

as follows. For t;_1 <wu <t; let

Tu(w>|[0,ti—1] = T(w)|[07ti—1]7
74 (W)|[t;_, ,u) = minimal geodesic from w(t;—1) to w(u),

Tu(w)hu,l] = W|[u,1]-

Then r( is the identity map of Int Q¢, and ry = r. It is easily verified that r,(w)
is continuous as a function of both variables. This proves that B is a deformation
retract of Int Q°.
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Since E(r,(w)) < E(w) it is clear that each B* is also a deformation retract of
Q.

Every geodesic is also a broken geodesic, so it is clear that every “critical point”
of E in Int Q¢ automatically lies in the submanifold B. Using the first variation
formula (Theorem 12.2) it is clear that the critical points of E’ are precisely the
unbroken geodesics.

Consider the tangent space T'B, to the manifold B at a geodesic . This will
be identified with the space TQ(to,t1,...,tx) of broken Jacobi fields along v, as
described in chapter 15. This identification can be justified as follows. Let

a:(—e,e) — B

be any variation of  through broken geodesics. Then the corresponding variation
0
vector field 8—a(0, t) along + is clearly a broken Jacobi field. (Compare Lemma 14.5)
u

Now the statement that the index (or the nullity) of E,. at v is equal to the
index (or nullity) of EZ, at « is an immediate consequence of Lemma 15.4. This
completes the proof of Theorem 16.2. O

Remark. As one consequence of this theorem we obtain an alternative proof of the
existence of a minimal geodesic joining two given points p,q of a complete manifold.
For if Q%(p, ¢) is non-vacuous, then the corresponding set B* will be compact and
non-vacuous. Hence the continuous function E’: B* — R will take on its minimum
at some point v € B®. This v will be the required minimal geodesic.



Chapter Seventeen

The Topology of the Full Path Space

Based on lecture notes by
M. Spivak and R. Wells

Let M be a Riemannian manifold with Riemann metric g, and let p be the induced
topological metric. Let p and ¢ be two (not necessarily distinct) points of M.
In homotopy theory one studies the space 2* of all continuous paths

w:[0,1] — M

from p to ¢, in the compact open topology. This topology can also be described as
that induced by the metric

& (w,') = max p (w(t), /(1)

On the other hand we have been studying the space {2 of piecewise C>° paths from
p to g with the metric

Lrds  ds'\? :
AN L] / - 7
d(w,w)-d(w,w)—l—(/o (dt dt) dt | .

Since d > d* the natural map
1:Q — QF

is continuous.
Theorem 17.1. This natural map i is a homotopy equivalence between € and 0*.

(Added June 1968. The following proof is based on suggestions by W. B. Hous-
ton, Jr., who has pointed out that my original proof of Theorem 17.1 was incorrect.
The original proof made use of an alleged homotopy inverse {2 — Q* which in fact
was not even continuous.)

Proof. We will use the fact that every point of M has an open neighborhood N
which is “geodesically convex” in the sense that any two points of N are joined by a
unique minimal geodesic which lies completely within N and depends differentiably
on the endpoints. (This result is due to J. H. C. Whitehead. See for example [BCO1,
p. 246]; [Hel62, p. 53]; or [Hic65, p. 134].)

Choose a covering of M by such geodesically convex open sets N,. Subdividing
the interval [0, 1] into 2% equal subintervals [(j — )/2%, j/2¥], let Q denote the set
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of all continuous paths w from p to ¢ which satisfy the following condition: the
image under w of each subinterval [(j — [)/2*, j/2¥] should be contained in one of
the sets N, of the covering.

Clearly each 2} is an open subset of the space 2* of all paths from p to ¢, and
clearly 2* is the union of the sequence

QCHBCQC---.
Similarly the corresponding sets
Q=71 (%)

are open subsets of {2 with union equal to €.
We will first show that the natural map

(i]g, ): 2 —

is a homotopy equivalence. For each w € Qf let h(w) € ) be the bro-
ken geodesic which coincides with w for the parameter values t = j/2F j =
0,1,2,...,2* and which is a minimal geodesic within each intermediate interval
[(j —1)/2%,5/2%]. This construction defines a function

h: Q;: — Qk,

and it is not difficult to verify that h is continuous.

Just as in the proof of Theorem 16.2 on page 77, it can be verified that the
composition (i]g, ) o h is homotopic to the identity map of Q) and that the compo-
sition h o (i|q, ) is homotopic to the identity map of Q. This proves that i|g, is a
homotopy equivalence.

To conclude the proof of Theorem 17.1 we appeal to the Appendix. Using
Example A.2 on page 126 note that the space €2 is the homotopy direct limit of the
sequence of subsets . Similarly note that Q* is the homotopy direct limit of the
sequence of subsets (2. Therefore, Theorem A.5 (page 127) shows that i: Q2 —* is
a homotopy equivalence. This completes the proof. O

It is known that the space Q* has the homotopy type of a CW-complex. (See
Milnor, On spaces having the homotopy type of a CW-complez, Trans. Amer. Math.
Soc., Vol. 90 (1959), pp. 272-280.) Therefore

Corollary 17.2. ) has the homotopy type of a CW-complex.
This statement can be sharpened as follows.

Theorem 17.3 (Fundamental theorem of Morse Theory). Let M be a complete
Riemannian manifold, and let p,q € M be two points which are not conjugate
along any geodesic. Then Q(M;p,q) (or Q*(M;p,q)) has the homotopy type of a
countable CW-complex which contains one cell of dimension A for each geodesic
from p to q of index A.

Proof. The proof is analogous to that of Theorem 3.3. Choose a sequence ag <
a1 < ag < --- of real numbers which are not critical values of the energy function
E, so that each interval (a;_1,a;) contains precisely one critical value. Consider
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the sequence
QP CcQn CcQ*2C...;

where we may assume that 2% is vacuous. It follows from Theorem 16.2 together
with Chapter 3 and Lemma 3.5 that each Q% has the homotopy type of Q%1
with a finite number of cells attached: one A-cell for each geodesic of index A in
E~(a;_1,a;). Now, just as in the proof of Theorem 3.3, one constructs a sequence
Ky C K1 C Ky C ... of CW-complexes with cells of the required description, and
a sequence

Qe Cc Qu C Q% C---

L

Ky ¢ K1 ¢ Ky C---

of homotopy equivalences. Letting f:2 — K be the direct limit mapping, it is
clear that f induces isomorphisms of homotopy groups in all dimensions. Since (2
is known to have the homotopy type of a OW-complex (Corollary 17.2) it follows
from Whitehead’s theorem that f is a homotopy equivalence. This completes the
proof. (For a different proof, not using Corollary 17.2, see p. 149.) O

Ezample 17.4(The path space of the sphere S™). Suppose that p and g are two
non-conjugate points on S™. That is, suppose that g # p,p’ where p’ denotes the
antipode of p. Then there are denumerably many geodesics vy, 1,72, - - - from p to
q, as follows. Let 7y denote the short great circle arc from p to g; let v denote the
long great circle are pq'p’q; let vo denote the arc pgp’q’pq; and so on. The subscript
k denotes the number of times that p or p’ occurs in the interior of ;.

The index A(yg) = uly ...+ px is equal to k(n — 1), since each of the points p
or p’ in the interior is conjugate to p with multiplicity n — 1.
Therefore we have:

Corollary 17.5. The loop space Q(S™) has the homotopy type of a CW-complex
with one cell each in the dimensions 0,n —1,2(n —1),3(n —1),... .
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For n > 2 the homology of Q(S™) can be computed immediately from this
information. Since Q(S™) has non-trivial homology in infinitely many dimensions,
we can conclude:

Corollary 17.6. Let M have the homotopy type of Q(S™), for n > 2. Then any
two non-conjugate points of M are joined by infinitely many geodesics.

This follows since the homotopy type of Q*(M) (and hence of Q(M)) depends
only on the homotopy type of M. There must be at least one geodesic in Q(M)
with index 0, at least one with index n — 1, 2(n — 1), 3(n — 1), and so on.

Remark. More generally if M is any complete manifold which is not contractible
then any two non-conjugate points of M are joined by infinitely many geodesics.
Compare [Ser51, p. 484].

As another application of Corollary 17.5, one can give a proof of the Freudenthal
suspension theorem. (Compare Corollary 22.3.)



Chapter Eighteen

Existence of Non-Conjugate Points

Based on lecture notes by
M. Spivak and R. Wells

Theorem 17.3 gives a good description of the space Q(M;p, q) providing that the
points p and ¢ are not conjugate to each other along any geodesic. This section will
justify this result by showing that such non-conjugate points always exist.

Recall that a smooth map f: N — M between manifolds of the same dimension
is critical at a point x € N if the induced map

f*i TN, — TMf(x)
of tangent spaces is not 1-1. We will apply this definition to the exponential map
exp = exp,: T'M;, — M.

(We will assume that M is complete, so that exp is everywhere defined; although
this assumption could easily be eliminated.)

Theorem 18.1. The point expv is conjugate to p along the geodesic v, from p to
expv if and only if the mapping exp is critical at v.

Proof. Suppose that exp is critical at v € TM,. Then exp,(X) = 0 for some non-
zero X € T(T'M,),, the tangent space at v to T'M,,, considered as a manifold. Let
d
u +— v(u) be a path in TM,, such that v(0) = v and d—U(O) = X. Then the map
u
a defined by a(u,t) = exptv(u) is a variation through geodesics of the geodesic v,

0
given by t — exptv. Therefore the vector field W given by ¢ — — (exp tv(u))|u—=0o

ou
is a Jacobi field along 7,. Obviously W (0) = 0. We also have
9 oy do(w) o -
W(l) = %(exp tv(u)) By = exp, — (0) = exp, X = 0.

But this field is not identically zero since

20 = o (exptu(u)

(0,0)

So there is a non-trivial Jacobi field along +, from p to expw, vanishing at these
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points; hence p and expwv are conjugate along 7,,.

Now suppose that exp, is non-singular at v. Choose n independent vectors
Xi,..., X, in T(TM,),. Then exp,(Xi),...,exp,(X,) are linearly independent.

dus
In T'M,, choose paths u + v1(u), ..., u > v,(u) with v;(0) = v and w(O) =X;.
u

Then aq, ..., a,, constructed as above, provide n Jacobi fields W7y, ..., W, along
v, vanishing at p. Since the W;(1) = exp,(X;) are independent, no non-trivial
linear combination of the W; can vanish at expwv. Since n is the dimension of the
space of Jacobi fields along +,,, which vanish at p, clearly no non-trivial Jacobi field
along 7, vanishes at both p and expv. This completes the proof. O

Corollary 18.2. Let p € M. Then for almost all ¢ € M, p is not conjugate to q
along any geodesic.

Proof. This follows immediately from Theorem 18.1 together with Sard’s theorem
(Theorem 6.2). O



Chapter Nineteen

Some Relations Between Topology and Curvature

Based on lecture notes by
M. Spivak and R. Wells

This section will describe the behavior of geodesics in a manifold with “negative
curvature” or with “positive curvature.”

Lemma 19.1. Suppose that (R (A,B)A,B) < 0 for every pair of vectors A, B
in the tangent space TM, and for every p € M. Then no two points of M are
conjugate along any geodesic.

Proof. Let v be a geodesic with velocity vector field V; and let J be a Jacobi field
along . Then

D2J
W—FR(V,J)V—O
so that
(ﬁ J)y=—(R((V,J)V,J) >0
de2”’ ’ =
Therefore 4 DJ D27 07
a(gvtD:(FaJWFHEHQZO-

Thus the function (%, J) is monotonically increasing, and strictly so if % # 0.
If J vanishes both at 0 and at ¢y > 0, then the function (%, J) also vanishes
at 0 and tp, and hence must vanish identically throughout the interval [0, tp]. This

implies that

DJ
J(0) =—(0) =0,
(0) = —>(0)
so that J is identically zero. This completes the proof. O

Remark. If Aand B are orthogonal unit vectors at p then the quantity (R (A, B) A, B)
is called the sectional curvature determined by A and B. It is equal to the Gaussian
curvature of the surface

(u1,u2) — exp,(u1 A + uz B)

spanned by the geodesics through p with velocity vectors in the subspace spanned
by A and B. (See for example [Lau65, p. 101].)

Note. Intuitively the curvature of a manifold can be described in terms of “optics”
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within the manifold as follows. Suppose that we think of the geodesics as being the
paths of light rays. Consider an observer at p looking in the direction of the unit
vector U towards a point ¢ = exp(rU). A small line segment at ¢ with length L,
pointed in a direction corresponding to the unit vector W € T'M,,, would appear
to the observer as a line segment of length

2
L <1 + %(R (U, W)U, W) + (terms involving higher powers of r)) .

Thus if sectional curvatures are negative then any object appears shorter than it re-

ally is. A small sphere of radius ¢ at ¢ would appear to be an ellipsoid with principal
2 2

radii e(14+ 5Ky +---),...,e(1+ %5 Ky, +---) where Ky,..., K, denote the eigen-

values of the linear transformation W — R (U, W) U. Any small object of volume

v would appear to have volume v (1 + %(Kl + K3+ -+ K;,) + (higher terms))

where Ky + -+ -+ K, is equal to the “Ricci curvature” K(U,U), as defined later in
this section.

Here are some familiar examples of complete manifolds with curvature < 0:

a) The Euclidean space with curvature 0.

b) The paraboloid z = 22 — 2, with curvature < 0.

¢) The hyperboloid of rotation 22 + y? — 22 = 1, with curvature < 0.
d) The helicoid x cos z + ysin z = 0, with curvature < 0.

(
(
(
(

Remark. In all of these examples the curvature takes values arbitrarily close to 0.
Cf. [Efi63].

A famous example of a manifold with everywhere negative sectional curvature
is the pseudo-sphere

z=—\1—x2—y2+sech '/a2+y2, 2>0

with the Riemann metric induced from R®. Here the Gaussian curvature has the
constant value —1.

No geodesic on this surface has conjugate points although two geodesics may
intersect in more than one point. The pseudo-sphere gives a non-Euclidean geom-
etry, in which the sum of the angles of any triangle is < 7w radians. This manifold
is not complete. In fact a theorem of Hilbert states that no complete surface of
constant negative curvature can be imbedded in R®. (See Blaschke, “Differential
Geometric I,” 3rd edn., §96; or [Efi63].)

However, there do exist Riemannian manifolds of constant negative curvature
which are complete. (See for example [Lau65, §12.6.2].) Such a manifold can even
be compact; for example, a surface of genus > 2. (Compare [HCV52, p. 259].)

Theorem 19.2 (Cartan'). Suppose that M is a simply connected, complete Rie-
mannian manifold, and that the sectional curvature (R (A, B) A, B) is everywhere
< 0. Then any two points of M are joined by a unique geodesic. Furthermore, M
is diffeomorphic to the Euclidean space R".

1See E. Cartan, “Lecons sur la Géométrie des Espaces de Riemann,” Paris, 1926 and 1951.
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Proof. Since there are no conjugate points, it follows from the index theorem that
every geodesic from p to ¢ has index A = 0. Thus Theorem 17.3 asserts that the
path space Q(M;p, q) has the homotopy type of a 0-dimensional CW-complex, with
one vertex for each geodesic.

The hypothesis that M is simply connected implies that Q(M; p, q) is connected.
Since a connected 0-dimensional CW-complex must consist of a single point, it
follows that there is precisely one geodesic from p to q.

Therefore, the exponential map exp,: T'M;, — M is one-one and onto. But it
follows from Theorem 18.1 that exp,, is non-critical everywhere; so that exp, is
locally a diffeomorphism. Combining these two facts, we see that exp,, is a global
diffeomorphism. This completes the proof of Theorem 19.2. O

More generally, suppose that M is not simply connected; but is complete and
has sectional curvature < 0. (For example M might be a flat torus St x St or
a compact surface of genus > 2 with constant negative curvature.) Then Theo-
rem 19.2 applies to the, universal covering space M of M. For it is clear that
M inherits a Riemannian metric from M which is geodesically complete, and has
sectional curvature < 0.

Given two points p,q € M, it follows that each homotopy class of paths from p
to g contains precisely one geodesic.

The fact that M is contractible puts strong restrictions on the topology of M.
For example:

Corollary 19.3. If M is complete with (R (A, B) A, B) < 0 then the homotopy
groups 7;(M) are zero for i > 1; and 7;(M) contains no element of finite order
other than the identity.

Proof. Clearly m;(M) = 7r1(1\7) =0 for i > 1. Since M is contractible the coho-
mology group H*(M) can be identified with the cohomology group H*(my(M)) of
the group 71 (M). (See for example pp. 200-202 of S. T. Hu “Homotopy Theory,”
Academic Press, 1959.) Now suppose that 71 (M) contains a non-trivial finite cyclic
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subgroup G. Then for a suitable covering space M of M we have m (]\//.7 ) = G; hence
H*(G) =H¥(M) =0 for k > n.

But the cohomology groups of a finite cyclic group are non-trivial in arbitrarily
high dimensions. This gives a contradiction; and completes the proof. O

Now we will consider manifolds with “positive curvature.” Instead of considering
the sectional curvature, one can obtain sharper results in this case by considering
the Ricci tensor (sometimes called the “mean curvature tensor”).

Definition 19.4. The Ricci tensor at a point p of a Riemannian manifold M is a
bilinear pairing
K:TM, xTM, — R

defined as follows. Let K(Uy,Us) be the trace of the linear transformation
W +— R (U, W) Us

from TM, to TM,. (In classical terminology the tensor K is obtained from R by
contraction.) It follows easily from Lemma 9.3 that K is symmetric: K(Uy,Us) =
K (U, Uy).

The Ricci tensor is related to sectional curvature as follows. Let Uy,...,U, be
an orthonormal basis for the tangent space T'M,,.

Assertion 19.1. K (U,,U,) is equal to the sum of the sectional curvatures (R (U, U;) Uy, U;)
fori=1,2,....n—1.

Proof. By definition K (U,,, Uy,) is equal to the trace of the matrix ((R (Uy, U;) Uy, U;)).
Since the n-th diagonal term of this matrix is zero, we obtain a sum of n—1 sectional
curvatures, as asserted. O

Theorem 19.5 (Myers [Mye4l]). Suppose that the Ricci curvature K satisfies

(n—1)
E(U.U) 2~
for every unit vector U at every point of M ; where r is a positive constant. Then
every geodesic on M of length > mr contains conjugate points; and hence is not
minimal.

Proof. Let 4:[0,1] — M be a geodesic of length L. Choose parallel vector fields
P, ..., P, along v which are orthonormal at one point, and hence are orthonormal
everywhere along v. We may assume that P,, points along v, so that

_d

V=—=LP, and

DP
- -

it 0.
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Let W;(t) = (sin(nt))P;(t). Then
1 ! D2W;
5E,.<,.<(WZ»,WZ-) = — (W; T + R (V,W;) V)dt
0

- /1(sm(m))2 (7% = L*(R (P, P,) Py, P)) dt.
0

Summing for ¢ = 1,...,n — 1 we obtain
1 n—1 i
3 > Bl (W, W) = / (sin(nt))? (n — 1)7% — L*K (P, P,)) dt.
i=1 0

Now if K(P,,P,) > (n—1)/r? and L > 7r then this expression is < 0. Hence
E..(W;,W;) <0 for some i. This implies that the index of v is positive, and hence,
by the Index Theorem, that v contains conjugate points.

It follows also that 7 is not a minimal geodesic. In fact if a: (—e,e) — Q is a
variation with variation vector field W; then

dE(a(u))
du

d2B(a(u)

=0
’ du?

<0,
for w = 0. Hence E(a(u)) < E(v) for small values of u # 0. This completes the
proof. U

Ezxample 19.6. If M is a sphere of radius r then every sectional curvature is equal
to 1/r?. Hence K (U,U) takes the constant value (n — 1)/r%. Tt follows from
Theorem 19.5 that every geodesic of length > 7r contains conjugate points: a best
possible result.

Corollary 19.7. If M is complete, and K(U,U) > (n —1)/r* > 0 for all unit
vectors U, then M 1is compact, with diameter < mr.

Proof. If p,q € M let v be a minimal geodesic from p to q. Then the length of ~
must be < 7r. Therefore, all points have distance < 7r. Since closed bounded sets
in a complete manifold are compact, it follows that M itself is compact. O

This corollary applies also to the universal covering space M of M. Since M is
compact, it follows that the fundamental group (M) is finite. This assertion can
be sharpened as follows.

Theorem 19.8. If M is a compact manifold, and if the Ricci tensor K of M is
everywhere positive definite, then the path space Q(M;p,q) has the homotopy type
of a CW-complex having only finitely many cells in each dimension.

Proof. Since the space consisting of all unit vectors U on M is compact, it follows
that the continuous function K(U,U) > 0 takes on a minimum, which we can
denote by (n —1)/r? > 0. Then every geodesic v € Q(M;p,q) of length > mr has
index A > 1.

More generally consider a geodesic ~ of length > knr. Then a similar argument
shows that + has index A > k. In fact for each ¢ = 1,2,...,k one can construct a
vector field X; along v which vanishes outside of the interval ((¢ — 1)/k,i/k), and
such that E..(X;, X;) < 0.
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Clearly F,.(X;,X;) = 0 for i # j; so that Xy,..., X} span a k-dimensional
subspace of T2, on which E,, is negative definite.

Now suppose that the points p and g are not conjugate along any geodesic.
Then according to Theorem 16.3 there are only finitely many geodesics from p to
q of length < kmr. Hence there are only finitely many geodesics with index < k.
Together with Theorem 17.3, this completes the proof. O

Remark. 1T do not know whether or not this theorem remains true if M is allowed
to be complete, but non-compact. The present proof certainly breaks down since,
on a manifold such as the paraboloid z = 2% + y?, the curvature K (U, U) will not
be bounded away from zero.

It would be interesting to know which manifolds can carry a metric so that
all sectional curvatures are positive. An instructive example is provided by the
product S™ x S* of two spheres; with m, k > 2. For this manifold the Ricci tensor is
everywhere positive definite. However, the sectional curvatures in certain directions
(corresponding to flat tori S! x S' C §™ x Sk) are zero. It is not known whether
or not S™ x S¥ can be remetrized so that all sectional curvatures are positive. The
following partial result is known: If such a new metric exists, then it can not be
invariant under the involution (z,y) + (—x, —y) of S™ x S¥. This follows from a
theorem of Synge. (See [Syn36]).

For other theorems relating topology and curvature, the following sources are
useful: [YB53, Che55, Ber58, Gol62].



Part IV

Applications to Lie Groups and
Symmetric Spaces



Chapter Twenty

Symmetric Spaces

Based on lecture notes by
M. Spivak and R. Wells

A symmetric space is a connected Riemannian manifold M such that, for each
p € M there is an isometry I,: M — M which leaves p fixed and reverses geodesics
through p, i.e., if v is a geodesic and v(0) = p then I,(v(t)) = y(—1).

Lemma 20.1. Let v be a geodesic in M, and let p = v(0) and ¢ = y(c). Then
I I, (v(t)) = v(t + 2¢) (assuming y(t) and y(t + 2¢) are defined). Moreover, 1,1,
preserves parallel vector fields along ~y.

Proof. Let v/(t) = ~v(t + ¢). Then +/(t) is a geodesic and 7'(0) = ¢. Therefore
LL,(5(0)) = I,(1(=8)) = I,(+/ (—t — &) = 7/(t +¢) = ~(t + 20).

If the vector field V' is parallel along  then I, (V) is parallel (since I}, is an isom-
etry) and I, (0) = —V/(0); therefore I, (t) = —V(—t). Therefore I, I, (V(t)) =
V(t+ 2c). O
Corollary 20.2. M is complete.

Since Lemma 20.1 shows that geodesics can be indefinitely extended.
Corollary 20.3. Ip is unique.

Since any point is joined to p by a geodesic.

Corollary 20.4. If U,V and W are parallel vector fields along v then R (U, V)W
is also a parallel field along .

Proof. If X denotes a fourth parallel vector field along ~y, note that the quantity
(R (U, V)W, X) is constant along 7. In fact, given p = v(0), ¢ = v(c), consider the
isometry T' = I (./2)I, which carries p to . Then

(R (Uq, Vg) Wq, Xq) = (R (TuUp, T,.Vp) T.Wy, Tu Xp)

by Lemma 20.1. Since T is an isometry, this quantity is equal to (R (Up, V,) Wp, Xp).
Thus (R (U, V) W, X) is constant for every parallel vector field X. It clearly follows
that R (U, V) W is parallel. O

Manifolds with the property of Corollary 20.4 are called locally symmetric. (A
classical theorem, due to Cartan states that a complete, simply connected, locally



94 CHAPTER 20

symmetric manifold is actually symmetric.)

In any locally symmetric manifold the Jacobi differential equations have simple
explicit solutions. Let v: R — M be a geodesic in a locally symmetric manifold.
Let V = %(0) be the velocity vector at p = (0). Define a linear transformation

Ky:TM, — TM,
by! Ky (W) =R (V,W)V. Let ey, ..., e, denote the eigenvalues of Ky .

Theorem 20.5. The conjugate points to p along v are the points y(nk/\/e;) where
k is any non-zero integer, and e; is any positive eigenvalue of Ky . The multiplicity
of v(t) as a conjugate point is equal to the number of e; such that t is a multiple of

T/\/€i.
Proof. First observe that Ky is self-adjoint:
(Kv(W), W) = (W, Ky (W’)).
This follows immediately from the symmetry relation
(R(V,W)V' W' = (R(V' W) V,W).
Therefore we may choose an orthonormal basis Uy, ..., U, for M, so that
Ky (Ui) = e;U;,

where eq,...,e, are the eigenvalues. Extend the U; to vector fields along v by
parallel translation. Then since M is locally symmetric, the condition

R(V,Us) V = e;U;

remains true everywhere along . Any vector field W along ~ may be expressed
uniquely as
W(t) = wi(6)U1(t) + - - - + wn () Un(2).

Then the Jacobi equation DJTZV + Ky (W) = 0 takes the form

d2wi
di2

U, + ZeiwiUi =0.

Since the U; are everywhere linearly independent this is equivalent to the system
of n equations
d2w;
dt2
We are interested in solutions that vanish at ¢ = 0. If ¢; > 0 then

+ e, W; = 0

w;(t) = ¢; sin(y/e;t), for some constant ¢;.

Then the zeros of w;(t) are at the multiples of t = 7/,/e;.
If e, = 0 then w;(t) = ¢;t and if e; < 0 then w;(t) = ¢; sinh(y/|e;|t) for some

1Ky should not be confused with the Ricci tensor of chapter 19.
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constant ¢;. Thus if e; < 0, w;(¢) vanishes only at ¢ = 0. This completes the proof
of Theorem 20.5. O



Chapter Twenty One

Lie Groups as Symmetric Spaces

Based on lecture notes by
M. Spivak and R. Wells

In this section we consider a Lie group G with a Riemannian metric which is
invariant both under left translations

L.:.G— G,
L.(o)=710

and right translation, R.(0) = o7r. If G is commutative such a metric certainly
exists. If G is compact then such a metric can be constructed as follows: Let ()
be any Riemannian metric on GG, and Let u denote the Haar measure on G. Then
v is right and left invariant. Define a new inner product ((,)) on G by

(VW) = /G AL B (V). LB (W) duo) (7).

Then ((,)) is left and right invariant.

Lemma 21.1. If G is a Lie group with a left and right invariant metric, then G
is a symmetric space. The reflection I in any point T € G is given by the formula
I.(0) =107 r.

Proof. By hypothesis L, and R, are isometries. Define a map I.: G — G by
I.(0) =01

Then I..: TG, — TG, reverses the tangent space of e; so is certainly an isometry
on this tangent space. Now the identity

I(0) = Ry-1I.Ly

shows that I..: TG, — TG,-1 is an isometry for any ¢ € G. Since I, reverses the
tangent space at e, it reverses geodesics through e.

Finally, defining I, (c) = 7o~ 17, the identity I, = R,I.R-' shows that each I,
is an isometry which reverses geodesics through 7. O

A 1-parameter subgroup of G is a C'°° homomorphism of R into G. It is well
known that a 1-parameter subgroup of G is determined by its tangent vector at e.
(Compare Chevalley, “Theory of Lie Groups,” Princeton, 1946.)
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Lemma 21.2. The geodesics v in G with v(0) = e are precisely the one-parameter
subgroups of G.

Proof. Let v: R — G be a geodesic with v(0) = e. By Lemma 20.1 the map I, I,
takes y(u) into y(u 4 2t). Now Ly le(0) = y(t)oy(t) so y(t)y(u)y(t) = v(u + 2t).
By induction it follows that v(nt) = ~(¢)" for any integer n. If t//t” is rational so
that ¢ = n't and ¢ = n’t for some ¢ and some integers n’ and n” then y(t' +¢") =
()" 7" = 4 (' )y(t"). By continuity 7 is a homomorphism.

Now let v: R — G be a 1-parameter subgroup. Let 7' be the geodesic through
e such that the tangent vector of 7/ at e is the tangent vector of v at e. We have
just seen that ' is a 1-parameter subgroup. Hence 4 = 7. This completes the
proof. O

A vector field X on a Lie group G is called left invariant if and only if (L,).(Xp) =
Xgp for every a and b in G. If X and Y are left invariant then [X, Y] is also. The
Lie algebra g of G is the vector space of all left invariant vector fields, made into
an algebra by the bracket [,].

g is actually a Lie algebra because the Jacobi identity

(X, Y], 2] + [V, 2], X] + [[2, X],Y] = 0
holds for all (not necessarily left invariant) vector fields X,Y and Z.

Theorem 21.3. Let G be a Lie group with a left and right invariant Riemannian
metric. If X,Y,Z and W are left invariant vector fields on G then:

(a) (X.Y],2) = (X,[V.2])
(b) R(X,Y)Z = 1[X,Y].Z]
() (R(X.Y)Z,W)=L(X,Y][Z.W)).

Proof. As in chapter 8 we will use the notation X Y for the covariant derivative
of Y in the direction X. For any left invariant X the identity

XFX=0

is satisfied, since the integral curves of X are left translates of 1-parameter sub-
groups, and therefore are geodesics. Therefore

X+VFX4+Y)=(XFX)+(XFY)+ (Y FX)+ (Y FY)

is zero; hence

XFY+YEFEX=0.

On the other hand
XFY-YEFX=[X,Y]

by Definition 8.7. Adding these two equations we obtain:
(d) 2XFY =[X,Y].
Now recall the identity

Y(X,Z)=(Y+X,2Z)+(X,Y + Z).
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(See Corollary 8.6.) The left side of this equation is zero, since (X, Z) is constant.
Substituting formula 21 in this equation we obtain

0=([Y; X], 2) + (X, [, Z]).
Finally, using the skew commutativity of [Y, X], we obtain the required formula®
(X,Y],2) = (X,[Y, Z]) (a)
By definition, R (X,Y’) Z is equal to
- XFYF2D)+YHFXEFZ2)+[X,)YFZ

Substituting formula 21, this becomes

2]+ IV X2+ 51X, V], 2]

Using the Jacobi identity, this yields the required formula
R(X,Y)Zzi[[X,Y],Z]. (b)
The formula (¢) follows from (a) and (b). O
Corollary 21.4. The sectional curvature (R(X,Y)X,Y) = $([X,Y],[X,Y]) s
always > 0. Equality holds if and only if [X,Y] = 0.

Recall that the center c of a Lie algebra g is defined to be the set of X € g such
that [X,Y]=0forallY € g.

Corollary 21.5. If G has a left and right invariant metric, and if the Lie algebra
g has trivial center, then G is compact, with finite fundamental group.

Proof. This follows from Myers’ theorem (Theorem 19.5). Let X7 be any unit
vector in g and extend to a orthonormal basis X1, ..., X,. The Ricci curvature

K(X1,X1) =Y (R(X1,X;) X1,X;)
i=1
must be strictly positive, since [X1, X;] # 0 for some 4. Furthermore K (X, X1)

is bounded away from zero, since the unit sphere in g is compact. Therefore, by
Corollary 19.7, the manifold G is compact. O

This result can be sharpened slightly as follows.

Corollary 21.6. A simply connected Lie group G with left and right invariant
metric splits as a Cartesian product G’ x R"* where G is compact and R* denotes

Tt follows that the tri-linear function X,Y,Z ~ ([X,Y],Z) is skew-symmetric in all three
variables. Thus one obtains a left invariant differential 3-form on G, representing an element of
the de Rham cohomology group H3(G). In this way Cartan was able to prove that H3(G) # 0
if G is a non-abelian compact connected Lie group. (See E. Cartan, “La Topologie des Espaces
Représentatives des Groupes de Lie,” Paris, Hermann, 1936.)
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the additive Lie group of some Euclidean space. Furthermore, the Lie algebra of G
has trivial center.

Conversely it is clear that any such product G’ x R* possesses a left and right
invariant metric.

Proof. Let ¢ be the center of the Lie algebra g and let
g ={Xe€g(X,C)=0 forall C€c}

be the orthogonal complement of c. Then g’ is a Lie sub-algebra. For if X,Y € ¢’
and C € c then
<[X7 Y]70> = <X7 [Yv C]> =0;

hence [X,Y] € ¢'. Tt follows that g splits as a direct sum g'@c of Lie algebras. Hence
G splits as a Cartesian product G’ x G”; where G’ is compact by Corollary 21.5 and
G is simply connected and abelian, hence isomorphic to some R¥. (See Chevalley,
“Theory of Lie Groups.”) This completes the proof. O

Theorem 21.7 (Bott). Let G be a compact, simply connected Lie group. Then the
loop space Q(G) has the homotopy type of a CW-complex with no odd dimensional
cells, and with only finitely many A-cells for each even value of A.

Thus the A-th homology groups of Q(G) is zero for A odd, and is free abelian of
finite rank for A even.

Remark. This CW-complex will always be infinite dimensional. As an example, if
G is the group S? of unit quaternions, then we have seen that the homology group
H;(S?) is infinite cyclic for all even values of i.

Remark. This theorem remains true even for a non-compact group. In fact any
connected Lie group contains a compact subgroup as deformation retract. (See
[Iwad9, Theorem 6])

Proof of Theorem 21.7. Choose two points p and ¢ in G which are not conjugate
along any geodesic. By Theorem 17.3, Q(G;p, q¢) has the homotopy type of a CW-
complex with one cell of dimension A for each geodesic from p to ¢ of index A. By
Theorem 19.5 there are only finitely many A-cells for each A. Thus it only remains
to prove that the index A of a geodesic is always even.
Consider a geodesic y starting at p with velocity vector
dvy
V=—(0)eTG,=

(0) € TG,
According to Theorem 20.5 the conjugate points of p on = are determined by the
eigenvalues of the linear transformation

Ky: TGp — TGP,

defined by

Ky(W) =RV, W)V = Z[[V,W],V].

| =
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Defining the adjoint homomorphism
AdV:g—g

by
Ad V(W) = [V, W]

we have 1
Ky = —Z(AdV) o (AdV).
The linear transformation Ad V is skew-symmetric; that is
(Ad VW), W’y = —(W,Ad V(W")).

This follows immediately from the identity 21.3-(a). Therefore we can choose an
orthonormal basis for g so that the matrix of Ad V takes the form

0 aq

Therefore the non-zero eigenvalues of Ky = —i(Ad V)? are positive, and occur in
pairs.

It follows from Theorem 20.5 that the conjugate points of p along 7 also occur
in pairs. In other words every conjugate point has even multiplicity. Together with
the Index Theorem, this implies that the index A of any geodesic from p to ¢ is
even. This completes the proof. O



Chapter Twenty Two

Whole Manifolds of Minimal Geodesics

Based on lecture notes by
M. Spivak and R. Wells

So far we have used a path space Q(M;p, ¢) based on two points p, ¢ € M which are
in “general position.” However, Bott has pointed out that very useful results can be
obtained by considering pairs p, ¢ in some special position. As an example let M
be the unit sphere S**!, and let p, ¢ be antipodal points. Then there are infinitely
many minimal geodesics from p to gq. In fact the space O™ of minimal geodesics
forms a smooth manifold of dimension n which can be identified with the equator
S C S**H. We will see that this space of minimal geodesics provides a fairly good
approximation to the entire loop space Q(S™*1).

Sn

Let M be a complete Riemannian manifold, and let p, g € M be two points with
distance p(p,q) = Vd.

Theorem 22.1. If the space Q¢ of minimal geodesics from p to q is a topological
manifold, and if every non-minimal geodesic from p to q has index > Ay, then the
relative homotopy group m;(Q2, Q%) is zero for 0 < i < Ag.

It follows that the inclusion homomorphism
mi(2) — mi(©)

is an isomorphism for i > Ag — 2. But it is well known that the homotopy group
7; () is isomorphic to m;11(M) for all values of i. (Compare S. T. Hu [Hu59,
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p. 111]; together with Theorem 17.1.)
Thus we obtain:

Corollary 22.2. With the same hypotheses, 7;(Q%) is isomorphic to m;s1(M) for
0<i<Ao—2.

Let us apply this corollary to the case of two antipodal points on the (n + 1)-
sphere. Evidently the hypotheses are satisfied with Ag = 2n. For any non-minimal
geodesic must wind one and a half times around S”*'; and contain two conjugate
points, each of multiplicity n, in its interior. This proves the following.

Corollary 22.3 (The Freudenthal suspension theorem). The homotopy group 7;(S™)
is isomorphic to mi11(SPTL) fori < 2n — 2.

Theorem 22.1 also implies that the homology groups of the loop space ) are
isomorphic to those of Q% in dimensions < Ag — 2. This fact follows from Theo-
rem 22.1 together with the relative Hurewicz theorem. (See for example Hu, [Hu59,
p. 306]. Compare also [Whi49a, Theorem 2].)

The rest of chapter 22 will be devoted to the proof of Theorem 22.1. The proof
will be based on the following lemma, which asserts that the condition “all critical
points have index > A” remains true when a function is jiggled slightly.

Let K be a compact subset of the Euclidean space R"; let U be a neighborhood
of K; and let

ffU—R

be a smooth function such that all critical points of f in K have index > A.

Lemma 22.4. If g:U — R is any smooth function which is “close” to f, in the
sense that

dg  of

g
(%ciaxj 8xi8xj

<e, (i,j=1,...,n)

e |

uniformly throughout K, for some sufficiently small constant e, then all critical
points of g in K have index > \.

(Note that f is allowed to have degenerate critical points. In the application, g
will be a nearby function without degenerate critical points.)

Proof of Lemma 22.4. The first derivatives of g are roughly described by the single

real valued function 5
Z g
ko(z) = ‘8:5-
i 1

on U; which vanishes precisely at the critical points of g. The second derivatives of
g can be roughly described by n continuous functions

>0

e}],...,e;‘:U—>R,

as follows. Let

9%y
[‘)zi@wj

denote the n eigenvalues of the matrix ( ) Thus a critical point z of g has
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index > A if and only if the number eg(m) is negative.

The continuity of the functions e;‘ follows from the fact that the A-th eigenvalue
of a symmetric matrix depends continuously on the matrix'. This can be proved,
for example, using the fact that the roots of a complex polynomial of degree n vary
continuously with the coefficient of the polynomial. (Rouche’s theorem.)

Let mgy(z) denote the larger of the two numbers k4(x) and *630 (x). Similarly
let my(x) denote the larger of the corresponding numbers k¢ (x) and —e}}o (). The

hypothesis that all critical points of f in K have index > Aq implies that —eto (x) >0
whenever ks(z) = 0. In other words my(z) > 0 for all z € K.

Let 6 > 0 denote the minimum of m; on K. Now suppose that g is so close to
f that

A
|kg(x) — kyp(z)| < 9, 62‘0 (z) —€ef(z)| <9 (22.1)
for all z € K. Then m,(z) will be positive for € K; hence every critical point of
g in K will have index > Ag.

To complete the proof of Lemma 22.4, it is only necessary to show that the
inequalities (22.1) will be satisfied providing that

’ dg  Of d%g 0 f

8:81-820]- B 8%18.%]

- <ée

<e, and ‘

for sufficiently small €. This follows by a uniform continuity argument which will
be left to the reader (or by the footnote above). O

We will next prove an analogue of Theorem 22.1 for real valued functions on a
manifold.

Let f: M — R be a smooth real valued function with minimum 0, such that
each M¢ = f~1[0, ] is compact.

Lemma 22.5. If the set M° of minimal points is a manifold, and if every critical
point in M — M° has index > Ao, then 7.(M, M%) =0 for 0 <r < Ao.

Proof. First observe that M° is a retract of some neighborhood U C M. In fact
Hanner has proved that any manifold M©? is an absolute neighborhood retract.
(See Theorem 3.3 of O. Hanner, Some theorems on absolute neighborhood retracts,
Arkiv for Matematik, Vol. 1 (1950), pp. 389-408.) Replacing U by a smaller
neighborhood if necessary, we may assume that each point of U is joined to the
corresponding point of M by a unique minimal geodesic. Thus U can be deformed
into M° within M.
Let I" denote the unit cube of dimension r < Ag, and let

h: (I",17) — (M, M°)

be any map. We must show that A is homotopic to a map A’ with h/(I") € M°.

IThis statement can be sharpened as follows. Consider two n X n symmetric matrices. If
corresponding entries of the two matrices differ by at most €, then corresponding eigenvalues differ
by at most ne. This can be proved using Courant’s minimax definition of the A-th eigenvalue.
(See [Coul9, § 1])
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Let ¢ be the maximum of f on h(I"). Let 36 > 0 be the minimum of f on the
set M —U. (The function f has a minimum on M — U since each subset M¢ — U
is compact.)

Now choose a smooth function

g Mt 5 R

which approximates f closely, but has no degenerate critical points. This is possible
by Corollary 6.8. To be more precise the approximation should be so close that:

(1) |f(z) — g(x)| < 6 for all x € M+2%; and
(2) The index of g at each critical point which lies in the compact set f~1[§, c+
25] is > 7u0.

It follows from Lemma 22.4 that any g which approximates f sufficiently closely,
the first and second derivatives also being approximated, will satisfy (2). In fact
the compact set f 1[4, c+ 28] can be covered by finitely many compact set K;, each
of which lies in a coordinate neighborhood. Lemma 22.4 can then be applied to
each K;.

The proof of Lemma 22.5 now proceeds as follows. The function g is smooth on
the compact region g~1[28,¢ + 6] C f71[6, ¢ + 24], and all critical points are non-
degenerate, with index > Ag. Hence the manifold g—!(—oc, ¢+ d] has the homotopy
type of g~!(—o0, 24] with cells of dimension > A¢ attached.

Now consider the map

h:17 17— M€, M° C g7 (—o0, ¢ + 4], M°.
Since 7 < Ag it follows that h is homotopic within g=!(—o0,c + d], M° to a map
BT — g (—o0,26], M°.

But this last pair is contained in (U, M°); and U can be deformed into M? within
M. Tt follows that h’ is homotopic within (M, M°) to a map h”: 1", 1" — MY MPO.
This completes the proof of Lemma 22.5. O

The original theorem, 22.1, now can be proved as follows. Clearly it is sufficient
to prove that
mi(Int Q°,Q%) =0

for arbitrarily large values of ¢. As in chapter 16 the space Int ¢ contains a
smooth manifold Int Q¢(¢1, ..., ;) as deformation retract. The space Q¢ of minimal
geodesics is contained in this smooth manifold.

The energy function E: Q@ — R, when restricted to Int Q¢(¢o, t1,. .., tx), almost
satisfies the hypothesis of Lemma 22.5. The only difficulty is that E(m) ranges over
the interval d < E < ¢, instead of the required interval [0, 00). To correct this, let

F:[d,c) — [0,00)
be any diffeomorphism. Then

F o E:Int Qc(to,tl,...,tk) — R
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satisfies the hypothesis of Lemma 22.5. Hence
i (Int Q(to, ..., tx), Q%) = m;(Int Q°, Q)

is zero for i < Ay. This completes the proof. O



Chapter Twenty Three

The Bott Periodicity Theorem for the Unitary Group

Based on lecture notes by
M. Spivak and R. Wells

First a review of well known facts concerning the unitary group. Let C" be the
space of n-tuples of complex numbers, with the usual Hermitian inner product.
The unitary group U(n) is defined to be the group of all linear transformations
S:C" — C™ which preserve this inner product. Equivalently, using the matrix
representation, U(n) is the group of all n x n complex matrices S such that SS* =T;
where S* denotes the conjugate transpose of S.

For any nxn complex matrix A the exponential of A is defined by the convergent
power series expansion

1 1
eXpA:I+A+§A2+§A3+....

The following properties are easily verified:

(1) exp(A*) = (exp A)*; exp(TAT ') = T(exp A)T~ 1.
(2) If A and B commute then

exp(A + B) = (exp A)(exp B). In particular:

(3) (expA)(exp—A) =1
(4) The function exp maps a neighborhood of 0 in the space of n x n matrices
diffeomorphically onto a neighborhood of 1.

If A is skew-Hermitian (that is if A+ A* = 0), then it follows from ((1)) and
((3)) that exp A is unitary. Conversely if exp A is unitary, and A belongs to a
sufficiently small neighborhood of 0, then it follows from ((1)), ((3)), and ((4)) that
A+ A* = 0. From these facts one easily proves that:

(5) U(n) is a smooth submanifold of the space of n x n matrices;
(6) the tangent space TU(n); can be identified with the space of n x n skew-
Hermitian matrices.

Therefore the Lie algebra g of U(n) can also be identified with the space of
skew-Hermitian matrices. For any tangent vector at I extends uniquely to a left
invariant vector field on U(n). Computation shows that the bracket product of left
invariant vector fields corresponds to the product [4, B] = AB — BA of matrices.

Since U(n) is compact, it possesses a left and right invariant Riemannian metric.
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Note that the function
exp: TU(n); — U(n)
defined by exponentiation of matrices coincides with the function exp defined (as

in chapter 10) by following geodesics on the resulting Riemannian manifold. In fact
for each skew-Hermitian matrix A the correspondence

t — exp(tA)

defines a 1-parameter subgroup of U(n) (by Assertion (2) above); and hence defines
a geodesic.

A specific Riemannian metric on U(n) can be defined as follows. Given matrices
A, B € g let (A, B) denote the real part of the complex number

tI‘(AB*) = Z AijFij .
5]

Clearly this inner product is positive definite on g.

This inner product on g determines a unique left invariant Riemannian metric
on U(n). To verify that the resulting metric is also right invariant, we must check
that it is invariant under the adjoint action of U(n) on g.

DEFINITION OF THE ADJOINT ACTION. Each S € U(n) determines an inner

automorphism
X +— SXS™ ' = (LsRg1)X

of the group U(n). The induced linear mapping
(LSR571)*Z TU(TL)I — TU(n)I

is called Ad(S). Thus Ad(S) is an automorphism of the Lie algebra of U(n). Using
Assertion (1) above we obtain the explicit formula

Ad(S)A = SAS™!,

for Aeg, SeUn).
The inner product (A4, B) is invariant under each such automorphism Ad(S). In
fact if Ay = Ad(S)A, By = Ad(S)B then the identity

ABf = SAS™Y(SBS™!)* = SAB*S!
implies that
tr(A1By) = tr(SAB*S™!) = tr(AB*);

and hence that
(A1, B1) = (A, B)

It follows that the corresponding left invariant metric on U(n) is also right invariant.
Given A € g we know by ordinary matrix theory that there exists T € U(n) so
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that TAT ! is in diagonal form
1aq
TAT ' =
10y
where the a;’s are real. Also, given any S € U(n), there is a T € U(n) such that
pit1
TST ' =

1y

e

where again the a;’s are real. Thus we see directly that exp: g — U(n) is onto.
One may treat the special unitary group SU(n) in the same way. SU(n) is
defined as the subgroup of U(n) consisting of matrices of determinant 1. If exp is
regarded as the ordinary exponential map of matrices, it is easy to show, using the

diagonal form, that
det(exp A) = e 4,

Using this equation, one may show that g’ , the Lie algebra of SU(n) is the set of
all matrices A such that A4+ A* =0 and tr A = 0.

In order to apply Morse theory to the topology of U(n) and SU(n), we begin by
considering the set of all geodesics in U(n) from I to —I. In other words, we look
for all A € TU(n); = g such that exp A = —I. Suppose Ais such a matrix; if it
is not already in diagonal form, let T € U(n) be such that TAT~! is in diagonal
form. Then

expTAT ' = T(exp A)T™ ' =T(-D)T~' = ~1

so that we may as well assume that A is already in diagonal form
ia1
A =
iay

In this case,
Taq

exp A =
elan
so that exp A = —I if and only if A has the form

T
kl

(e
kn

for some odd integers k1, ..., k.

Since the length of the geodesic ¢t +— exptA to from t = 0tot = 11is |A] =
Vtr AA*, the length of the geodesic determined by A is it w/k? + - -+ + k2. Thus A
determines a minimal geodesic if and only if each k; equals 1, and in that case, the
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length is my/n. Now, regarding such an A as a linear map of C™ to C™ observe that
A is completely determined by specifying Eigen(ir), the vector space consisting of
all v € C™ such that Av = imv; and Eigen(—iw), the space of all v € C™ such
that Av = —imv. Since C™ splits as the orthogonal sum Eigen(im)@Eigen(—im),
the matrix A is then completely determined by Eigen(im), which is an arbitrary
subspace of C™. Thus the space of all minimal geodesics in U(n) from I to —I may
be identified with the space of all sub-vector-spaces of C™.

Unfortunately, this space is rather inconvenient to use since it has components
of varying dimensions. This difficulty may be removed by replacing U(n) by SU(n)
and setting n = 2m. In this case, all the above considerations remain valid. But
the additional condition that a; + -+ 4+ ag,, = 0 with a; = £7 restricts Eigen(im)
to being an arbitrary m dimensional sub-vector-space of C?™. This proves the
following:

Lemma 23.1. The space of minimal geodesics from 1 to —1 in the special unitary
group SU(2m) is homeomorphic to the complex Grassmann manifold G,,(C*™),
consisting of all m dimensional vector subspaces of C*™.

We will prove the following result at the end of this section.

Lemma 23.2. Fvery non-minimal geodesic from 1 to —I in SU(2m) has index
>2m + 2.

Combining these two lemmas with chapter 22 we obtain:

Theorem 23.3 (Bott). The inclusion map G, (C?™) — Q(SU(2m); 1, —1) induces
isomorphisms of homotopy groups in dimensions < 2m. Hence

TG (C*™) 22 1r;1SU(2m)
fori <2m.

On the other hand using standard methods of homotopy theory one obtains
somewhat different isomorphisms.

Lemma 23.4. The group m;G.,,(C*™) is isomorphic to m;_1U(m) for i < 2m.
Furthermore,

7Ti_1U(m) = 7Ti_1U(m + 1) =~ 7ri_1U(m + 2) = ..

fori < 2m; and
m;U(m) = 7;SU(m)

for g # 1.

Proof. First note that for each m there exists a fibration
U(m) — U(m +1) — ¥+
From the homotopy exact sequence

oo — 7T¢S2m+1 — 7T1'_1U(m) — 7T¢_1U(m+ 1) — 7T,'_1§2m+1 —_— ...



110 CHAPTER 23

of this fibration we see that
mi—1U(m) 2 m_U(m+1)
(Compare [Ste51, p. 35 and p. 90].) It follows that the inclusion homomorphisms
mi—iU(m) — m_ 1 Um+1) — 11 U(m+2) — ...

are all isomorphisms for ¢ < 2m. These mutually isomorphic groups are called the
(i — 1)-st stable homotopy group of the unitary group. They will be denoted briefly
by 7Ti,1U.

The same exact sequence shows that, for ¢ = 2m + 1, the homomorphism
TomU(m) = wo,,U(m + 1) = 79, U is onto.

The complex Stiefel manifold is defined to be the coset space U(2m)/U(m).
From the exact sequence of the fibration

U(m) — U(2m) — U(2m)/U(m)

we see that m; (U(2m)/U(m)) = 0 for i < 2m.

The complex Grassmann manifold G,,(C?™) can be identified with the coset
space U(2m)/U(m) x U(m). (Compare Steenrod §7.) From the exact sequence of
the fibration

U(m) — U(2m)/U(m) — G,,,(C*™)

we see now that N
WiGm((CQm) i) Tl','_1U(m)

for 7 < 2m.
Finally, from the exact sequence of the fibration SU(m) — U(m) — S! we see
that 7;SU(m) = 7;U(m) for j # 1. This completes the proof of Lemma 23.4. [

Combining Lemma 23.4 with Theorem 23.3 we see that
7Ti_1U = 7TZ'_1U(TTL) = WiGm((CQm) = 7ri+1SU(2m) = 7Ti+1U
for 1 <4 < 2m. Thus we obtain:

Periodicity Theorem. 7;_1U = m; 11U fori> 1.

To evaluate these groups it is now sufficient to observe that U(1) is a circle; so
that

moU = moU(1) =0
mU=mU(l) 2Z (infinite cyclic).

As a check, since SU(2) is a 3-sphere, we have:

7TQSU = 7T25U(2) 0
m3SU = m3SU(2) =2 Z  (infinite cyclic).

Thus we have proved the following result.

Theorem 23.5 (Bott). The stable homotopy groups w;U of the unitary groups are
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periodic with period 2. In fact the groups
WOU%WQU%mU%...
are zero, and the groups
7T1U27F3U27T5Ug...
are infinite cyclic.
The rest of chapter 23 will be concerned with the proof of Lemma 23.2. We

must compute the index of any non-minimal geodesic from I to —I on SU(n), where
n is even. Recall that the Lie algebra

g =T(SU(n)):d

consists of all n x n skew-Hermitian matrices with trace zero. A given matrix A € g’
corresponds to a geodesic from I to —I if and only if the eigenvalues of A have the
form imky,...,ink, where k1, ..., k, are odd integers with sum zero.

We must find the conjugate points to I along the geodesic

t — exp(tA).

According to Theorem 20.5 these will be determined by the positive eigenvalues of
the linear transformation

Kpg — ¢
where

Ka(W) = R(A,W) A= [[A W], Al

> =

(Compare Theorem 21.7.)
We may assume that A is the diagonal matrix

’iﬂkl

inky,
with k1 > ko > ... > k,. If W = (wj¢) then a short computation shows that
[A, W] = (in(k; — ke)wje) ,

hence
[A[A,W]] = (=7°(k;j — ko)wje) ,
and
w2 9
Ea(W) = { - (kj — ke) wje | -
Now we find a basis for g’ consisting of eigenvectors of K 4, as follows:

(1) For each j < ¢ the matrix Ej,, with +1 in the (j¢)-th place, —1 in the (£j)-
th place and zeros elsewhere, is in g’ and is an eigenvector corresponding to
the eigenvalue 7rTz(kj — k)2

(2) Similarly For each j < £ the matrix E7,, with +i in the (j/)-th place, +i in
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the (¢4)-th place is an eigenvector, also with eigenvalue %2(1@ — ke)?.
(3) Each diagonal matrix in g’ is an eigenvector with eigenvalue 0.

Thus the non-zero eigenvalues of K4 are the numbers %Q(k:j — k:g)2 with k; > ky.
Each such eigenvalue is to be counted twice.

Now consider the geodesic y(t) = exptA. Each eigenvalue e = 7T;(kj — ky¢)?
gives rise to a series of conjugate points along v corresponding to the values

t=m/Ve, 2n/\/e, 31/Ve,
(See Theorem 20.5.) Substituting in the formula for e, this gives

2 4 6
kj— ke ky— ke kg — kg

t=

The number of such values of ¢ in the open interval (0,1) is evidently equal to
k‘j*k‘g _ 1
o .

Now let us apply the Index Theorem. For each j, ¢ with k; > k, we obtain two
copies of the eigenvalue %2(1@- — k¢)?, and hence a contribution of

2<M1)
2

to the index. Adding over all j, ¢ this gives the formula

A=Y (kj—ke—2)

kj>k'[

for the index of the geodesic 7.

As an example, if v is a minimal geodesic, then all of the k; are equal to £1.
Hence A = 0, as was to be expected.

Now consider a non-minimal geodesic. Let n = 2m.

Case 1. At least m + 1 of the k;’s are (say) negative. In this case at least one
of the positive ki must be > 3, and we have

m—+1

A>D(3-(-1)—2)=2(m+1).

Case 2. m of the k; are positive and m are negative but not all are +1. Then
one is > 3 and one is < —3 so that

m— m—1
223—— )+ Y (1-(=3)-2)+B—(-3)-2)
:4m72(m+1).

Thus in either case we have A > 2m+ 2. This proves Lemma 23.2, and therefore
completes the proof of the Theorem 23.3.



Chapter Twenty Four

The Periodicity Theorem for the Orthogonal Group

Based on lecture notes by
M. Spivak and R. Wells

This section will carry out an analogous study of the iterated loop space of the
orthogonal group. However the treatment is rather sketchy, and many details are
left out. The point of view in this section was suggested by the paper Clifford
modules by M. Atiyah, R. Bott, and A. Shapiro, which relates the periodicity
theorem with the structure of certain Clifford algebras. (See [ABS64].)

Consider the vector space R™ with the usual inner product. The orthogonal
group O(n) consists of all linear maps

T:R" — R"

which preserve this inner product. Alternatively O(n) consists of all real n X n
matrices T such that TT* = I. This group O(n) can be considered as a smooth
subgroup of the unitary group U(n); and therefore inherits a right and left invariant
Riemannian metric.

Now suppose that n is even.

Definition 24.1. A complex structure J on R"™ is a linear transformation J: R"™ —
R"™ belonging to the orthogonal group, which satisfies the identity J> = —1. The
space consisting of all such complex structures on R™ will be denoted by 1 (n).

We will see presently (Lemma 24.6) that ©;(n) is a smooth submanifold of the
orthogonal group O(n).

Remark. Given some fixed J; € Q1(n) let U(n/2) be the subgroup of O(n) consisting
of all orthogonal transformations which commute with J;. Then £4(n) can be
identified with the quotient space O(n)/U(n/2).

Lemma 24.2. The space of minimal geodesics from I to —1 on O(n) is homeomor-
phic to the space Q1 (n) of complex structures on R™.

Proof. The space O(n) can be identified with the group of nxn orthogonal matrices.
Its tangent space g = TO(n); can be identified with the space of n x n skew-
symmetric matrices. Any geodesic v with v(0) =1 can be written uniquely as

7(t) = exp(mtA)

for some A € g.
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Let n = 2m. Since A is skew-symmetric, there exists an element T' € O(n) so
that

TAT ! = —az 0

0 A,
—a, 0

with a1, as,...,a, > 0. A short computation shows that T'(expmA)T~! is equal
to

cosmay;  sinma; 0 0
—sinma; cosmay 0 0
0 0 cosTay  sinmas
0 0 —sinmwas COSTas
Thus exp(7mA) is equal to —I if and only if a1, as, ..., an,, are odd integers.

The inner product (A, A) is easily seen to be 2(a? + a3 + - -+ + a2,). Therefore
the geodesic y(t) = exp(mtA) from I to —I is minimal if and only if a1 = as = ... =
Ay = 1.

If v is minimal then

2 —1 —
A2 =T 1 0 T=-I

hence A is a complex structure.
Conversely, let J be any complex structure. Since J is orthogonal we have

JJ* =1
where J* denotes the transpose of J. Together with the identity JJ = —I this
implies that J* = —J. Thus J is skew-symmetric. Hence

0 aq
—a 0
rirt=|

for some a1, as,...,a;, > 0 and some T. Now the identity J? = —I implies that
a1 =+ = any = 1; and hence that expnJ = —I. This completes the proof. O

Lemma 24.3. Any non-minimal geodesic from 1 to —1 in O(2m) has index >
2m — 2.
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The proof is similar to that of Lemma 23.2. Suppose that the geodesic has the
form t — exp(ntA) with

0 aq
—aq 0
0 as
A= —as9 0
where a3 > as > -+ > a, > 0 are odd integers. Computation shows that the
non-zero eigenvalues of the linear transformation K4 = —1(Ad A)? are

(1) for each i < j the number (a; + a;)?/4, and
(2) for each i < j with a; # a; the number (ai — aj)?/4.

Each of these eigenvalues is to be counted twice. This leads to the formula
k:Z(ai—l—aj -2)+ Z (a; —aj —2).
1<j a;>aj

For a minimal geodesic we have a; = ag = -+ = a,, = 1; so that A = 0, as
expected. For a non-minimal geodesic we have a; > 3; so that

m
A=) (B4+1-2)4+0=2m-2.
2

This completes the proof. O
Now let us apply Theorem 22.1. The two lemmas above, together with the
statement that Q;(n) is a manifold imply the following.

Theorem 24.4 (Bott). The inclusion map Q1 (n) — Q0(n) induces isomorphisms
of homotopy groups in dimensions < n — 4. Hence

7T7;Ql(7l) = ’/Ti+10(Tl)
fori<n—4.

Now we will iterate this procedure, studying the space of geodesics from J to
—J in Qq(n); and so on. Assume that n is divisible by a high power of 2.
Let Jq,...,Jx_1 be fixed complex structures on R"™ which anti-commute!, in
the sense that
JoJs +JsJ. =0

for r # s. Suppose that there exists at least one other complex structure J which
anti-commutes with Jq, ..., Jp_1.

Definition 24.5. Let Q(n) denote the set of all complex structures J on R™ which
anti-commute with the fixed structures Jy,...,Jp_1.

IThese structures make R™ into a module over a suitable Clifford algebra. However, the
Clifford algebras will be suppressed in the following presentation.
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Thus we have
Qr(n) CQ—1(n) C ... CQ1(n) CO(n)

Clearly each Q(n) is a compact set. To complete the definition it is natural to
define Qp(n) to be O(n)

Lemma 24.6. Each Q(n) is a smooth, totally geodesic* submanifold of O(n). The
space of minimal geodesics from Jy to —Jg in Qp(n) is homeomorphic to Qpy1(n),
for0 </t <k.

It follows that each component of Q(n) is a symmetric space. For the isometric
reflection of O(n) in a point of Q(n) will automatically carry Q(n) to itself.

Proof of Lemma 24.6. Any point in O(n) close to the identity can be expressed
uniquely in the form exp A, where A is a “small,” skew-symmetric matrix. Hence
any point in O(n) close to the complex structure J can be expressed uniquely as
Jexp A; where again A is small and skew.

Assertion 24.1. Jexp A is a complex structure if and only if A anti-commutes
with J.

Proof. If A anti-commutes with J, then J=1AJ = — A hence
I=exp(J7tAT)exp A =J texp AJexp A.

Therefore (Jexp A)? = —I. Conversely if (Jexp A)2 = —I then the above computa-
tion shows that
exp(J7'AT)expA =1.

Since A is small, this implies that
J1AT=-A
so that A anti-commutes with J. O

Assertion 24.2. Jexp A anti-commutes with the complex structures Jv, ..., JJx_1
if and only if A commutes with Jy, ..., Jx_1.

The proof is similar and straightforward.

Note that Assertions 24.1 and 24.2 both put linear conditions on A. Thus a
neighborhood of J in Qg(n) consists of all points Jexp A where A ranges over all
small matrices in a linear subspace of the Lie algebra g. This clearly implies that
Qx(n) is a totally geodesic submanifold of O(n).

Now choose a specific point J; € Q% (n), and assume that there exists a complex
structure J which anti-commutes with Jy, ..., J;. Setting J = Jx A we see easily that
A is also a complex structure which anti-commutes with Ji. However, A commutes
with Jq,...,Jr_1. Hence the formula

t — J exp(mtA)

2submanifold of a Riemannian manifold is called totally geodesic if each geodesic in the
submanifold is also a geodesic in larger manifold.
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defines a geodesic from Jj to —J; in Qg (n). Since this geodesic is minimal in O(n),
it is certainly minimal in Q(n).

Conversely, let v be any minimal geodesic from J; to —J; in Qx(n). Setting
v(t) = Jrexp(ntA), it follows from Lemma 24.2 that A is a complex structure,

and from Assertions 24.1 and 24.2 that A commutes with Jq,...,Jr_1 and anti-
commutes with Jj. It follows easily that J;A belongs to Qx1(n). This completes
the proof of Lemma 24.6. O

Remark. The point JyA € Qf1(n) which corresponds to a given geodesic v has a
very simple interpretation: it is the midpoint (%) of the geodesic.

In order to pass to a stable situation, note that Q(n) can be imbedded in

Qi41(n+n') as follows. Choose fixed anti-commuting complex structures J4, ..., J}
on R™. Then each J € Qi (n) determines a complex structure J & Jj, on R" & R"
which anti-commutes with J, & J,, fora=1,...,k—1.

Definition 24.7. Let Qi denote the direct limit as n — oo of the spaces Qi (n),
with the direct limit topology. (I.e., the fine topology.) The space O = Qy is called
the infinite orthogonal group.

It is not difficult to see that the inclusions Qx1(n) < QQk(n) give rise, in the
limit, to inclusions Q41 — Q€.

Theorem 24.8. For each k > 0 this limit map Qi1 — QQ is a homotopy
equivalence. Thus we have isomorphisms

O 2 a1 Eap o Z2 L Em Q.

The proof will be given presently.
Next we will give individual descriptions of the manifolds 4 (n) for k =0, 1,2, ...

Qo(n) is the orthogonal group.

Q1 (n) is the set of all complex structures on R".

Given a fixed complex structure J; we may think of R" as being a vector space
C"/2 over the complex numbers.

02(n) can be described as the set of “quaternionic structures” on the complex
vector space C™2. Given a fixed Jy € Qa(n) we may think of C/? as being a
vector space H"/* over the quaternions H. Let Sp(n/4) be the group of isometries
of this vector space onto itself. Then Qs(n) can be identified with the quotient
space U(n/2)/Sp(n/4).

Before going further it will be convenient to set n = 16r.

Lemma 24.6-(3). The space Q3(167) can be identified with the quaternionic Grass-
mann manifold consisting of all quaternionic subspaces of H*".

Proof. Any complex structure J3 € Q3(16r) determines a splitting of H*" = R'6"
into two mutually orthogonal subspaces Vi and V5, as follows. Note that J;JoJ3
is an orthogonal transformation with square JyJoJ3J1J2J3 equal to +1. Hence the
eigenvalues of J1JoJ3 are +1. Let V; C R be the subspace on which J;J2J3
equals +I; and let V5 be the orthogonal subspace on which it equals —I. Then
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clearly R!'S" = V; @ V4. Since J1J2J3 commutes with J; and Js it is clear that both
V1 and V5 are closed under the action of J; and Js.

Conversely, given the splitting H*" = V; ® V5 into mutually orthogonal quater-
nionic subspaces, we can define J3 € Q3(167) by the identities

J3|v1 - 7J1J2}v1
J3‘v2 :J1J2‘v2'

This proves Lemma 24.6-(3). O

The space Q3(16r) is awkward in that it contains components of varying dimen-
sion. It is convenient to restrict attention to the component of largest dimension:
namely the space of 2r-dimensional quaternionic subspaces of H*". Henceforth, we
will assume that J3 has been chosen in this way, so that dimes dimy V; = dimy V5 =
2r.

Lemma 24.6-(4). The space Q4(167) can be identified with the set of all quater-
nionic isometries from Vi to Va. Thus Q4(167) is diffeomorphic to the symplectic
group Sp(2r).

Proof. Given J4 € Q4(167) note that the product J3J4 anti-commutes with J;J2J3.
Hence J3J4 maps V4 to V5 (and V4 to V7). Since J3J4 commutes with J; and Jo we
see that

J3J4 ZV1 — VQ

is a quaternionic isomorphism. Conversely, given any such isomorphism 7:V; — V5
it is easily seen that J4 is uniquely determined by the identities:

Jal, = J3'T
J4|V2 =-—T71J;.

This proves Lemma 24.6-(4). O

Lemma 24.6-(5). The space Q5(167) can be identified with the set of all vector
spaces W C Vi such that

(1) W is closed under Jy (i.e., W is a complex vector space) and
(2) Vi splits as the orthogonal sum W @ JoW.

Proof. Given Js € Q5(16r) note that the transformation J1J4J5 commutes with
J1J2J3 and has square +I. Thus J;J4J5 maps Vi into itself; and determines a
splitting of V7 into two mutually orthogonal subspaces. Let W C V; be the subspace
on which J;J4J5 coincides with +1. Since Jo anti-commutes with J1J4J5, it follows
that JoW C Vj is precisely the orthogonal subspace, on which J1J4J5 equals —1I.
Clearly J1W = W.

Conversely, given the subspace W, it is not difficult to show that J5 is uniquely
determined. O

Remark. If U(2r) C Sp(2r) denotes the group of quaternionic automorphisms of
V1 keeping W fixed, then the quotient space Sp(2r)/U(2r) can be identified with
Q5(167’)
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Lemma 24.6-(6). The space Qs(167) can be identified with the set of all real
subspaces X C W such that W splits as the orthogonal sum X & J1 X.

Proof. Given Jg € Qg(16r) note that the transformation JoJ4Jg commutes both

with J;J2J3 and with J;J4J5. Hence JoJ4Jg maps W into itself. Since (J2J4J¢)% = 1,

it follows that JoJ4Jg determines a splitting of W into two mutually orthogonal

subspaces. Let X C W be the subspace on which JoJ4Jg equals +1. Then J; X
will be the orthogonal subspace on which it equals —I.

Conversely, given X C W, it is not hard to see that Jg is uniquely determined.

O

Remark. If O(2r) C U(2r) denotes the group of complex automorphisms of W
keeping X fixed, then the quotient space U(2r)/O(2r) can be identified with a
96(167”)

Lemma 24.6-(7). The space Q7(167r) can be identified with the set of all real
Grassmann manifold consisting of all real subspaces of X = R*".

Proof. Given J7, anti-commuting with Jq,...,Jg note that J;JgJ7 commutes with
J1JoJ3, with J1J4J5, and with J1J2Jg; and has square +1. Thus J;JgJ7 determines
a splitting of X into two mutually orthogonal subspaces: X; (where J1JgJ7 equals
+I) and X5 (where J1J6J7 equals —I). Conversely, given X; C X it can be shown
that J7 is uniquely determined.

This space Q7(167), like Q3(167), has components of varying dimension. Again
we will restrict attention to the component of largest dimension, by assuming that

dim X7 = dim Xy = r.
Thus we obtain:

Assertion 24.3. The largest component of Qr(161) is diffeomorphic to the Grass-
mann manifold consisting of r-dimensional subspaces of R*".

O

Lemma 24.6-(8). The space Qg(16r) can be identified with the set of all real
isometries from Xy to Xs.

Proof. If Jg € Qg(16r) then the orthogonal transformation J7Jg commutes with
J1Jods, J1J4J5, and JoJ4Jg; but anti-commutes with J;JgJ7. Hence J7Jg maps X3
isomorphically onto X,. Clearly this isomorphism determines Jg uniquely. O

Thus we see that Qg(16r) is diffeomorphic to the orthogonal group® O(r).

Let us consider this diffeomorphism Qg(167) — O(r), and pass to the limit as
r — oo. It follows that €0g is homeomorphic to the infinite orthogonal group O.
Combining this fact with Theorem 24.8, we obtain the following.

3For k > 8 it can be shown that Q(167) is diffeomorphic to Qf_g(16r). In fact any addi-
tional complex structures Jg, J1g,...,Ji on R" give rise to anti-commuting complex structures
JgJo, J8J10,J8J11,...,J8Jk on Xi; and hence to an element of Q_g(r). However, for our pur-
poses it will be sufficient to stop with £ = 8.
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Theorem 24.9 (Bott). The infinite orthogonal group O has the same homotopy
type as its own 8-th loop space. Hence the homotopy group m;O is isomorphic to
mi+80 fori > 0.

If Sp = Q4 denotes the infinite symplectic group, then the above argument also
shows that O has the homotopy type of the 4-fold loop space QQQQSp, and that
Sp has the homotopy type of the 4-fold loop space QQQQ0. The actual homotopy
groups can be tabulated as follows.

i modulo 8 | m;O | w;Sp
0 Zs 0
1 Lo 0
2 0 0
3 Z Z
4 0 Lo
5 0 Lo
6 0 0
7 Z Z

The verification that these groups are correct will be left to the reader. (Note
that Sp(1) is a 3-sphere, and that Sp(3) is a projective 3-space.)

The remainder of this section will be concerned with the proof of Theorem 24.8.
It is first necessary to prove an algebraic lemma.

Consider a Euclidean vector space V with anti-commuting complex structures
Ji, o Jke

Definition 24.10. V is ¢ minimal (Jq,...,Jx)-space if no proper, nontrivial sub-
space is closed under the action of J1, ..., and Ji. Two such minimal vector spaces
are isomorphic if there is an isometry between them which commutes with the action

Ole,...,Jk.

Lemma 24.11 (Bott and Shapiro). Fork # 3 (mod 4), any two minimal (J1,...,Jg)
vector spaces are isomorphic.

The proof of Lemma 24.11 follows that of Lemma 24.6. For & = 0,1, or 2
a minimal space is just a 1-dimensional vector space over the reals, the complex
numbers or the quaternions. Clearly any two such are isomorphic.

For k = 3 a minimal space is still a 1-dimensional vector space over the quater-
nions. However, there are two possibilities, according as Js is equal to +J;J2 or
—J1J9. This gives two non-isomorphic minimal spaces, both with dimension equal
to 4. Call these H and H'.

For k = 4 a minimal space must be isomorphic to H @& H', with J3J4 mapping
H to H'. The dimension is equal to 8.

For k = 5,6 we obtain the same minimal vector space H & H’. The complex
structures Js, Jg merely determine preferred complex or real subspaces. For k =7
we again obtain the same space, but there are two possibilities, according as J7
is equal to +J1J2J3J4J5Jg or to —J1JoJ3J4J5)6. Thus in this case there are two
non-isomorphic minimal vector spaces; call these L and L'.

For kK = 8 a minimal vector space must be isomorphic to L & L', with J;Jg
mapping L onto L’. The dimension is equal to 16.

For k > 8 it can be shown that the situation repeats more or less periodically.
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However, the cases k < 8 will suffice for our purposes.
Let my, denote the dimension of a minimal (Jy,...,Ji)-vector space. From the
above discussion we see that:

m():l, TI’L1:27 m2=3, m3:4,

my = ms = mg = m7 =8, mg = 16,

For k > 8 it can be shown that my = 16my_s.

Remark. These numbers my, are closely connected with the problem of constructing
linearly independent vector fields on spheres. Suppose for example that Jq,..., Jg
are anti-commuting complex structures on a vector space V of dimension rmy.
Here r can be any positive integer. Then for each unit vector u € V' the k vectors
Jiu, Jou, ..., Jpu are perpendicular to each other and to u. Thus we obtain k
linearly independent vector fields on an (rmy — 1)-sphere. For example we obtain
3 vector fields on a (4r — 1)-sphere; 7 vector fields on an (8r — 1)-sphere; 8 vector
fields on a (167 —1)-sphere; and so on. These results are due to Hurwitz and Radon.
(Compare [Eck43].) J. F. Adams has recently proved that these estimates are best
possible.

Proof of Theorem 24.8 for k # 2 (mod 4). We must study non-minimal geodesics
from J to —J in Qx(n). Recall that the tangent space of Qi (n) at J consists of all
matrices JA where

(1) A is skew
(2) A anti-commutes with J
(3) A commutes with Jq,..., Jx_1

Let T' denote the vector space of all such matrices A. A given A € T corresponds
to a geodesic t — Jexp(ntA) from J to —J if and only if its eigenvalues are all odd
multiples of 1.

Each such A € T determines a self-adjoint transformation K4:T — T. Since a
Qk(n) is a totally geodesic submanifold of O(n), we can compute K 4 by the formula

KAB = i[A, 4, 8] = ¢

—A2B + 2ABA — BA?)
4 )

just as before. We must construct some non-zero eigenvalues of K4 so as to obtain
a lower bound for the index of the corresponding geodesic

t — Jexp(mtA).

Split the vector space R"™ as a direct sum M; & My & --- & M, of mutually
orthogonal subspaces which are closed and minimal under the action of Jy, ..., Jg_1,
J and A. Then the eigenvalues of A on M), must be all equal, except for sign.* For
otherwise M} would split as a sum of eigenspaces of A; and hence would not be
minimal. Let +ia;, be the two eigenvalues of Al ; where ay,...,as are odd,
positive integers.

4We are dealing with the complex eigenvalues of a real, skew-symmetric transformation. Hence
these eigenvalues are pure imaginary; and occur in conjugate pairs.
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Now note that J' = a;lJA| M,; is a complex structure on M) which anti-
commutes with Jy,...,J;x—1, and J. Thus My, is (J1,...,Jx—1,J,J)-minimal. Hence
the dimension of M}, is my11. Since k+1 # 3 (mod 4) we see that My, Mo, ..., M
are mutually isomorphic.

For each pair h,j with h # j we can construct an eigenvector B: R" — R" of
the linear transformation K4:T — T as follows. Let Blyy,, be zero for £ # h, j.
Let B|ar, be an isometry from M}, to M; which satisfies the conditions

Bly,=JuB for a=1,...,k—1;
BJ=-JB and BJ =+JB.

In other words By, is an isomorphism from M}, to M;; where the bar indicates that
we have changed the sign of J on Mj;. Such an isomorphism exists by Lemma 24.11.
Finally let B|ys; be the negative adjoint of By, .

Proof that B belongs to the vector space T'. Since

(Bv,w) = (v,—Bw) for ve& M,, we M;

it is clear that B is skew-symmetric. It is also clear that By, commutes with
J1,...,Jk—1 and anti-commutes with J. It follows easily that the negative adjoint
B\Mj also commutes with Jq,...,Jr_1 and anti-commutes with J. Thus B € T'.

We claim that B is an eigenvector of K 4 corresponding to the eigenvalue (aj, +
aj)?/4. For example if v € M, then

1
(KaB), = Z(—A?B +2ABA — BA?)v

1
= 1(—a?Bv + 2a;Bapv — Bajv)

1
= Z(Qj + ap)*Bu;
and a similar computation applies for v € Mj.

Now let us count. The number of minimal spaces M), C R" is given by s =
n/mg+1. For at least one of these the integer ap must be > 3. For otherwise
we would have a minimal geodesic. This proves the following (always for k # 2
(mod 4)):

Assertion 24.4. K, has at least s — 1 eigenvalues which are > (3 +1)2/4 = 4.
The integer s = n/my11 tends to infinity with n.

Now consider the geodesic t — Jexp(ntA). Each eigenvalue e? of K 4 gives rise
to conjugate points along this geodesic for t = e~%,2e~1,3e!, ... by Theorem 20.5.
Thus if €2 > 4 then one obtains at least one interior conjugate point. Applying the
index theorem, this proves the following.

Assertion 24.5. The index of a non-minimal geodesic from J to —J in Qi (n) is
>n/mgeq — 1.

It follows that the inclusion map

Qpr1(n) — QQ%(n)
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induces isomorphisms of homotopy groups in dimensions < n/myi; — 3. This
number tends to infinity with n. Therefore, passing to the direct limit as n — oo,
it follows that the inclusion map t: Qgy1(n) — QQk(n) induces isomorphisms of
homotopy groups in all dimensions. But it can be shown that both Q1 and a €,
have the homotopy type of a CW-complex. Therefore, by Whitehead’s theorem, it
follows that ¢ is a homotopy equivalence. This completes the proof of Theorem 24.8
providing that k # 2 (mod 4). O

Proof of Theorem 24.8 for k =2 (mod 4). The difficulty in this case may be as-
cribed to the fact that Qk(n) has an infinite cyclic fundamental group. Thus Q4 (n)
has infinitely many components, while the approximating subspace Qj41(n) has
only finitely many.

To describe the fundamental group mQx(n) we construct a map

Fiu(n) — st cC

as follows. Let Jq,...,Jr_1 be the fixed anti-commuting complex structure on R".
Make R" into an (n/2)-dimensional complex vector space by defining

= JlJQ .. .Jk_l’U

for v € R™; where i = v/—1 € C. The condition k¥ = 2 (mod 4) guarantees that
i2 = —1, and that Jy,...,J;_1 commute with 4.

Choose a base point J € Qg (n). For any J' € ;(n) note that the composition
J=1J" commutes with i. Thus J~'J’ is a unitary complex linear transformation,
and has a well defined complex determinant which will be denoted by f(J').

Now consider a geodesic

t — Jexp(wtA)

from J to —J in Qx(n). Since A commutes with ¢ = J1Jo...Jg—1 (compare As-
sertion 24.5 in the proof of Lemma 24.6) we may think of A also as a complex
linear transformation. In fact A is skew-Hermitian; hence the trace of A is a pure
imaginary number. Now

f(Jexp(ntA)) = det(exp(ntA)) = e™ T4,

Thus f maps the given geodesic into a closed loop on S! which is completely de-
termined by the trace of A. It follows that this trace is invariant under homotopy
of the geodesic within the path space Q(Qx(n); J, —J).

The index A of this geodesic can be estimated as follows. As before split R"
into an orthogonal sum M; @ --- ® M, where each M}, is closed under the action
of Ji,...,Jk_1,J, and A; and is minimal. Thus for each h, the complex linear
transformation A|ys, can have only one eigenvalue, say iap. For otherwise My
would split into eigenspaces. Thus A|ps, coincides with apJiJs ... Jp_1|ar,. Since
M}, is minimal under the action of Jqi,...,J;x_1, and J; its complex dimension is
my /2. Therefore the trace of A is equal to i(a; + - - + a,)my /2.

Now for each h # j an eigenvector B of the linear transformation

B+ KB = i(—AZB +2ABA — BA?)

can be constructed much as before. Since M}, and M; are (J1,...,J,_1,J)- minimal
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it follows from Lemma 24.11 that there exists an isometry
B’ Mh:Mh — M;

which commutes with Jq,...,J;_1 and anti-commutes with J. Let B|MJ. be the neg-
ative adjoint of By, ; and letB|ys, be zero for £ # h,j. Then an easy computation
shows that
(ap, —a;j)?B

1 .
Thus for each ap > a; we obtain an eigenvalue (a, — a;)?/4 for K4. Since each
such eigenvalue makes a contribution of (ap — a;)/2 — 1 towards the index A, we
obtain the inequality

KB =

2)\2 Z (ah—aj—2).

ap>a;

Now let us restrict attention to some fixed component of Q€ (n). That is let us
look only at matrices A such that tr A = icmy /2 where ¢ is some constant integer.
Thus the integers aq, ..., a, satisfy

(1) a1 =as = ... =a, (mod 2), (since exp(nA) = —I),
(2) a1 +---+a, =c,and
(3) max|ap| > 3 (for a non-minimal geodesic).

Suppose for example that some ay, is equal to —3. Let p be the sum of the positive
ap and —q the sum of the negative aj. Thus

p—q=c, ptqg=r,

hence 2p > r + ¢. Now

hence 4A > 2p > r + ¢; where 7 = n/my, tends to infinity with n. It follows that
the component of QQ(n) is approximated up to higher and higher dimensions by
the corresponding component of Qx11(n), as n — co. Passing to the direct limit,
we obtain a homotopy equivalence on each component. This completes the proof
of Theorem 24.8. O
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Appendix A

The Homotopy Type of a Monotone Union

Based on lecture notes by
M. Spivak and R. Wells

The object of this appendix will be to give an alternative version for the final step
in the proof of Theorem 17.3 (the fundamental theorem of Morse theory). Given
the subsets Q% C Q% C Q% C ... of the path space Q = Q(M;p, q), and given the
information that each 2% has the homotopy type of a certain CW-complex, we wish
to prove that the union 2 also has the homotopy type of a certain CW-complex.

More generally consider a topological space X and a sequence Xg C X; C X5 C

. of subspaces. To what extent is the homotopy type of X determined by the

homotopy types of the X;?

It is convenient to consider the infinite union

Xs=Xox[0,1]UX; x[1,2]UXy x [2,3]U... .
This is to be topologized as a subset of X x R.

Definition A.1. We will say that X is the homotopy direct limit of the sequence
(X;) if the projection map p: Xy, — X, defined by p(x,7) = x, is a homotopy
equivalence.

Example A.2. Suppose that each point of X lies in the interior of some X;, and
that X is paracompact. Then using a partition of unity one can construct a map

fiX—R

so that f(z) > i+ 1 for z # X, and f(x) > 0 for all z. Now the correspondence
x +— (z, f(z)) maps X homeomorphically onto a subset of X. which is clearly a
deformation retract. Therefore p is a homotopy equivalence; and X is a homotopy
direct limit.

Ezample A.3. Let X be a CW-complex, and let the X; be subcomplexes with union
X. Since p: Xy — X induces isomorphisms of homotopy groups in all dimensions,

it follows from Whitehead’s theorem that X is a homotopy direct limit.

Ezample A.4. The unit interval [0, 1] is not the homotopy direct limit of the se-
quence of closed subsets [0] U [1/3, 1].

The main result of this appendix is the following.
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Theorem A.5. Suppose that X is the homotopy direct limit of (X;) and Y is the
homotopy direct limit of (Y;). Let f: X — 'Y be a map which carries each X; into
Y; by a homotopy equivalence. Then f itself is a homotopy equivalence.

Assuming Theorem A.5, the alternative proof of Theorem 17.3 can be given as
follows. Recall that we bad constructed a commutative diagram

Qao C Q@ C Q% C ...

L]

Ko € K1 € Ky C---

of homotopy equivalences. Since 2 = UQ% and K = UK, are homotopy direct
limits (compare Examples A.2 and A.3 above), it follows that the limit mapping
Q) — K is also a homotopy equivalence.

Proof of Theorem A.5. Define fx: X5 — Yx by fe(z,t) = (f(x),t). It is clearly
sufficient to prove that fs is a homotopy equivalence.

Case 1. Suppose that X; = Y; and that each map f;: X; — Y; (obtained by
restricting f) is homotopic to the identity. We must prove that fs is a homotopy
equivalence.

Remark. Under these conditions it would be natural to conjecture that fx. must
actually be homotopic to the identity. However counterexamples can be given.

For each n let
hy: X, — X,

be a one-parameter family of mappings, with hf = f,, hl = identity. Define the
homotopy
hy: Xy — Xy

as follows (where it is always to be understood that 0 < ¢ <1,and n=0,1,2,...).

(hiy(x),n +2t) for 0<t<1i
hu(,n+t) = S (b 4, (x),n+1) for §<t<?%
(h?4—3t)u(x)7n +1) for % <t<1

Taking v = 0 this defines a map hg: Xy — Xy which is clearly homotopic to fx.
The mapping hi: X5 — X on the other hand has the following properties:

hi(z,n+1t) = (x,n + 2t) for t <

—_ N

hi(x,n+1t) € Xpy1 X [n+1] for

0<
1

—<t<
5 St<

We will show that any such map h; is a homotopy equivalence. In fact a homotopy
inverse g: Xy — Xy can be defined by the formula

g(m,n—l—t):{

(z,n + 2t) for 0
hi(z,n+3 —t) for %
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This is well defined since
1
hi(z,n+ 5) =hi(z,n+1)=(z,n+1).

Proof that the composition hy o g is homotopic to the identity map of Xs. Note
that

(z,n + 2t) for Ogtgi
g(xz,n+1t) =< hi(z,n+ 2t) for 1<t<i
hl(w,n—i—%—t) for %gtgl

Define a homotopy H,: X5 — X5 as follows. For 0 < u < % let

hiog(z,n+t) for telo, (17")] u

1
hi(z,n+1—wu) for (11“) <t

(5 +u,1]
=+ u.

Hy(z,n+t)= {

IA
=

This is well defined since

(1—u)
2

1
hig(x,n+ ):hlg(m,n+§+u):hl(x,n—l—l—u).

Now Hj is equal to h1g and H 1 is given by

(x,n+4t) 0<t<

Hi(z,n+t)=

1
: (r,n+1) f<t<1
Clearly this is homotopic to the identity.

Thus hyg is homotopic to the identity; and a completely analogous argument
shows that gh; is homotopic to the identity. This completes the proof in Case 1.
Case 2. Now let X and Y be arbitrary. For each n let g,:Y,, — X,, be a homotopy
inverse to f,. Note that the diagram

YnLXn

b

In+1
Yn+1 — Xn+1

(where ¢, and 3, denote inclusion maps) is homotopy commutative. In fact

in O gn ~ gn+1 OfnJrl Oin O Gn = Gn+1 ojn Ofn O gn ~ gn+1 Ojn'
Choose a specific homotopy h;:Y, — X, 11 with A§ = 4,95, Al = gnt+1Jn; and
define G: Yy, — X5 by the formula

Gly,n+t) =

We will show that the composition G o fy: X5; — Xx. is a homotopy equivalence.
Let X§ denote the subset of Xy consisting of all pairs (z,7) with 7 < n. (Thus
X§ = Xox[0,1]U---UX,,_1 X [n—1,n]UX,, x[n].) The composition Go fx, carries



THE HOMOTOPY TYPE OF A MONOTONE UNION 129

X into itself by a mapping which is homotopic to the identity. In fact X} contains
X, X [n] as deformation retract; and the mapping G o fx restricted to X, x [n]
can be identified with g, o f,,, and hence is homotopic to the identity. Thus we
can apply Case 1 to the sequence {X§} and conclude that G o fs; is a homotopy
equivalence.

This proves that fx; has a left homotopy inverse. A similar argument shows
that fx 0oG:Yy — Y5x. is a homotopy equivalence, so that fs; has a right homotopy
inverse. This proves that fs is a homotopy equivalence (compare page 20) and
completes the proof of Theorem A.5. O

Corollary A.6. Suppose that X is the homotopy direct limit of (X;). If each X;
has the homotopy type of a CW-complex, then X itself has the homotopy type of a
CW-complez.

The proof is not difficult.
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